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Abstract. MetaML is a multi-stage functional programming language
featuring three constructs that can be viewed as statically-typed refine-
ments of the back-quote, comma, and eval of Scheme. Thus it provides
special support for writing code generators and serves as a semantically-
sound basis for systems involving multiple interdependent computational
stages. In previous work, we reported on an implementation of MetaML,
and on a reduction semantics and type-system for MetaML. In this pa-
per, we present An Idealized MetaML (AIM) that is the result of our
study of a categorical model for MetaML.. An important outstanding
problem is finding a type system that provides the user with a means
for manipulating both open and closed code. This problem has eluded
efforts by us and other researchers for over three years. AIM solves the
issue by providing two type constructors, one classifies closed code and
the other open code, and exploiting the way they interact. We point out
that AIM can be verbose, and outline a possible remedy relating to the
strictness of the closed code type.

1 Introduction

“If thought corrupts language, language can also corrupt thought”' . Staging com-
putation into multiple steps is a well-known optimization technique used in many
important algorithms, such as high-level program generation, compiled program
execution, and partial evaluation. Yet few typed programming languages allow
us to express staging in a natural and concise manner. MetaM L was designed to
fill this gap. Intuitively, MetaML has a special type for code that combines some
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main Specific Languages as a Carrier for Formal Methods”, MURST progetto cofi-
nanziato “Tecniche formali per la specifica, ’analisi, la verifica, la sintesi e la trasfor-
mazione di sistemi software”, ESPRIT WG APPSEM.
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features of both open code, that is, code that can contain free variables, and
closed code, that is, code that contains no free variables. In a statically typed
setting, open code and closed code have different properties, which we explain
in the following section.

Open an e e Typed languages for manipulating code fragments
either have a type constructor for open code , , , |, or a type constructor
for closed code , . Languages with open code types are useful in the study

of partial evaluation. Typically, they provide constructs for building and com-
bining code fragments with free variables, but do not allow for executing such
fragments. Being able to construct open fragments enables the user to force
computations under a lambda . Executing code fragments in such languages
is hard because code can contain not-yet-bound identifiers . In contrast, lan-
guages with closed code types are useful in the study of run-time machine code
generation. Typically, they provide constructs for building and executing code
fragments, but do not allow for forcing computations under a lambda .

The importance of having both a way to construct and combine open code and
to execute closed code within the same language can be intuitively explained in
the context of Scheme. E cient implementations of omain-Specific or little
languages can be developed as follows irst, build a translator from the source
language to Scheme, then use eval to execute the generated Scheme code. Be-
cause such a translator will be defined by induction over the structure of the
source term, it will need to return open terms when building the inside of a -
abstraction or any such binding construct , which can and will often contain
free variables. or many languages, such an implementation would be almost as
simple as an interpreter for the source language especially if back-quote and
comma, are utilized , but would incur almost none of the overhead associated
with an interpreter.

e a MetaML , provides three constructs for manipulating open
code and executing it Brackets _ | Escape _and wun un _. An expression
defers the computation of splices the deferred expression obtained by

evaluating into the body of a surrounding Bracketed expression and
evaluates to obtain a deferred expression, and then evaluates it. ote that

is only legal within lexically enclosing Brackets. inally, Brackets in types such
as are read “ ode of nt”. To illustrate, consider the following interactive
session



iven an integer power and a code fragment representing a base , the function
returns a code fragment representing an exponent. The function
is similar, but takes only a power and returns a code fragment representing a
function that takes a base and returns the exponent. The code fragment
is the specialization of to the power . ext, we construct the code
fragment which is an application of the code of to the base
inally, the last declaration executes this code fragment.

e nfortunately, the last declaration is not typable with the basic type
system of MetaML . The essence of the problem seems to be that MetaML
has only one type constructor for code. Intuitively, to determine which code
fragments can be executed safely, the MetaML type system must keep track of
variables free in a code fragment. But there is no way for the type system to
know that is closed from its type, hence, a conservative approximation
is made, and the term is re ected by the type system.

n nan O an a n ape In previous work , we
reported on the implementation and applications of MetaML, and later
studied a reduction semantics and a type system for MetaML. owever, there
were still a number of drawbacks

. As discussed above, there is a typing problem with executing a separately-
declared code fragment. While this problem is addressed in the implementation
using a special typing rule for top-level declarations , this solution is ad
hoc.

nly a call-by-value semantics could be defined for MetaML, because substi-
tution was a partial function, only defined when variables are substituted with
values.

. The type udgements are needlessly complicated by the use of two indices.
Moreover, the type system has been criticized for not being based on a stan-
dard logical system

This paper describes the type system and operational semantics of An Idealized
MetaML AIM | whose design is nsp red by a categorical model for MetaM L
AIM is strictly more expressive than any known typed multi-level language, and
features



. An open code type , which corresponds to of and  of MetaML
. A closed code type , which corresponds to of

ross-stage persistence of MetaML
. A un-With construct, generalizing un of MetaML.

In a capsule, the model-theoretic approach has guided the design of AIM in two
important ways irst, to achieve a se ant call sound integration of avies and

fenning s and avies , we must use two separate type constructs,
and not one, as was the case with MetaML. Second, we identified a canon cal
so orph s between the effect-free interpretation of the two types and

. This isomorphism formalized the interaction between open and closed code
types, and lead us to both a generalization of wun, and to identifying a new
and important effectful combinator that we have called .In
addition, the model-theoretic approach has suggested a number of simplifications

over MetaML , which overcome the problems mentioned above
. The type system uses only one level annotation, like the type system
. The level romotion and level emotion lemmas cf. , and the Substitu-

tion lemma, are proven in full generality and not ust for the cases restricted
to values. This development is crucial for a call-by-name semantics. Such a se-
mantics seems to play an important role in the formal theory of ormalization
by Evaluation and Type irected artial Evaluation

. The big-step semantics is defined in the style in which was defined and

does not make explicit use of a stateful renaming function

. Terms have no explicit level annotations.

urthermore, it is straightforward to extend AIM with new base types and con-
stants, therefore it provides a general setting for investigating stag ng co  na
tors.

In the rest of the paper, we present the type system and establish several of its
syntactic properties. We give a big-step semantics of AIM, including a call-by-
name variant, and prove type-safety. We present embeddings of , MetaML
and into AIM. inally, we discuss related works.

1 nld 1 d t

The definition of AIM s types and terms is parameterized with
respect to a signature consisting of aset of ae pe and n an

where  is a natural number, and is identified with the set of its predecessors.

The first four constructs are the standard ones in a call-by-value -calculus with
constants. Bracket and Escape are the same as in MetaML , . un-With



if and

. Typing Rules

generalizes un of MetaML, in that it allows the use of additional variables in
the body of if they satisfy certain typing requirements that are made explicit
in the next section. Box-With and nbox are not in MetaML, but are motivated

by of aviesand fenning . We use some abbreviated forms
for
for
for
for
pe e
An AIM typing udgment has the form , where , and s
a type assignment, that is, a finite set with the  distinct. The
reading of s “ter has t pe atle el n thet pe assgn ent 7.

The le el of a subterm is the number of surrounding Brackets, minus the number
of surrounding Escapes. If not otherwise indicated, the level of a term is zero.

We say that if isin . urthermore, we write for the type
assignment obtained by incrementing the level annotations in by | that is,
if and only if . igure gives the typing rules for ATM.

The onstant rule says that a constant of type , which has to be given in the
signature, can be used at any level . The ariable rule incorporates cross-stage
persistence, therefore if  is introduced at level it can be used later, that
is, at level , but not before. The Abstraction and Application rules are
standard. The Bracket and Escape rules establish an so orph s between 1
and . Typing un in MetaML introduces an extra index-annotation on
types for counting the number of uns surrounding an expression see igure
We avoid this extra annotation by incrementing the level of all variables in

In particular, the un rule of MetaML becomes

1



The Box rule ensures that there are no late free variables in the term being
Boxed. This ensures that when a Boxed term is evaluated, the resulting value is
a closed term. The Box rule ensures that only With-bound variables can occur
free in the term . At the same time, it ensures that no late free variable can
infiltrate the body of a Box through a With-bound variable. This is accomplished
by forcing the With-bound variables themselves to have a Boxed type. ote that
in the term  may contain other free variables besides the

pe e e pe e

The following level romotion, level emotion and Substitution lemmas are
needed for proving Type reservation.

e a n If | - then121 1

Meaning that if we increment the level of a well-formed term it remains well-
formed. urthermore, we can simultaneously increment the level of an arbitrary
subset of the variables in the environment. In this paper, proofs are omitted for
brevity lease see technical report for proof details

emotion on at , written , lowers the level of from level down to
level | and is well-defined on all terms, unlike demotion for MetaML

en n e n s de ned nduct on on

The key for making demotion total on all terms is handling the case for Escape
Escape is simply replaced by un. It should also be noted that demotion
does not go into the body of Box.

e a e n If ! L then

Meaning that if we demote a well-formed term it remains well-formed, provided
the level of all free variables is decremented.

e a ea enn If 1 - 9 o and s fresh, then 12
2 2



e a n[fl 11and1 1 2 22then12

This is the expected substitution property, that is, a variable can be replaced
by a term 1, provided 1 meets the type requirements on

1t ntic

The big-step semantics for MetaML re ects the existing implementation it
is complex, and hence not very suitable for formal reasoning. igure presents
a concise big-step semantics for AIM, which is presented at the same level of
abstraction as that for . We avoid the explicit use of a gens  or ne na e
for renaming bound variables, which here is implicitly done by substitution.

alues have three important properties irst, a value at level can be a Brack-
eted or a Boxed expression, re ecting the fact that terms representing open and
closed code are both considered acceptable results from a computation. Second,
values at level can contain Applications such as , re ecting
the fact that computations at these levels can be deferred. inally, there are no
level Escapes in values, re ecting the fact that having such an Escape in a
term would mean that evaluating the term has not yet been completed. This is
true, for example, in terms like

e a O na If and then

e e pe ee a n If ! and then
and !

ote that in AIM unlike ordinary programming languages we cannot restrict
the evaluation rules to closed terms, because at levels above evaluation is
s ol ¢ and can go inside the body of binding constructs. n the other hand,
evaluation of a variable at level is an error The above theorem strikes the right
balance, namely it allows open terms provided their free variables are at level

above  this is re ected by the use of ! in the typing udgment .

aving no level  Escapes ensures that demotion is the identity on 1 as

shown in the following lemma. Thus, we don t need to perform demotion in the
evaluation rule for un when evaluating a well-formed term.
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ig-Step Semantics
e a a e e n If 1 then

A good property for multi-level languages is the existence of a bi ection between
programs and program representations . This property holds
for AIM. In fact it is a consequence of the following result

P n e e n If , then 1 I and 1
on ersel , f Land 1 L then



a a e

The difference between the call-by-name semantics and the call-by-value seman-
tics for AIM is only in the evaluation rule for Application at level . or call-by-
name, this rule becomes

1 2

The Type reservation proof need only be changed for the Application case.
This is not problematic, since the Substitution Lemma for AIMhas no alue
restr ct on.

e e pe ee a n If ! and then

and

P e ene

MetaML s type system has one ode type constructor, which tries to combine
the features of the Box and ircle type constructors of avies and fenning.
This co  nat on leads to the typing problem discussed in the introduction. In
contrast, AIM s type system incorporates both Box and ircle type construc-
tors, thereby providing correct se ant cs for the following natural and desirable
functions

. This function executes closed code. AIM has no function of
the opposite type , thus we avoid the collapse of types in the recent
work of Wickline, Lee, and fenning . Such a function does not exist in
MetaML.

. This function corresponds to cross-stage persistence ,in fact 1t
embeds any value into an open fragment, including values of functional type.
Such a function does not exist in . At the same time, AIM has no function
of the opposite type , re ecting the fact that open code cannot be
executed. is expressible as

. This is the composite of the two functions above.
re ects the fact that closed code can always be viewed as open code. AIM has
no function of the opposite type .

. This function allows us to convert a Boxed Bracket value
into a Boxed value. It can be viewed as the essence of the interaction be-
tween the Bracket and the Box type. ompile is not expressible with the
desired strictness behavior in the language, but has the following operational
semantics

Type reservation is still valid with such an extension.



. This function executes closed code. It can be defined in terms
of un-With as , and also in terms of ompile as

ow, the MetaML example presented in the Introduction can be expressed in
AIM as follows

In AIM, asserting that a code fragment is closed using Box has become part
of the responsibilities of the programmer. urthermore, ompile is needed to
explicitly overcome the default lazy behavior of Box. If ompile was not used
in the above examples, the Boxed code values returned for and

would contain unevaluated expressions.

nfortunately, the syntax is verbose compared to that of MetaML. In future
work, we hope to improve the syntax based on experience using AIM. In partic-
ular, we plan to investigate an eager operational semantics for Box, which should
simplify the for al at on of MetaML constructs in AIM, and perhaps make the
ompile combinator unnecessary.

ddin ut

This section shows that other languages for staging computations can be trans-
lated into AIM, and that the embedding respects the typing and evaluation. The
languages we consider are , MetaML , and



e n

The embedding of into AIM is straightforward. In essence, corresponds
to the Open a en of AIM

1 2

12
The translation _ between and AIM is as follows ,
, and . With these identifications the
typing and evaluation rules for are those of AIM restricted to the relevant
fragment. The only exception is the typing rule for variables, which in is
simply if this re ects the fact that has no cross-stage

persistence .

We write and for the typing and evaluation udgments of |

so that they are not confused with the corresponding udgments of ATM.

P n e p a pe e n If sder ale n
, then sder ale n I
P n e p a e an e n If sder ale
n , then sder ale n I
e n e a

The difference between MetaML and AIM is in the type system. We show that
while AIM s typing udgments are simpler, what is typable in MetaML remains
typable in AIM.

1 2
12
MetaML s typing udgment has the form , where ,
and  is a type assignment, that is, a finite set with the

distinct. We use the subscript to distinguish MetaML s udgments from
AIM s udgments. igure recalls the type system of MetaML

en n ep a e en e sa that a eta t png udg
ent sa epa e fandonl f

e ar A careful analysis of MetaML s typing rules shows that typing udg-
ments occurring in the derivation of a udgment are acceptable. In
fact in a MetaML typing rule the premises are acceptable whenever its conclu-
sion is acceptable, simply because the index never decreases when we go from
the conclusion of a type rule to its premises, Thus, we never get an environment
binding with an  higher than that of the udgment.



. MetaML, Typing rules

P n e a pe e n If
s accepta le, then t sder ale n eta fandonl f
sder ale n 1

e n

igure  summarizes the language . We translate into the e

a en of AIM

1 2
12
We need only consider typing udgments of the form and
evaluation udgments of the form . These restrictions are possible for two
reasons. If the conclusion of a typing rule is of the form with

types and terms in the losed fragment, then also the premises of the typing
rule en oy such properties. When is a closed term in the losed fragment, the

only udgments that can occur in the derivation of are such that
and and  are closed terms in the losed fragment.

en n a pe an a n he translat on of t pes s
g en
1 2 1 2
he translat on of ter s depends on a set of arales, na el those

declared n the odal conte t

here



ta

Types 1 2
Expressions 1 2 1 2
Type assignments { }
st
if if
( ) ( ) 2 1
1 2
1 2
1 2
t a tecs
1 2
1 2
1 2
1 2
. Description of
P n a pe e n If sder ale n
, then sder ale n I s losed frag ent, here
s the set of ar a les declared n s , and
s
The translation of into the AIM s losed fragment does not preserve eval-

uation on the nose that is, up to syntactic equality . Therefore, we need to
consider an ad n strat e reduction.

en n e n he reduct on s g en the re rte
rules

here s a closed ter of the losed frag ent

e a pe e e n  he reduct on on the losed
frag ent sat s es the follo ng propert es

u ect educt on, that s, and pl
on uence and trong or al aton



o pat It th  aluat on on closed ter s, that s, 1 1 and 1

9 pl that e sts 5 st 5 and o 5

e a en a closed ter the follo ng prop
ert es hold

, pro ded

P n a e an e n If s closed and

sder ale n , then there e sts  such that and

td or

Multi-stage programming techniques have been studied and used in a wide vari-
ety of settings . lelson and ielson present a seminal detailed study into a
two-level functional programming language . avies and fenning show that
a generalization of this language to a multi-level language called gives rise to
a type system related to a modal logic, and that this type system is equivalent
to the binding-time analysis of ielson and ielson

omard and ones  use a statically-typed two-level language for partial evalu-
ation of the untyped -calculus. This language is the basis for many binding-time
analyses.

luck and  rgensen study partial evaluation in the generalized context where
inputs can arrive at an arbitrary number of times rather than ust two , and
demonstrate that binding-time analysis in a multi-level setting can be done with
e ciency comparable to that of two-level binding time analysis.

avies extends the urry- oward isomorphism to a relation between temporal
logic and the type system for a multi-level language
Moggi  advocates a categorical approach to two-level languages based on in-
dexed categories, and stresses formal analogies with a categorical account of
phase distinction and module languages.

n e en e ouldl etothan runo ar er, e e s, r
asal ¢, ann s aragda s, elco sser, hl adler and sa alton for
co  ents on a draft of the paper
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