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Abstract— The Finite-State Markov Channel (FSMC) is a
discrete time-varying channel whose variation is determined by
a finite-state Markov process. These channels have memory
due to the Markov channel variation. We obtain the FSMC
capacity as a function of the conditional channel state proba-
bility. We also show that for i.i.d. channel inputs, this condi-
tional probability converges weakly, and the channel’s mutual
information is then a closed-form continuous function of the
input distribution. We next consider coding for FSMC’s. In
general, the complexity of maximume-likelihood decoding grows
exponentially with the channel memory length. Therefore, in
practice, interleaving and memoryless channel codes are used.
This technique results in some performance loss relative to
the inherent capacity of channels with memory. We propose a
maximum-likelihood decision-feedback decoder with complexity
that is independent of the channel memory. We calculate the
capacity and cutoff rate of our technique, and show that it
preserves the capacity of certain FSMC’s. We also compare
the performance of the decision-feedback decoder with that of
interleaving and memoryless channel coding on a fading channel
with 4PSK modulation.

Index Terms—Finite-state Markov channels, capacity, mutual
information, decision-feedback maximum-likelihood decoding.

1. INTRODUCTION

HIS PAPER extends the capacity and coding results

of Mushkin and Bar-David [1] for the Gilbert—Elliot
channel to a more general time-varying channel model. The
Gilbert-Elliot channel is a stationary two-state Markov chain,
where each state is a binary-symmetric channel (BSC), as in
Fig. 1. The transition probabilities between states are g and b,
respectively, and the crossover probabilities for the “good” and
“bad” BSC’s are pg and pp, respectively, where pg < pp.
Let z, € {0,1}, v, € {0,1}, and 2, = z, ® y, denote,
respectively, the channel input, channel output, and channel
error on the mth transmission. In [1], the capacity of the
Gilbert-Elliot channel is derived as

C = lim 1— Eh(gn)] = 1 — E[h(¢oo)]

n—o0
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where h is the entropy function, g, = p(z, = 1| 2"71), qn
converges to oo in distribution, and ¢, is independent of the
initial channel state.

In this paper we derive the capacity of a more general
finite-state Markov channel, where the channel states are not
necessarily BSC’s. We model the channel as a Markov chain
S, which takes values in a finite state space C of memoryless
channels with finite input and output alphabets. The condi-
tional input/output probability is thus p(y, | Zn,Sn), where
Z, and y, denote the channel input and output, respectively.
The channel fransition probabilities are independent of the
input, so our model does not include ISI channels. We refer to
the channel model as a finite-state Markov channel (FSMC).
If the transmitter and receiver have perfect state information,
then the capacity of the FSMC is just the statistical average
over all states of the corresponding channel capacity [2]. On
the other hand, with no information about the channel state
or its transition structure, capacity is reduced to that of the
Arbitrarily Varying Channel [3]. We consider the intermediate
case, where the channel transition structure of the FSMC is
known.

The memory of the FSMC comes from the dependence of
the current channel state on past inputs and outputs. As a
result, the entropy in the channel output is a function of the
channel state conditioned on all past outputs. Similarly, the
conditional output entropy given the input is determined by
the channel state probability conditioned on all past inputs and
outputs. We use this fact to obtain a formula for channel ca-
pacity in terms of these conditional probabilities. Our formula
can be computed recursively, which significantly reduces its
computation complexity. We also show that when the channel
inputs are i.i.d., these conditional state probabilities converge
in distribution, and their limit distributions are continuous
functions of the input distribution. Thus for any i.i.d. input
distribution #, the mutual information of the FSMC is a closed-
form continuous function of §. This continuity allows us to
find [;;4, the maximum mutual information relative to all
ii.d. input distributions, using straightforward maximization
techniques. Since I; ; 4 < C, our result provides a simple lower
bound for the capacity of general FSMC’s.

The Gilbert—Elliot channel has two features which facilitate
its capacity analysis: its conditional entropy H(Y™ | X™) is
independent of the input distribution, and it is a symmetric
channel, so a uniform input distribution induces a uniform
output distribution. We extend these properties to a general
class of FSMC’s and show that for this class, [; ; 4 equals the
channel capacity. This class includes channels varying between
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Fig. 1. Gilbert-Elliot channel.

any finite number of BSC’s, as well as quantized additive
white noise (AWN) channels with symmetric PSK inputs and
time-varying noise statistics or amplitude fading. ‘

In principle, communication over a finite-state channel is
possible at any rate below the channel capacity. However,
good maximum-likelihood (ML) coding strategies for channels
with memory are difficult to determine, and the decoder
complexity grows exponentially with memory length. Thus a
common strategy for channels with memory is to disperse the
memory using an interleaver: if the span of the interleaver is
long, then the cascade of the interleaver, channel, and deinter-
leaver can be considered memoryless, and coding techniques
for memoryless channels may be used [4]. However, this
cascaded channel has a lower inherent Shannon capacity than
the original channel, since coding is restricted to memoryless
channel codes. - :

The complexity of ML decoding can be reduced signif-
icantly without this capacity degradation by implementing
a decision-feedback decoder, which consists of a recursive
estimator for the channel state distribution conditioned on past
inputs and- outputs, followed by an ML decoder. We will see
that the estimate m,, = p(Sn | Tn-1,"" %1, Yn—1," -, Y1) IS
a sufficient statistic for the ML decoder input, given all past
inputs and outputs. Thus the ML decoder operates on a memo-
ryless system. The only additional complexity of this approach
over the conventional method of interleaving and memoryless
channel encoding is the recursive calculation of 7,,. We will
calculate the capacity penalty of the decision-feedback decoder
for general FSMC’s (ignoring error propagation), and show
that this penalty vanishes for a certain class of FSMC’s.

The most common example of an FSMC is a correlated
fading channel. In [5], an FSMC model for Rayleigh fading
is proposed, where the channel state varies over binary-
symmetric channels with different crossover probabilities. Our
recursive capacity formula is a generalization of the capacity
found in [5], and we also prove the convergence of their
recursive algorithm. Since capacity is generally unachievable
for any practical coding scheme, the channel cutoff rate
indicates the practical achievable information rate of a channel
with coding. The cutoff rate for correlated fading channels
with MPSK inputs, assuming channel state information at the
receiver, was obtained in [6]: we obtain the same cutoff rate
on this channel using decision-feedback decoding.

Most coding techniques for fading channels rely on built-in
time diversity in the code to mitigate the fading effect. Code
designs of this type can be found in [7]-[9] and the references
therein. These codes use the same time-diversity idea as
interleaving and memoryless channel encoding, except that the

diversity is implemented with the code metric instead of the
interleaver. Thus as with interleaving and' memoryless channel
encoding, channel correlation information is ignored with these
coding schemes. Maximum-likelihood sequence estimation for -
fading channels without coding has been examined in [10],
[11]. However, it is difficult to implement coding with these
schemes due to the code delays. In our scheme, coding delays
do not result in state decision delays, since the decisions are
based on estimates of the coded bits. We can introduce coding
in our decision-feedback scheme with a consequent increase
in delay and complexity, as we will discuss in Section VI.

The remainder of the paper is organized as follows. In
Section II we define the FSMC, and obtain some properties of
the channel based on this definition. In Section III we derive a
recursive relationship for the distribution of the channel state
conditioned on past inputs and outputs, or on past outputs
alone. We also show these conditional state distributions
converge to limit distributions for i.i.d. channel inputs. In
Section IV we obtain the capacity of the FSMC in terms of
the condition state distributions, and obtain a simple formula
for I;;q4.. Uniformly symmetric variable-noise FSMC’s are
defined in Section V. For this channel class (which includes the
Gilbert—Elliot channel), capacity is achieved with uniform i.i.d.
channel inputs. In Section VI we present the decision-feedback
decoder, and obtain the capacity and cutoff rate penalties of the
decision-feedback decoding scheme. These penalties vanish
for uniformly symmetric variable-noise channels. Numerical
results for the capacity and cutoff rate of a two-state variable-
noise channel with 4PSK modulation and decision-feedback
decoding are presented in Section VIL.

II. CHANNEL MODEL

Let S, be the state at time n of an irreducible, aperiodic, sta-
tionary Markov chain with state space C = {c1,---,cx}. Sn 18
positive recurrent and ergodic. The state space C corresponds
to K different discrete memoryless channels (DMC’s), with
common finite input and output alphabets denoted by & and
Y, respectively. Let P be the matrix of transition probabilities
for S, so

Pkm = p(Sn+1 = Cm | Sn = Ck) (2)

independent of n by stationarity. We denote the input and
output of the FSMC at time n by z, and y,, respectively,
and we assume that the channel inputs are independent of its
states. We will use the notation

A
"= (1, e, )
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Fig. 2. Finite-state Markov channel.

and

Jay
Tsl_*—m = (Tm7 to alrn-l-m)

for r = z,y, or S.
The FSMC is defined by its conditional input/output prob-

ability at time n, which is determined by the channel state at
time n

Pn | Ty Sn) = D Prltn | €2)I[Sn =
keK

3

ck)

where pr(y | z) = p(y | ,8 = c), and I[-] denotes the
indicator function (I[S, = cx] = 1 if S, = cx and 0
otherwise). The memory of the FSMC is due to the Markov
structure of the state transitions, which leads to a dependence
of S,, on previous values. The FSMC is memoryless if and
only if Py, = P}, forall k, j, and m. The finite-state Markov
channel is illustrated in Fig. 2.

By assumption, the state at time n 4 1 is independent of
previous input/output pairs when conditioned on S,

p(Sn+l | Smwn>yn) = p(5n+1 | Sn)' “4)

Since the channels in C are memoryless
p(yn+1 | Sn+1amn+1;5naxh’yn) = p(yn+1 I Sn—k—lvxn—i—l)-
(5)

If we also assume that the x,’s are independent, then

p(yn+1,xn+1 | Sn-&—hsnaxnvyn) =p(yn+1,wn+1 | Sn+1)'

©
From (6)
N
p(yNamN l SN) = H P(ym Tn l Sn) (@)
n=1
and
p(yn+1 | Sn-l-l)‘snayn) = P(yn+1 | Sn+1)' (8)
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III. CONDITIONAL STATE DISTRIBUTION

The conditional channel state distribution is the key to
determining the capacity of the FSMC through a recursive
algorithm. It is also a sufficient statistic for the input given all
past inputs and outputs, thus allowing for the reduced complex-
ity of the decision-feedback decoder. In this section we show
that the state distribution conditioned on past input/output pairs
can be calculated using a recursive formula. A similar formula
is derived for the state distribution conditioned on past outputs
alone, under the assumption of independent channel inputs. We
also show that these state distributions converge weakly under
i.i.d. inputs, and the resulting limit distributions are continuous
functions of the input distribution.

We denote these conditional state distributions by the K-
dimensional random vectors 7, = (wp(1), -+, (K)) and
pn = (pn(1),- -+, pn(K)), respectively, where

pn(k) =p(Sp =cx | y" 1) ©)

and

Tn(k) = p(Sn = ¢ | 2" y" 7). (10)

The following recursive formula for 7y, is derived in Appendix

I:

. _ T D (T, yn) P A
T Dyl ™)

where D(x,,, y») is a diagonal K x K matrix with kth diagonal
term pr(yn | zn), and 1 = (1,---,1)T is a K-dimensional
vector. Equation (11) defines a recursive relation for 7, which
takes values on the state space

A:{aERKIaiEO,Zaizl}.

The initial value for w, is

(1

o = (p(SO = cl)a T ap(SO = CK))

and its transition probabilities are

p('ﬂ'n—I—l:a | 7Tn=,8) = Z 1[(xn7yn) f(mru ynaﬂ):a]
ey

“P(Yn | Tn =0, Tn)p(T0). (12)

Note that (12) is independent of n for stationary inputs.
For independent inputs, there is a similar recursive formula
for p,

. pnB(yn)P Az
Pn+1 = pnB(yn)l = f(y'mpn)

where B(y,) is a diagonal K x K matrix with kth diagonal
term p(y,, | S, = cx).! The derivation of (13) is similar to that
of (11) in Appendix I, using (8) instead of (5) and removing all
z terms. The variable p,, also takes values on the state space
A, with initial value py = 7 and transition probabilities

(13)

p(pn+l = ' Pn = /3) = Z l[yn: f(ynaﬁ) = a]
Yyn €Y
P(Yn | P = 0). (14)

!Note that B(y,,) has an implicit dependence on the distribution of z,.



GOLDSMITH AND VARAIYA: CAPACITY, MUTUAL INFORMATION, AND CODING FOR MARKOV CHANNELS 871

As for m,, the transition probabilities in (14) are independent
of n when the inputs are stationary.

We show in Appendix II that for i.i.d. inputs, 7,, and p,, are
Markov chains that converge in distribution to limits which
are independent of the initial channel state, under some mild
constraints on C. These convergence results imply that for any
bounded continuous function f, the following limits exist and
are equal for all i: : |

Tim E[f(ra)] = lim B[f(r})] (15)
and

Tim B[f(pn)] = lim E[f(p})] (16)
where

T = p(Sn | 271y 7, 50 = @)
and

Pl =p(Sn | Y"1, S0 = ;).

This convergence allows us to obtain a closed-form solution
for the mutual information under i.i.d. inputs. We also show
in Lemmas A2.3 and A2.5 of Appendix II that the limit
distributions for 7 and p are continvous functions of the input
distribution.

Lemmas A2.6 and A2.7 of Appendix II show the surprising
result that 7, and p,, are not necessarily Markov chains when
the input distribution is Markov. Since the weak convergence
of m, and p,, requires this Markov property, (15) and (16) are
not valid for general Markov inputs.

IV. ENTROPY, MUTUAL INFORMATION, AND CAPACITY

We now derive the capacity of the FSMC based on the
distributions of =, and p,. We also obtain some additional
properties of the entropy and mutual information when the
channel inputs are i.i.d.

By definition, the Markov chain S,, is aperiodic and irre-
ducible over a finite state space, so the effect of its initial state
dies away exponentially with time [12]. Thus the FSMC is an
indecomposable channel. The capacity of an indecomposable
channel is independent of its initial state, and is given by [13,
Theorem 4.6.4]

C = lim max }—I(X";Y")

17
n—oo P(X") N a7

where I(-;-) denotes mutual information and P(X™) denotes
the set of all input distributions on X™. The mutual informa-
tion can be written as

I(X™Y™) = HY™) - HY™ | X™) (18)
where H(Y) = E[—logp(y)] and H(Y | X) = E[-logp(y |
z)]. It is easily shown [14] that

HY™) =Y HY: | Y™ (19)
=1

and

HY™ | X™) =Y H(Y;| X;, Y71, X7,

=1

(20)

The following lemma, proved in Appendix III, allows the
mutual information to be written in terms of =, and p,.
Lemma 4.1:

H(Y, | X,, X", y"1)

K
=E |-log Zp(yn | T,y Sp = ck)ﬂ'n(k)}
k=1
=H(Y, | Xn,m) 21

and

H(Y, |Y"Y=E

K
—log Zp(yn l Sp = Ck)pn(k)}
k=1
=H(Y, | pn)- (22)
Using this lemma in (19) and (20) and substituting into
(18) yields the following theorem.
Theorem 4.1: The capacity of the FSMC is given by

C = lim max —1—
n—co P(X™) T

n K
. Z [E [—log Zp(yi | S; = ck)pi(k)]

=1 k=1

K
~-E {—101‘; > plyi | @i, Si = Ck)”i(k)” (23)

k=1

where the dependence on § € P(X™) of the distributions for
T, pi, and y; is implicit. This capacity expression is easier
to calculate than Gallager’s formula (17), since the m; terms
can be computed recursively. The recursive calculation for p;
requires independent inputs. However, for many channels of
interest H(Y; | p;) will be a constant independent of the input
distribution (such channels are discussed in Section V). For
these channels, the capacity calculation reduces.to minimizing
the second term in (23) relative to the input distribution, and
the complexity of this minimization is greatly reduced when
m; can be calculated easily.
Using Lemma 4.1, we can also express the capacity as

n

. 1
C= lim max = Z:; [H(Y: | pi) — H(Y: | Xiym)]. (24)

Although [13, Theorem 4.6.4] guarantees the convergence
of (24), the random vectors 7, and p, do not necessarily
converge in distribution for general input distributions. We
proved this convergence in Section III for i.i.d. inputs. We now
derive some additional properties of the entropy and mutual
information under this input restriction. These properties are
summarized in Lemmas 4.2-4.7 below, which are proved in
Appendix IV.
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Lemma 4.2: When the channel inputs are stationary

HY, | Xn, X" LY 1) > H(Yny1 | Xpp1, X, Y™)
> HYpt1 | Xot1, X™, Y™, S0)
> HY, | Xn,X"_l,Y"-l,So).
(25)

Lemma 4.3: For ii.d. input distributions, the following
limits exist and are equal:

lim H(Y, | X,, X" y" )
n—oo
= lim H(Y, | X,, X" 1, Y"1 S).

n—oo

(26)

We now consider the entropy in the output alone.
Lemma 4.4 For stationary inputs,

HY | Y™ ) > HYp41 | Y™) > H(Ynt1 | Y™, S0)
> H(Y, | Y™, S). 27

Lemma 4.5: For ii.d. input distributions, the following
limits exist and are equal:

lim H(Y, | Y"1 = lim H(Y, | Y™~ 1. So).

n—oo

(28)

The next lemma is proved using the convergence results for 7,
and p, and a change of variables in the entropy expressions
~(26) and (28).

Lemma 4.6: For any i.i.d. input distribution § € P(X)

lim H(Y, | P?p) - H(Y, | Xmﬂ'Z)

/ > (~logp’(y | 0)p’ (| o)V (dp)

Ayey

/ S (—logp(y | 2, m)p(y | o, m)8(w)u’ (dr)

yey
zeX

29

where the @ superscript on p,, m,, and p(y | p) shows their

dependence on the input distribution, »/¢ denotes the limiting

distribution of p¢, and u? denotes the limiting distribution of

wl. '

We now combine the above lemmas to get a closed form

expression for the mutual information under i.i.d. inputs.
Theorem 4.2: For any i.id. input distribution § € P(X),

the average mutual information per channel use is given by
JANRY 1 n n
Ie = hm —Ig(Y X )

/Z —logp®(y | 0)p’(y | p)v° (dp)

yey

/ S (~logp(y | #,7))

yey
zeX

p(y | @, m)8(x)p’ (dr). (30)
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Proof: From (18)
(Y, X™=HY") -H(XY"|X"™).

If we fix § € P(X)

— ZH(Y; | Xi,Yi—l’Xi——l)

=1

H(Y™ | X7) (31)

by (20), and the terms of the summation are nonnegative and
monotonically decreasing in ¢ by Lemma 4.2. Thus

lim —ZH(Y | X;, Vi1 X1

n—ocon
= lim H(Y, | X,, X" L Yy" 1. (32
Similarly, from (19)
H(Y™) =Y H(Y; | Y™ (33)

=1

and by Lemma 4.4, the terms of this summation are nonneg-
ative and monotonically decreasing in 2. Hence

=1\ __ n—1
Jim E;H(Y | Y7 = lim H(Y, [Y"™).  (34)
Applying Lemmas 4.1 and 4.6 completes the proof. a

It is easily shown that since v and u’ are continuous
functions of 6, I, is also. Moreover, the calculation of Iy
is relatively simple, since asymptotic values of x and v
are obtained using the recursive formulas (12) and (14),
respectively. For the channel described in Section VII, these
recursive formulas closely approach their final values after
only 40 iterations. Unfortunately, this simplified formula for
mutual information under i.i.d. inputs cannot be extended to
Markov inputs, since ,, and p,, are no longer Markov chains
under these conditions.

We now consider the average mutual information maxi-
mized over all i.i.d. input distributions. Define

I g £

sup Io. (35)

0eP(X)

Since P(X) is compact and I continuous in 8, I; ; 4. achieves
its supremum on P(X), and the maximization can be done
using standard techniques for continuous functions. Moreover,
it is easily shown that [;;4 < C. Thus (35) provides a
relatively simple formula to lower-bound the capacity of
general FSMC’s.

The next section will describe a class of channels for which
uniform i.i.d. channel inputs achieve channel capacity. Thus
I ;4 = C, and the capacity can be found using the formula of
Theorem 4.2. This channel class includes fading or variable-
noise channels with symmetric PSK inputs, as well as channels
which vary over a finite set of BSC’s. '
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V. UNIFORMLY SYMMETRIC VARIABLE-NOISE CHANNELS

In this section we define two classes of FSMC’s: uniformly
symmetric channels and variable-noise channels. The mutual
information and capacity of these channel classes have ad-
ditional properties which we outline in the lemmas below.
Moreover, we will show in the next section that the decision-
feedback decoder achieves capacity for uniformly symmetric
variable-noise FSMC’s.

Definition: For a DMC, let M denote the matrix of in-
put/output probabilities

A . ) ) ‘ ,
Mij=ply=jlz=1i), jel iel.

A discrete memoryless channel is output-symmetric if the rows
of M are permutations of each other, and the columns of M
are permutations of each other.?

Definition: A FSMC is uniformly symmetric if every chan-
nel ¢ € C is output-symmetric.

The next lemma, proved in Appendix V, shows that for
uniformly symmetric FSMC’s, the conditional output entropy
is maximized with uniform i.i.d. inputs.

Lemma 5.1: For uniformly symmetric FSMC’s and any
initial state So = c;, H(Yy | pn), H(Yn | p3,); H(Yn | 7n),
and H(Y,, | n}) are all maximized for a uniform and i.i.d.
input distribution, and these maximum values equal log |))|.

Definition: Let X,, and Y,, denote the input and output,
respectively, of an FSMC. We say that an FSMC is a variable-
noise channel if there exists a function ¢ such that for Z, =
(X, Yy), p(Z™ | X™) = p(Z™), and Z™ is a sufficient
statistic for ™ (so S™ is independent of X™ and Y™ given
Z™). Typically, ¢ is associated with an additive noise channel,
as we discuss in more detail below.

If Z™ is a sufficient statistic for S™, then

T é p(Sn | Xn—17yn—1)

=p(S, | XL YL 20 = p(S, | 277 1), (36)

Using (36) and replacing the pairs (X,,Y,) with Z, in
the derivation of Appendix I, we can simplify the recursive
calculation of m,

T D(2n)P A

WnD(Zn)l f(znﬂrn)

Tp41 = 37
where D{z,) is a diagonal K x K matrix with kth diagonal
term p(2zn | S, = c¢k). The transition probabilities are also
simplified

P(Tnt1 = a | mp = f3)
= 3" 1(zn): f(2n,8) = a}p(zn | T = B). (38)

The next lemma, proved in Appendix V, shows that for

a uniformly symmetric variable-noise channel, the output
entropy conditioned on the input is independent of the input
distribution.

2Symmetric channels, defined in [13, p. 94], are a more general class of
memoryless channels; an output-symmetric channel is a symmetric channel
with a single output partition.

Lemma 5.2: For uniformly symmetric variable-noise
FSMC’s and all i, H(Y,, | X,,7,) and H(Y, | X,,7%)
do not depend on the input distribution. :

Consider an FSMC where each ¢; € C is an AWN channel
with noise density ng. If we let Z = Y — X, then it is
easily shown that this is a variable-noise channel. However,
such channels have an infinite output alphabet. In general, the
output of an AWN channel is quantized to the nearest symbol
in a finite output alphabet: we call this the quantized AWN
(Q-AWN) channel.

If the Q-AWN channel has a symmetric multiphase input
alphabet of constant amplitude and output phase quantization
[4, p. 80], then it is easily checked that py(y | z) depends only
on p(|y—2|), which in turn depends only on the noise density
ny. Thus it is a variable-noise channel.> We show in Appendix
VI that variable-noise Q-AWN channels with the same input
and output alphabets are also uniformly symmetric. Uniformly
symmetric variable-noise channels have the property that [ ; 4.
equals the channel capacity, as we show in the following
theorem.

Theorem 5.1: Capacity of uniformly symmetric variable-
noise channels is achieved with an input distribution that is
uniform and i.i.d. The capacity is given by

C = Liia =log|Y|-p / Z —logp(y | z, )
Ayey

oy |z, m)u(dr)| Ve X (39)

where p is the limiting distribution for 7, under uniform i.i.d.
inputs. Moreover, C' = lim, o Cp = lim,—o C;, for all ¢,
where

A
C, = HY, |pn) — HY, | X, 7 40
o, (Yo lpn) —HYn | Xn,mn)  (40)
increases with n, and
ct = H(Y, | p,) — HY, | Xpn,m, 41
n = max (Yol pn) — HYn | Xp,my,) (4D

decreases with n. '

Proof: From Lemmas 5.1 and 5.2, C,,, C%, and C are
all maximized with uniform i.i.d. inputs. With this input
distribution

Cp,=log|¥| - HY, | Xpn,mn)
and
Ct =log|Y| - H(Y, | X,,75).

Applying Lemmas 4.2 and 4.3, we get that H(Y,, | Xn,7n)
decreases with n, H(Y,, | X, %) increases with n, and both

3If the input alphabet of a Q-AWN channel is not symmetric or the input
symbols have different amplitudes, then the distribution of Z = |Y — X|
will depend on the input. To see this, consider a Q-AWN channel with a 16-
QAM input/output alphabet (so the output is quantized to the nearest input
symbol). There are four different sets of Z = |Y — X]| values, depending
on the amplitude of the input symbol. Thus the distribution of Z over all
its possible values (the union of all four sets) will change, depending on the
amplitude of the input symbol.



874 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 42, NO. 3, MAY 1996
A A
Xn INTER- Xi Vi ['pecision- X1 DEINTER- x"_
ENCODER LEAVER FSMC BEE%%%%K S VER DECODER
Fig. 3. System model.
STATE ESTIMATOR MAXIMUM-LIKELIHOOD DECODER
- .
X.
i"' [ bELAY |
v ——
A
Yi T m(y, ) SOFT A
i METRIC ’ :
y: DELAY 0.y, 7T - »{ DECISION e X
i Y1) FUNCTION DEGODER : i

1

Fig. 4. Decision-feedback decoder.

converge to the same limit. Finally, under uniform i.i.d. inputs
I
C =log|y| - lim — ;H(Yz | Xi,m:)

=log|Y| - nlgrgo H(Y, | Xn,m) (42)

by Lemma 4.1 and (32). Applying Lemma 4.6 to
lim H(Y, | Xn, ™)

completes the proof. O

The BSC is equivalent to a binary-input Q-AWN channel
with binary quantization [4]. Thus an FSMC where c;, indexes
a set of BSC’s with different crossover probabilities is a
uniformly symmetric variable-noise channel. Therefore, both
[1, Proposition 4] and the capacity formula obtained in [5] are
corollaries of Theorem 5.1.

VI. DECISION-FEEDBACK DECODER

A block diagram for a system with decision-feedback de-
coding is depicted in Fig. 3. The system is composed of a
conventional (block or convolutional) encoder for memdry-
less channels, block interleaver, FSMC, decision-feedback de-
coder, and deinterleaver. Fig. 4 outlines the decision-feedback
decoder design, which consists of a channel state estimator
followed by an ML decoder. We will show in this section
that if we ignore error propagation, a system employing this
decision-feedback decoding scheme on uniformly symmetric
variable-noise channels is information-lossless: it has the same
capacity as the original FSMC, given by (30) for i.i.d. uniform
inputs. Moreover, we will see that the output of the state
estimator is a sufficient statistic for the current output given all
past inputs and outputs, which reduces the system of Fig. 3 to
a discrete memoryless channel. Thus the ML input sequence
is determined on a symbol-by-symbol basis, eliminating the
complexity and delay of sequence decoders.

The interleaver works as follows. The output of the encoder
is stored row by row in a J x L interleaver, and transmitted
over the channel column by column. The deinterleaver per-
forms the reverse operation. Because the effect of the initial

channel state dies away, the received symbols within any
row of the deinterleaver become independent as J becomes
infinite. However, the symbols within any column of the
deinterleaver are received from consecutive channel uses,
and are thus dependent. This dependence is called the latent
channel memory, and the state estimator enables the ML
decoder to make use of this memory.

Specifically, the state estimator uses the recursive relation-
ship of (11) to estimate 7,,. It will be shown below that the ML
decoder operates on a memoryless system, and can therefore
determine the ML input sequence on a per-symbol basis. The
input to the ML decoder is the channel output y, and the
state estimate 7, and its output is the x, which maximizes
log p(Yn,Fn | *n), assuming equally likely input symbols.*
The soft-decision decoder uses conventional techniques (e.g.,
Viterbi decoding) with branch metrics

N
m(y,w) =logp(y,m | z). 43)

We now evaluate the information, capacity, and cutoff rates
of a system using the decision-feedback decoder, assuming
#n, = T, (i.e., ignoring error propagation). We will use the
notation y;; 2 yn to explicitly denote that y,, is in the jth
row and [th column of the deinterleaver. Similarly, 7 = Tn

and zj; 2 z, denote, respectively, the state estimate and
interleaver input corresponding to y;;. Assume now that the
state estimator is reset every J iterations so, for each [, the
state estimator goes through j recursions of (11) to calculate
;1. By (12), this recursion induces a distribution p(7;;) on
;1 that depends only on p(X7~1). Thus the system up to the
output of the state estimator is equivalent to a set of parallel
w-output channels, where the m-output channel is defined, for
a given j, by the input xz;;, the output pair (y,;, 7;:), and the
input/output probability

Py it | i) = Y oy | w)ma(R)p(rin).  (44)
k

If the x,, are not equally likely, then logp(x,) must be added to the
decoder metric.
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For each 7, the w-output channel is the same for [ =
1,2,---,L, and therefore there are J different w-output
channels, each used L times. We thus drop the [ subscript
of x;;, y;i, and 7j; in the decoder block diagram of Fig. 4.
The first m-output channel (j = 1) is equivalent to the FSMC
with interleaving and memoryless channel encoding, since the
estimator is reset and therefore my; = 7,1 < < L.

The jth m-output channel is discrete, since z;; and y;; are
taken from finite alphabets, and since 7;; can have at most
|X|7| V)’ different values. It is also asymptotically memoryless
with deep interleaving (large .J), which we prove in Appendix
VII. Finally, we show in Appendix VIII that for a fixed input
distribution, the J w-output channels are independent, and the
average mutual information of the parallel channels is

I;= 7 v, n7; X7
12
= Y H | 7)) - HY; | Xpom). 49)
7=1
Let
A
Cy 3113;@7;%1(% | m5) = H(Y; | X;,m5)
1
- a5 320 “
where
A
Cj = H(Y; | mj) — H(Y; | X, ;) (47)

for the maximizing distribution p(X”). The capacity of the
decision-feedback decoding system is then
Cdf = Jhm CJ. (48)

Comparing (48) to (24), we see that the capacity penalty of
the decision-feedback decoder is given by

‘ 1
O~ Car= Jim, | g | 53 HO3 | o)~ (T, | X5,m)
1 k3
= | D H G ) ~H (Y | X5m) | |- @9)

=1

For uniformly symmetric variable-noise channels, uniform
ii.d. inputs achieve both C' and Cys, and with this input
C — Cg¢ = 0. Thus the decision-feedback decoder preserves
the inherent capacity of such channels.

Although capacity gives the maximum data rate for any
ML encoding scheme, established coding techniques generally
operate at or below the channel cutoff rate [4]. Since the =-
output channels are independent for a fixed input distribution
p(X ), the random coding exponent for the parallel set is

o(1,p(X7)) (50)

“'M&

where

—log /
™

The cutoff rate of the decision-feedback decoding system is

p(x)\| D prly | 2)m;(k)p(d;))

i€A yey :cEX
(51

Rdf (52)

J
l .
i, s, 5 2o

We show in Appendix IX that for uniformly symmetric
variable-noise channels, the maximizing input distribution
in (52) is uniform and i.i.d., the resulting value of R, is
increasing in j, and the cutoff rate R4 becomes

Ras = lim R;
j—oo

/ﬂ'GA
- Og
yey I

weX

K
> pily | @) (k)u(dr) (53)

k=1

where p is the invariant distribution for = under i.i.d. uniform
inputs.

Our calculations throughout this section have ignored the
impact of error propagation. Referring to Fig. 4, error propa-
gation occurs when the decision-feedback decoder output for
the maximum-likelihood input symbol Z; is in error, which
will then cause the estimate of 7; to be in error. Since z;
is the value of the coded symbol, the error probability for
Z; does not benefit from any coding gain. Unfortunately,
since block or convolutional decoding introduces delay, the
post-decoding decisions cannot be fed back to the decision-
feedback decoder to update the 7; value. This is exactly the
difficulty faced by an adaptive decision-feedback equalizer
(DFE), where decoding decisions are used to update the DFE
tap coefficients [16]. New methods to combine DFE’s and
coding have recently been proposed, and several of these
methods can be used to obtain some coding gain in the estimate
of z; fed back through our decision-feedback decoder. In

‘particular, the structure of our decision-feedback decoder

already includes the interleaver/deinterleaver pair proposed by
Eyuboglu for DFE’s with coding [17]. In his method, this
pair introduced a periodic delay in the received bits such that
delayed reliable decisions can be used for feedback. Applying
this idea to our system effectively combines the decision-
feedback decoder, deinterleaver, and decoder. Specifically, the
symbols transmitted over each m-output channel are decoded
together, and the symbol decisions output from the decoder are
then used by the decision-feedback decoder to update the 7
values of the subsequent w-output channel. The complexity and
delay of this design increases linearly with the block length
of the m-output channel code, but it is independent of the
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TWO-STATE CHANNEL

Fig. 5. Two-state fading channel.

channel memory since this memory is captured in the sufficient
statistic 7,,. Another approach to implement coding gain uses
soft decisions on the received symbols to update 7,, then
later corrects this initial «,, estimate if the decoded symbols
differ from their initial estimates [18]. This method truncates
the number of symbols affected by an incorrect decision, at
a cost of increased complexity to recalculate and update the
7, values. Finally, decision-feedback decoding can be done
in parallel, where each parallel path corresponds to a different
estimate of the received symbol. The number of parallel paths
will grow exponentially in this case, however we may be able
to apply some of the methods outlined in [19] and [20] to
reduce the number of paths sustained through the trellis.

VII. TWO-STATE VARIABLE-NOISE CHANNEL

We now compute the capacity and cutoff rates of a two-
state Q-AWN channel with variable SNR, Gaussian noise, and
4PSK modulation. The variable SNR can represent different
fading levels in a multipath channel, or different noise and/or
interference levels. The model is shown in Fig. 5. The input
to the channel is a 4PSK symbol, to which noise of variance
ng or np is added, depending on whether the channel is
in state G (good) or B (bad). We assume that the SNR
is 10 dB for channel G, and —5 dB for channel B. The
channel output is quantized to the nearest input symbol and,
since this is a uniformly symmetric variable-noise channel,
the capacity and cutoff rates are achieved with uniform i.i.d.
inputs. The state transition probabilities are depicted in Fig. 5.
We assume a stationary initial distribution of the state process,
so p(So = G) = g/(g+b) and p(So = B) = b/(g +b).

"~ Fig. 6 shows the iterative calculation of (12) for p(7,(G) =
«), where

Tn(G) = p(Sn =G | wn—l’yn—l)'

In this example, the difference of subsequent distributions after
40 recursions is below the quantization level (da = 0.01)
of the graph. Fig. 7 shows the capacity (C;) and cutoff rate
(R;) of the jth m-output channel, given by (47) and (52),
respectively. Note that C;=; and R;=; in this figure are the
capacity and cutoff rate of the FSMC with interleaving and
memoryless channel encoding. Thus the difference between
the initial and final values of C; and R; indicate the per-
formance improvement of the decision-feedback decoder over
conventional techniques.

plo<n(n)[G]<a+da)
1.01

n=15
n=10
n=5

. n=

g=b=.1
da=.01

P

v
-

of ™
|

(=]
o
54
©

Fig. 6. Recursive distribution of 7.
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Fig. 7. Capacity and cutoff rate for yth w-output channel.

For this two-state model, the channel memory can be
quantified by the parameter x 21 g—b, since for o € {G, B}
[1]

p(Sn=0|8S=0)—p(Sp=0|So#£o)=u". (54
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Fig. 9. Decoder performance versus g.

In Fig. 8 we show the decision-feedback decoder’s capacity
and cutoff rates (Cyqr and Rgs, respectively) as functions
of 1. We expect these performance measures to increase
as u increases, since more latency in the channel should
improve the accuracy of the state estimator; Fig. 8 confirms
this hypothesis. Finally, in Fig. 9 we show the decision-
feedback decoder’s capacity and cutoff rates as functions of
g. The parameter g is inversely proportional to the average
number of consecutive B channel states (which corresponds to
a 15 dB fade), thus Fig. 9 can be interpreted as the relationship
between the maximum transmission rate and the average fade
duration.

VHL

We have derived the Shannon capacity of an FSMC as a
function of the conditional probabilities

pn(k) = p(sn = Cg I yn—-l)

SUMMARY

and

Tn(k) = p(Sn = cx | 2™, y™Y).

We also showed that with i.i.d. inputs, these conditional proba-
bilities converge weakly, and the channel’s mutual information
under this input constraint is then a closed-form continuous
function of the input distribution. This continuity allows I; ; 4.,
the maximum mutual information of the FSMC over all i.i.d.
inputs, to be found using standard maximization techniques.
Additional properties of the entropy and capacity for uniformly
symmetric variable-noise channels were also derived.

We then proposed an ML decision-feedback decoder, which
calculates recursive estimates of 7,, from the channel output
and the decision-feedback decoder output. We showed that
for asymptotically deep interleaving, a system employing
the decision-feedback decoder is equivalent to a discrete
memoryless channel with input z,, and output (y,, 7). Thus
the ML sequence decoding can be done on a symbol-by-
symbol basis. Moreover, the decision-feedback decoder pre-
serves the inherent capacity of uniformly symmetric variable-
noise channels, assuming the effect of error propagation is
negligible. This class of FSMC’s includes fading or variable-
noise channels with symmetric PSK inputs as well as channels
which vary over a finite set of BSC’s. For general FSMC’s,
we obtained the capacity and cutoff rate penalties of the
decision-feedback decoding scheme.

We also presented numerical results for the performance of
the decision-feedback decoder on a two-state variable-noise
channel with 4PSK modulation. These results demonstrate
significant improvement over conventional schemes which
use interleaving and memoryless channel encoding, and the
improvement is most pronounced on quasistatic channels.
This result is intuitive, since the longer the FSMC stays
in a given state, the more accurately the state estimator
will predict that state. Finally, we present results for the
decoder performance relative to the average fade duration;
as expected, the performance improves as the average fade
duration decreases.

APPENDIX 1

In this Appendix, we derive the recursive formula (11) for
. First, we have (55) at the top of the following page, where
a, b, and d follow from Bayes rule, and ¢ follows from (5).
Moreover

p(a™,y™) =D p(&",y", S = ck)

ke K

= Z P(ﬂ?n,yn | Sn = ck,xn—l,yn—l)
keK
p(Sn = Ck,mn—l’yn—l)

= Z p(yn | Sp = ck,xn’xn—l’yn—l)
keK

(@ | Sny 2™ Ly )P(Sn = ek, 2™y

= Z p(yn | Sp = Ck,xn)p(wn | -T"_l)

keK
p(S =k | 2"y Dp(z" Ty ). (56)
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a p(xnayn l Sn,mn_17yn_l)p(sfnxn_l’yn—l)

p(Sn | 2™, y™)

p(z™,y")

b PWn [ Sny @, 2"~y )p(@n | Sny 2™t 4" )p(Sn, 2™y

p(zm,ym)

< P(Yn | Sn, Tn)p(Tn | mn_l)p(sn7xn_l>yn_l)

p(z™, y™)

g p(yn | Snymn)p(mn I mn—l)p(sn | mn—l’yn—l)p(xn—l’yn—l)

(55)

p(z™, y™)

where we again use Bayes rule and the last equality follows
from (5). Substituting (56) in the denominator of (55), and
canceling the common terms p(z,, | z"~!) and p(z™~1,y™ 1)
yields

p(Sn | 2",y")
_ P(Yn | S, 2a)p(Sn | 2"~ y"7Y)
2 P(Yn | Sn = ck,Tn)p(Sn = cr |2~ 1, 4" 1)

kEK
(57

which, for a particular value of S,,, becomes

p(Sn=c |2, y")
__ Pyn | S =ci,z0)p(Sn =i |21y
kZKp(yn | Sn = ck,Tn)p(Sn = ck | wn—layn—l)
€

(58)

n——l)

Finally, from (4)

P(Snir = | 2" y") = S p(Sa = ¢ | 2™ y") Py, (59)
JEK

Substituting this into (58) yields the desired result.

APPENDIX II

In this Appendix we show that for i.i.d. inputs, 7, and
P, are Markov chains that converge in distribution to a limit
which is independent of the initial channel state, and that the
resulting limit distributions are continuous functions of the
input distribution p(x). We also show that the Markov property
does not hold for Markov inputs.

We begin by showing the Markov property for independent
inputs.

Lemma A2.1: For independent inputs, w, is a Markov
chain.

Proof:

p(ﬂ'n+1 [7!'7,,,' . ',71'(]): Z p(7r7I+1 |7r’m' . 'aWOamnayn)

Tn,yYn
'p(xnay‘n'ﬂ'n)” '5770)

= Z p(7rn_|_1 lﬂ-naxnvyn)p(mn,yn |7rn)
ZTnYn

= p(7rn+1 |7"n) (60)

where the second equality follows from (11) and (6). Thus =,
is Markov. A similar argument using (13) and (8) shows that
pr is also Markov for independent inputs.

To obtain the weak convergence of mw, and p,, we also
assume that the channel inputs are i.i.d., since we can then ap-
ply convergence results for partially observed Markov chains

[21]. Consider the new stochastic process U, £ (SnsYUn, Tn)
defined on the state space I = C x Y x X. Since S, is
stationary and ergodic and z, is i.i.d., U, is stationary and
ergodic. It is easily checked that U,, is Markov.

Let (S, y,z); denote the jth element of /, and J S . To
specify its individual components, we use the notation

. A
(SG): ¥y, Gy) = (8,9, 2);.
The J x J probability transition matrix for U, PY, is

PkUj = p[(5n+17yn+1axn+1) = (S,’y,.l‘)]' ' (Smynaxn)
= (Sayam)k)]

independent of n. The initial distribution of U, 75, is given by

(61)

p(So = ck, Y0 = ¥, %0 = z) = mo(k)pr (Yo | To)p(wo). (62)
Let gy o: U — Y x X and g, : Y — ) be the projections

gy,m(sn’ Yns xn) = (yn, xn)
and

gy(sna Yns xn) = (yn)

These projections form the new processes W, = g, [Uy,] and
Vo = gy[Un]. We regard W,, and V,, as partial observations
of the Markov chain U,; the pairs (U,, W,) and (U,,V,,)
are referred to as partially observed Markov chains. The
distribution of U,, conditioned on W,, and V,,, respectively, is

= (g (1), -, 7 ()

and
o = (R (L), (1))
where
n (3) = p(Un = (S,y,2); | W™) (63)
and
pn(§) = p(Un = (8,y,2); | V™). (64)
Note that

7Y () = p(Un = (S,y,2); | W™)
=p(Sn = Sy | 2™ 4" wn = 25, Yn = Y]
= rn(k)l[xn = (), Yn = y(j)] (65)
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where S(j) = ¢p. Thus if wg converges in distribution, 7,

must also converge in distribution. Similarly, p,, converges in

distribution if p¥ does.

We will use the following definition for subrectangular
matrices in the subsequent theorem.

Definition: Let D = (D;;) denote a d x d matrix. If
Dy, 5, # 0 and Dy, j, # 0 implies that also D;, ;, # 0 and
D;, ;. #0, then D is called a subrectangular matrix.

We can now state the convergence theorem, due to Kaijser
[21], for the distribution of a Markov chain conditioned on
partial observations.

Theorem A2.1: Let U, be a stationary and ergodic Markov
chain with transition matrix PU and state space U. Let ¢ be
a function with domain I/ and range Z. Define a new process
Zy = g(Uy). For z € Z and Uy, the jth element of ¢, define
matrix M(z) by

Py

M ;(z) = {0”" if g[U(p] = =

otherwise. (66)

Suppose that PY and ¢ are such that there exists a finite
sequence 21, - - -, Zm, Oof elements in Z that yield a nonzero sub-
rectangular matrix for the matrix product M(z1) - M(2m).
Then p(U,, | Z™) converges in distribution and moreover the
limit distribution is independent of the initial distribution of U.

We first apply this theorem to 7.

Assumption 1: Assume that there exists a finite sequence
(Yn,Zn),m = 1,---,m, such that the matrix product
M(y1,21) - M(Ym,Zm) is nonzero and subrectangular,
where

Mi,j(y’ Z) — {chj]7 if gy,a:[(S’y,x)j] = (y7m)

0, otherwise. ©7)

Then by Theorem A2.1, 7¥ converges in distribution to a limit
which is independent of the initial distribution. By (65), this
implies that m, also converges in distribution, and its limit
distribution is independent of wy. We thus get the following
lemma, which was stated in (15).

Lemma A2.2: For any bounded continuous function f, the
following limits exist and are equal for all ¢

Tim E[f(r,)] = lim E[f(n)].

The subrectangularity condition on M is satisfied if for some
input z € X there exists a y € ) such that p(y | z) > 0
for all k. It is also satisfied if all the elements of the matrix
P are nonzero.

From (11) and (12), the limit distribution of 7, is a function
of the ii.d. input distribution. Let P(X) denote the set of
all possible distributions on X. The following lemma, proved
below, shows that the limit distribution of 7, is continuous
on P(X).

Lemma A2.3: Let pf denote the limit distribution of m,, as
a function of the i.i.d. distribution § € P(X). Then 1 is a
continuous function of 6, i.e., #,, — 6 implies that o~ — pf.

We now consider the convergence and continuity of the
distribution for p,,. Define the matrix N by

(68)

Nz](y) — {Pi[]% if g’y[(Sayvx)j] =Y (69)

0, otherwise.

and note that for any y € Y and z € X
M;,j(y,z) = Nij(y)I(z() = @).

To apply Theorem A2.1 to p¥, we must find a sequence
Y1, - -,y which yields a nonzero and subrectangular matrix
for the product N(y1) -+ N(y;). Consider the projection onto
Y of the sequence (y,,,x,),n = 1,---,m, from Assumption
1. Let y,,m» = 1,.--,m denote this projection. Using (70)
and the fact that all the elements of M are nonnegative, it
is easily shown that for M = M(y1,21) - M(Ym, Tm) and
N 2 N(y1)--- N(ym), if for any 7 and j, M, ; is nonnegative,
then NV; ; is nonnegative also. From this we deduce that if M
is nonzero and subrectangular, then N must also be nonzero
and subrectangular.

We can now apply Theorem A2.1 to pY, which yields the
convergence in distribution of p and thus p,,. Moreover, the
limit distributions of these random vectors are independent of
their initial states. Thus we get the following result, which
was stated in (16).

Lemma A2.4: For any bounded continuous function f, the
following limits exist and are equal for all %:

lim E[f(pn)] = lim E[f(p},)].

From (13) and (14), the limit distribution of p,, is also a
function of the input distribution. The following lemma shows
that the limit distribution of p,, is continuous on P(X).

Lemma A2.5: Let v? denote the limit distribution of DPn aS
a function of the i.i.d. distribution § € P(X). Then »? is a
continuous function of 4, so 8,,, — 6§ implies that pim - 8.

Proof of Lemmas A2.3 and A2.5: We must show that for
all §,,,,6 € P(X), if 8,, — 6, then p= — 1% and o= — 1P,
We first show the convergence of v From [12, p- 346],
in order to show that v®= — 29, it suffices to show that
{v®~} is a tight sequence of probability measures,’ and that
any subsequence of v~ which converges weakly converges
to 7.

Tightness of the sequence {1~} follows from the fact that
A is a compact set. Now suppose there is a subsequence

N .
v = 1% which converges weakly to ). We must show that

¢ = v¥, where ¥ is the unique invariant distribution for p
under the transformation (14) with input distribution p(z) = 6.
Thus it suffices to show that for every bounded, continuous,
real-valued function ¢ on A,

/A B(a)p(dar) = /A /A Ho)p(dB)’ (do | ) (72)

(70)

(71)

A L
where p?(a | B) = p(pny1 = @ | pn = B) is given by (14)
under the i.i.d. input distribution 6, and is thus independent of
n. Applying the triangle inequality we get that for any &

’/A ¢(a)¢(da)—/A/Aqﬁ(a)q/;(dﬁ)p”(da|5)‘
[ dtayitda) = [ oen o)

< (73)

5 A sequence of probability measures {v, } is tight if for all € > O there
exists a compact set K such that (K) > 1 — e forall v € {vm}.
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4 /A $()v* (da)

- [ [ ot a1 5) (74)
+| [ [ st o dal p)

- [ [ steruiampiaa 5), %)

Since this inequality holds for all k£, in order to show
(72), we need only show that the three terms (73)-(75) all
converge to zero as k — oo. But (73) converges to zero
since v converges weakly to ¢. Moreover, (74) equals zero
for all &, since v+ is the invariant p distribution under the
transformation (14) with input distribution 6. Substituting
(14) for p?(a | B) in (75) yields

/A /A B(a)v® (AR (da | B)
- /A /A $(c)p(dB)p’ (da | B)

=% [ 4 B0 (| B (a9)

yey
- / $(1°(y, )’ (y | Bw(dB)|  (76)
yey
where f9 is given by (13) with p(z) = 6, and
PPy B8) = ZZ;D (y|z,8 =cx)Bk)B(z). (77

z€X k=1

Since Y is a finite set, (76) converges to zero if forevery y € V

} IR R
- /A S0, (v | mw(dﬂ)' Lo (78

Fix an arbitrary y € V. Then applying the triangle inequality
to (78) yields

| [ ot | By ap)
- [ o o | )
< ] [ .00 ) B (4
- [rw ot et @] o
" | [ 8 | 9" a5)

—/ o(f(y,8)p°
A

But for any fixed y and 3, 6, — 6 implies that % (y, 8) —
f%(y, 3), since from (13), the numerator and denominator of

(y | B)p(dB)|.  (80)
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f are linear functions of 6, and the denominator is nonzero.
Similarly, 8, — 6 implies that for fixed y and 3, p%*(y | B) —
p?(y | B), since p®(y | B) is linear in 6. Since ¢ is continuous,
this implies that for fixed y and

S(f% (y, )% (y | B) = ¢(f*(w. B))P° (v | B).-

Thus for any ¢ we can find & sufficiently large such that
/A (@ (y, )™ (y | B) = & (f°(y, 0))p° (y | B))v**(dB)
v (dB) =€ (81
<c [ am=e 6D

So (79) converges to zero. Finally, for fixed y and 8, f%(y, 8)
and p®(y | B) are linear-in B, so ¢(f%(y,B))p’(y | B) is a
bounded continuous function of 3. Thus (80) converges to zero
by the weak convergence of v% to 1 [12, Theorem 25.8]. OJ

Since the {u™} sequence is also tight, the proof that
pm — 1 follows if the limit of any convergent subsequence
of {u®=} is the invariant distribution for = under (12). This
is shown with essentially the same argument as above for
V9% — 1P using (12) instead of (14) for p(a | B), p°(y | z, B)
instead of p’(y | B), and summations over X x ) instead of
Y. The details are omitted.

Lemma A2.6: In general, the Markov property does not
hold for 7, under Markov inputs.

Proof: We show this using a counterexample. Let C =

{e1,c2,c3} be the state space for S,, with transition proba-
bilities

2/3 0 1/3
P=|o0 2/3 1/3 (82)
1/3 1/3 1/3

and initial distribution my = (1/3,1/3,1/3). This Markov
chain is irreducible, aperiodic, and stationary. Each of the
states correspond to a memoryless channel, where the input
alphabet is {0,1} and the output alphabet is {0,1,2}. The
memoryless channels ¢, co, and c3 are defined as follows:

cl: pi(0|0)=p1(2|1)=1,  otherwise pi(y|z)=0.
c2: po(1]0)= p2(2 [1) =1, otherwise pa(y | z) = 0.
c3: ps(2]0) = ’

p3(0|1) = pg(l | 1) =1/2, otherwise p3(y | z) = 0.

The stochastic process {m,}5%, then takes values on the
three points og = (1/3,1/3,1/3), a1 = (2/3,0,1/3), and
as = (0,2/3,1/3).

Let the Markov input distribution be given by p(xg = 0) =
p(ro =1)=1/2 and p(z, = z—1) = 1 for n > 0. Then

p(ms =g | 72 = g, T = 1) =1/3
while
p(ms = o | 2 = o) = 5/6.

So {mn}32, is not a Markov process.
Lemma A2.7: In general, the Markov property does not
hold for p,, under Markov inputs.
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Proof: We prove this using a counterexample similar to
that of Lemma A2.6. Let the FSMC be as in Lemma A2.6
with the following change in the definition of the memoryless
channels ¢y, co, and c3:

cl: pr(1]10)=p(1]1) =1, otherwise p1(y | z) = 0.

2: p2(2]0)=p2(2]1)=1, otherwise pa(y | ) = 0.
¢3: pa(0]0) = ps(2]0) =172,
pa(2| 1) =3/4, otherwise ps(y | ) = 0.

It is easily shown that the state space for the stochastic process
{pn}52, includes the points oy and «; defined in Lemma
A2.6. Using the same Markov input distribution defined there,
we have

p(ps = a0 | p2 = g, p1 = Qq) =5/36
while
p(p3 = ao | p2 = ap) = 8/57.

So {pn}S2, is not a Markov process.

APPENDIX III

In this Appendix, we prove Lemma 4.1. Consider first
H(Y, | X,,X"71,Y""1). We have

H(Y, | X,, Xn_l, Yn_l)
= E[_k’gp(yn | xnaxn_lyyn_l)]

r K
—log Zp(yn | T, Sn = ck)
L k=1

. p(Sn = ¢ | mn—l,yn—l)]

K
—log Zpk(yn | 7)) 70 (k)

=FE

=F
L k=1
= E[-log p(yn | @, Tn)]
= H(Y, | Xn, 7). (83)
The argument that H(Y,, | Y*™1)) = H(Y, | p») is the same,
with all the = terms removed and 7, replaced by p,. |

APPENDIX IV

In this Appendix, we prove Lemmas 4.2-4.6.

Proof of Lemma 4.2: We first note that the conditional
entropy H(W | V') = Elogp(w | v), where the log function
is concave on [0, 1]. To show the first inequality in (25), let f
denote any concave function. Then

Ef(plyn | zn, 2",y 1))
= Ef (plynt1 | Tns1, 75, 95])
L Ef(E(p[yns1 | Tnt1,2™, 4] | Tosr, 23, 55))
> EE(f (plyns1 | ®ns1,2",9"]) | ©ns1, 25, 95)
2 Ef(p[yns1 | Tnt1,2",9"]) (84)

where a follows from the stationarity of the channel and
the inputs, b and d follow from properties of conditional
expectation [12], and c is a consequence of Jensen’s inequality.

The second inequality in (25) results from the fact that
conditioning on an additional random variable, in this case the
initial state Sy, always reduces the entropy [14]. The proof of
the third inequality in (25) is similar to that of the first

Ef(plyn+1 | Tnt1,2",y", So)
= Ef(Eplyn+1 | Zas1, 2", 9", S5] | Tns1, 2", 9", S0))
2 Ef(E(p[yn+t1 | Tns1, 25,95, S1] | @ni1, 3™, y™, S0))
> EE(f(plyn+1 | Tns1, 25,95, 51]) | Tny1, 2™, 9™, So)
4 Ef(plyn+1 | Tnt1,25,95,51])

ZEf(plyn | zn, 2" 19", So]) (85)

- where a and d follow from properties of conditional expec-

tation, b follows from (4) and (5), ¢ follows from Jensen’s

inequality, and e follows from the channel and input station-

arity. O
Proof of Lemma 4.3: From Lemma 4.1

lim H(Y, | X,, X"~y

K
= lim E{—log > pyl xS = ck)vrn(k):|. (86)
k=1

Similarly

lim H(Y, | X,, X"~ 1, Y"1, Sp)

n—oo

K
= lim E[—log ZP(y |z, 8 = Ck)WZ(k)} 87
=1

where 7 2 7 for some i. Applying (15) to (86) and (87)
completes the proof. O

Proof of Lemma 4.4: The proof of this lemma is similar
to that of Lemma 4.2 above. For the first inequality in (27),
we have

Ef(plyn | 9" 7"]) = Ef(plyn+1 | 43)

Ef(E(plyn+1 19" | 93))
> EE(f(plyn+1|y"]) | 95)
= Ef(p[yns1|9"])

where a follows from the stationarity of the inputs and channel,

b and d follow from properties of conditional expectation [12],

and c is a consequence of Jensen’s inequality.

The second inequality results from the fact that conditioning
on an additional random variable reduces entropy. Finally, for
the third inequality, we have
Ef(p(ynt1 |y" S0]) = Ef(E(p[ynt1 | v S1] | 4" So))

2 Ef(E(plyns1 | 43,5] | v",S0))
> EE(f(p[yn+1 | v5,51]) | 4", So)
L Ef(plyns | 8. 51])
= Ef(plyn | v So))

[l

(88)

(89)
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where a and- d follow from properties of conditional expecta-
tion, b follows from (6), c follows from Jensen’s inequality,
and e follows from the channel and input stationarity. O

Proof of Lemma 4.5: Following a similar argument as in
the proof of Lemma 4.3, we have that

lim H(Y, | Y™ 1)

n—oo

K
= lim E [—102 > opyls= Ck)pn(k):l (90)

n—oo
k=1
and

lim H(Y, | Y"1, 58)

n-—o0

n—o0o
k=1

K
= lim E[—log > oyl S = Ck)p;(k):' on

where p;, = ot, for some i. Applying (16) to (90) and (91)
completes the proof. 0O

Proof of Lemma 4.6: We first consider the limiting con-
ditional entropy H (Y, | p) as n — oo. Let v denote the
distribution of p% and v denote the corresponding limit dis-
tribution. Also, let pg(y | -) explicitly denote the dependence
of the (conditional) output probability on 6. Then

lim H(Y, |p%)

n—00

= lim E[-logps(ya | py)]
= lim > —logps(un | A% (")) pe(y™)

n-—=00
yn cyn

= lim Y —logps(yn | ol (y""))
yreyn

“po(yn | ¥ Ve (y™ 1)

= lm ) [ >~ —logpe(yn | K (y" "))
yroleyn—t Lyn€Y
- po(yn | pi(y"”l))} po(y™t)
= lim [ >~ —logps(yn | K§)pe(yn Ipfl)]p(dpﬁ)
A Yn€Y
= lim_ [Z ~logps(y | P)pe(y | p)} va(dp)
A yey
:/ [Z—logpa(ylp)pe(yIp)}ve(dp)' 92
A yeYy

The second and fourth equalities in (92) follow from the fact
that p, is a function of y"~1. We also use this in the fifth
equality to take expectations relative to p,, instead of y™1.
The sixth equality follows from the definition of v, and the
stationarity of the channel inputs. The last equality follows
from the weak convergence of p? and the fact that the entropy

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 42, NO. 3, MAY 1996

is continuous in p and is bounded by log | Y | [12, Theorem
25.8].

The limiting conditional entropy H(Y, | X,,m,) is ob-
tained with a similar argument. Let uf denote the distribution
of 7% and p? denote the corresponding limit distribution. Then

lim H(Y | Xn,m,)

i

lim E[-10gpg(yn | 2n,75)]

= nango Z —logpa(yn l T, Wz)p0 (yn’xn)

= nh_)n;o Z ~log ps (yn | Tn,75)
TnEX™ .
_pa(yn7$" | yn—l’xn—l)pe (yn—l’xn——l)
= nli_ﬂlo Z Z —log pe (yn | xnﬂrz)
n~—1 n—1
znwlg%n—l g:é%
. p9(yn l Tn, yn—l’ xn—l)g(xn)
'pe(yn—l,iﬁn—l)
= nll)n;o z Z —log po (yn | xn,wz)
n—1 n—1 " )}
zn—lgzn—l :ZvlngX
Do (yn l wn:”i)g(xn)
pa(yn—l,wn—l)
= lim [ | ~logpe(yn | @n,mn)
Yn€Y-
T €X
‘- Po (yn \ xny”ﬁ)a(xn) p(dﬂ-Z)
- . 1
= lim [ | —logp(y | z,m)p(y | z, m)0(x) | uf(dm)
n—oo [
yeY )
lzeX J
- 1
= lim [ | —logp(y |z, m)p(y | z,m)0(x)| u’ (dr)
A
yey
LmeX

(93)
where we use the fact that 7,, is a function of z™~! and y™~1,
and the last equality follows from the weak convergence of
7 to n%. ' a
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APPENDIX V

In this Appendix, we prove Lemmas 5.1 and 5.2.
Proof of Lemma 5.1: From [14],

H(Yn | pn) < H(Y,) <log | V|

and similarly
H(Yy | p) < H(Yn) <log | V|

for any 4. But since each c; € C is output symmetric, for each
k the columns of M*¥ £ (M} = pp(j | ), € X,j € Y}
are permutations of each other. Thus, if the marginal p(z,)
is uniform, then p(y, | S, = c¢k) is also uniform, i.e.,
P(Yn | Sn = k) =1/ | Y |. Hence for any p, € A

yn|,0n ZPUHS —Ck)pn()
k=1
1 K
= k 04
yj 2 k) = Kl o9

and similarly p(y, | p%) = 1/ | Y | for any i. Thus

H(Y, |pn>—/

/PneA

P(0n)P(Yn | pr)[—10gD(Yn | Pn)]
Ay, Ey

plon) Y P(¥n | pu)[~1ogp(yn | pn)]

Yyn €Y
= p(pn) log |V
/pneA ynZGy [V |
=log | V| 95)
and similarly
H(Yn|py,) =log | V|

for any 4. Since (95) only requires that p(z,) is uniform

for each n, an i.i.d. uniform input distribution achieves this

maximum. Substituting 7 for p in the above argument yields
the result for H(Y,, | 7,) and H(Y, | 7%). O

Proof of Lemma 5.2: We consider only H(Y,, | X,,T),
since the same argument applies for H(Y,, | X,, 7% ). By the
output symmetry of each c; € C, the sets

{Pe(y | 2): y € V}sex

are permutations of each other. Thus

)= [Z (—logzkjpk(yn la:mn(k))

Tn Zn

H(Y, | X, 70
: Z Dk (yn | zn)ﬂ'n(k’)jl p(xn)p(ﬂ—n)
k

B> <—logzpk<yn |xn>wn<k>)
k

Tn Yn

: (Zpk(ynlx)fn(k))p(ﬂn) Vr e X.
k (96)

So H(Y, | X,,7,) depends only on the distribution of m,,.
But by (38), this distribution depends only on the distribution
of Z"~1. The proof then follows from the fact that p(Z™ |
X™) =p(Z"™). O

APPENDIX VI

We consider a Q-AWN channel where the output is quan-
tized to the nearest input symbol and the input alphabet
consists of symmetric PSK symbols. We want to show that
for any k P} = pr(y = j | = ) has rows which are per-
mutations of each other and columns which are permutations
of each other. The input/output symbols are given by

ym:xmerjz"m/M, m=1,---,M. (Ca)
Define the M x M matrix Z by Z;; = |y; — ;| and let
gr(Z;;) denote the distribution of the quantized noise, which
is determined by the noise density n; and the values of A and
M from (97). By symmetry of the input/output symbols and
the noise, the rows of Z are permutations of each other, and
the columns are also permutations of each other.

If M is odd, then

nivlo = {2

a(ly — =1)/2,

ly—z| =0

else ©8)

and if M is even

_ Ja(ly — =),
pe(y | z) = {qk(|y - z|)/2,

Thus P}; depends only on the value of Z;;; the rows of Pf; are
therefore permutations of each other, and so are the columns.

ly—z|=0or|y—z| =24
else. (99)

APPENDIX VII

We will show that the 7-output channel is asymptotically
memoryless as J — o0o. Indeed, since the FSMC is indecom-
posable and stationary

}erolop(sn+J;Sn) = Jh_{rolop(sn—f—l)p(sn) (100)
for any n, and thus also
Jim p(Trps,70) = Hm p(mr4)p(Tn)- (101)

Therefore, since 7;; and Ti(-1) are J iterations apart, m;; and
mji—1) are asymptotically independent as J — oo.

In order to show that the w-output channel is memoryless,
we must show that for any j and L

L
p(y'", w27t = Hp(yjl,ﬂjt | 251). (102)
=1
We can decompose p(y7L, miL | z9L) as follows:
p(yt,nit | 27L)
L - 9 .
=[] p@s, mje | 20,70, 270107 0=10) 0 (103)

=1
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Thus we need only show that the /th factor in the right-hand
side of (103) equals p(y;i, m;; | ;) in the limit as J — oc.
This result is proved in the following lemma.
Lemma A7.1: For asymptotically large J
j(l—l),,n.j(l—l)’xj(l—l)) =p(yjz,7rj1 | ;).
(104)

p(yin, 71 |z, y

Proof:

(g7t | xﬂ,yj(l—l)’Wj(l—l),xj(l—l))
= p(yjt | w0, w40, 570D, 70D 7701
,p(wﬂ | .'L‘jg,yj(l_l),wj(l_l),xj(t_l))
= p(yji | mt, mj)p(me | y? 0, w070 27 0D)
= p(y;i | 0, z0)p(m50 | TG+1)a-1))
= p(ysu | mje, z0)p(mj0)
= p(y;1, ™51 | zj1) (105)

where the second equality follows from (4) and (5), the third
equality follows from (4) and (11), and the fourth equality
follows from (101) in the asymptotic limit of deep interleaving.

O

APPENDIX VIII

The m-output channels are independent if

J
ply”, 77 | &) = [ eysomi | 25). (106)

j=1
This is shown in the following string of equalities:
p(y’, WJ | z7)

= Hp(y]ﬂr] | 25,9

L i)

(yj ] Wjaxj’yj—l,wj_17mj—1)

] | :I,‘], 1’7rj_17$j_1)

ply; | mje5)p(ms | g,y w = a7

(Z'/J | 75, 25)p(75) (107)

Il Il
n'{ja n'zu. = HE& :

where the third equality follows from (5) and the last equality
follows from the fact that we ignore error propagation, so
271, 47~1 and 771 are all known constants at time 7.

We now determine the average mutual information of the
parallel w-output channels for a fixed input distribution p(X 7).
The average mutual information of the parallel set is

_ 1o
IJ—JI(Y s

From above, the parallel channels are independent, and each
channel is memoryless with asymptotically deep interleaving.

7 x7). (108)
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Thus we obtain (45) as follows:
%I(YJ,WJ;XJ)
=HY’',7)y-HY’',z7 | X7)
= H(Y? | x’) + H(x')
~HY |77, X))+ Hx' | X7))

=HY | »?)y-HY |x7, X7)
J

=3 H(Y; | Y al) - H(Y; | Y7, x?, X7)
i=1
J
=Y H(Y; | 5) - H(Y; | 75, X;) (109)
i=1

where the third equality follows from the fact that
p(a’ | 27) = p(x? | 2771) = p(x”)

by definition of 77 and by the memoryless property of the =,
channels. The last inequality follows from the fact that

H(Y; | Y n?) = H(Y; | pjin”) = H(Y; | 75)

since the m; channels are memoryless and p; = E,;-17;.

(110)

APPENDIX IX

In this Appendix we examine the cutoff rate for uniformly
symmetric variable-noise channels. The first three lemmas
show that for these channels, the maximizing distribution of
(52) is uniform and i.i.d. We then determine that R;, as given

- by (52), is monotonically increasing in 7, and use this to get a

simplified formula for Rys in terms of the limiting value of R;.

Lemma A9.1: For all j, R; depends only on p(z;).

Proof: From the proof of Lemma 5.2, 7; is a function of

Z7=1, and is independent of X7=1. So p(;) does not depend
on the input distribution. The result then follows from the
definition of R;. O

Corollary: An independent input distribution achieves the
maximum of Rgs.

Lemma A9.2: For a fixed input distribution p(X”), the J
corresponding 7-output channels are all symmetric [13, p. 94].

Proof: We must show that for any j < J, the set of

outputs for the jth m-output channel can be partitioned into
subsets such that the corresponding submatrices of transition
probabilities have rows which are permutations of each other
and columns which are permutations of each other. We will
call such a matrix row/column-permutable.

Let n; < |X]9|YV) be the number of points § € A with

(m; = 8) > 0, and let {;}.2, explicitly denote this set.
Then we can partition the output into n; sets, where the ith
set consists of the pairs {(y,6;): y € Y}. We want to show
that the transition probability matrix associated with each of
these output partitions is row/column-permutable, i.e., that for
all 3, 1 < i < ny, the [X| X | V| matrix
(111)

S A
P =plyy=ymj=6|z;=2), z€X,yec)

has rows which are permutations of each other, and columns
which are permutations of each other.
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Since the FSMC is a variable-noise channel, there is a
function f such that pi(y | =) depends only on z 2 f(z,y)
for all k, 1 < k < K. Therefore, if for some k', pp(y | z) =

pe(y' | &), then f(z,y) = f(2',y). But since z = f(z,y)
is the same for all k, this implies that

pe(ylz) =pe(y' | 2") VE1<k<K. (112)

Fix k'. Then by definition of uniform symmetry, py (y | x) is
row/column-permutable. Using (112), we get that the |X'| x| V|
matrix ’

K
Pe=) pylz), zeX,yey
k=1

(113)

is also row/column-permutable. Moreover, multiplying a ma-
trix by any constant will not change the permutability of its
rows and columns, hence the matrix

K

> oy | m)} bip(mj = b:), ze€X,yed (114)
k=1

Pj =

is also row/column-permutable. But this completes the proof,
since

ply; =y, m5 = 6 | z; = x)
K
= pely =yl = 2)bip(m; = 8). (115)
k=1
(]
Lemma A9.3: For i.i.d. uniform inputs, I2; is monotonically

increasing in j.
Proof: For uniform i.i.d. inputs

1
iy =log (w [..

p(Tj)

7

K
ST ey 17,8 = c)mi(k)

2

yeY |zeX \ k=1
(116)
Let
2
A K
FE) 23 13 A Do pely | 2,8 = cr)mj(k) | . (A17)
yeY |zex \ k=1
Then

R; = —log (Wﬂ;E[f(wm).

We want to show that

~log (W—lliEmm)]) < —tog (g3 L/ (ny:)

or, equivalently, that

E[f(n;)] > E[f(7j11)]-

Following an argument similar to that of Lemma 4.2, we have

Ef(m;)

K
=SS A ey | 2wy h)

2

yeY jzeX \ k=1
2
( K
=EY [ Dyl e)p(S; = cx [z 1,ym 1)
yeEY |zEX k=1
- ” ;
LEY. > Zpk(y [2)p(Sjt1 = ck | 23, 43)
yeY _xeX\ k=1
- E Z
yeY

2

K
YA Do I DE[p(Sj1 = cx |27, y™ | 25, 55)]

k=1

K
> pe(y | 2)p(Si41 = ok | 27,y |27, v5
k=1

2

K

-5y |

yeY |zeX k=
=Ef(mj41)

where ¢ follows from stationarity and b follows from Jensen’s
inequality. O

Lemma A9.4: For uniformly symmetric variable-noise
channels, a uniform i.i.d. input distribution maximizes Rgs.
Moreover

pe(y | ©)p(Sj+1 = ek | 2™, y™)
1

(118)

R4 = lim R;. (119)
J—0o0

Proof: From Lemma A9.2, the maximizing distribution
for Rg4s is independent. Moreover, from Lemma A9.2, each
of the m-output channels are symmetric, therefore from [13,
p. 144], a uniform distribution for p(X;) maximizes R; for
all j, and therefore it maximizes Rq;. By Lemma A9.3, R; is
monotonically increasing in § for i.i.d. uniform inputs. Finally,
by Lemma A2.2, for f(n;) as defined in (117), Ef(r;)
converges to a limit which is independent of the initial channel
state, and thus so does R; = —log (#Ef(vrj)). Therefore

J
1
5 Y R; = lim R;.

Rdf = lim ( 1 20)
J—o0 - j—oo
j=1
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