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Outline

Spectral Graph Theory: Understand graphs
through eigenvectors and eigenvalues
of associated matrices.

Electrical Graph Theory: Understand graphs
through metaphor of resistor networks.

Heuristics

Algorithms
Theorems
Intuition



Spectral Graph Theory

Graph G = (V,E)

Matrix A

rows and cols
iIndexed by \/

Eigenvalues Ay = \v

Eigenvectors v : VI R



Spectral Graph Theory

Graph G = (V,E)

Matrix A

rows and cols
iIndexed by \/

Eigenvalues Ay = \v

Eigenvectors v : V' |
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Example: Graph Drawing by thel.aplacian
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4 511 if (i,j)" E
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0) otherwise

8 9



Example: Graph Drawing by thel.aplacian

4 511 if (i,j)" E
5 6 L(i,j):édew) if i =]
0) otherwise
8 9

Eigenvalues O, 1.53, 1.53, 3, 3.76, 3.76, 5, 5.7, 5.7

Let X,V ! RY span eigenspace of eigenvalue 1.53



Example: Graph Drawing by thel.aplacian

Plot vertex | at (X(1),y(i))

Draw edges as straight lines



Laplacian: natural quadratic form on graphs

T Le= ) (x(i) — x(j))
(¢,J)EE
L = D — A where Dis diagonal matrix of degrees

(1—1 0 0\

—1 2 —1 0
0 —1 2 —1

\ 0 0 -1 1
o—6—60—0




Laplacian: fast facts

tTLr= Y (a(i) - 2(j)3
(1,j)€EE
L1=0 zero Is an eigenvalue

0=XA <A< <A,

Connected if and only if A2 > C

Fiedler (O73) calle\2
Oalgebraic connectivity of a graphO
The further from O, the more connected.



Drawing a graph in the line (Hall O70)
mapl — IR

minimize Z (z(i) —x(j))° = o' La
(i,j)eEE

trivial solution: z=1 So, require = L 1, ||z|| =1

Solution = v9

Atkins, Boman, Hendrickson Q97:
Gives correct drawing for graphs like

6 6 > o oo



Courant-Fischer definition of eigvals/vecs

\ xlLx a2l Ly
| = min v1 = arg min
+20 !l +20 xlx




Courant-Fischer definition of eigvals/vecs

\ xlLx a2l Ly
{ = min v1 = arg min
+20 !l +20 xlx
- 2TLy . ol Lx
Ag = min —= Vg = arg min —
CUJ_’U]_ T J)J_fU]_ o

(here v; =1)



Courant-Fischer definition of eigvals/vecs

\ xlLx a2l Ly
1 = min v1 = arg min
+20 !l +20 xlx
R R %
Ag = min —= Vg = arg min —
xlvy, T+ X zlvi X
(here v; =1)
, ! Lx
AL = min max —
Sofdim k €S I Xx
, x! Lx
Vi = ar min
ga:J_ful,...,ka,_l xlx




Drawing a graph in the plane (Hall O70)
map V — IR? () € R?
minimize Y (dist(Z(i), Z(5))’

(i,j)eF



Drawing a graph in the plane (Hall O70)
map V — IR? () € R?
minimize Y (dist(Z(z), £(j))?
(1,)€l
trivial solution: Z(:7) = (1,1)
So, require Xq,k> 1 1



Drawing a graph in the plane (Hall O70)
map V — IR? () € R?
minimize Y (dist(Z(i), Z(5))’

(1,7)eFE
trivial solution: Z(:7) = (1,1)
So, require kq1,ko 1L 1

diagonal solution: #(i) = (va(1), v (7))

So, require XK1 ! Ko

Solution #(i) = (v2(7),v3(¢)) up to rotation



A Graph




Drawing of the graph using v, v,
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The Airfoil Graph, original coordinates
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The Airfoil Graph, spectral coordinates




The Airfoil Graph, spectral coordinates




Spectral drawing of Streets in Rome




Spectral drawing of Erdos graph:
edge between co-authors of papers




Dodecahedron

Best embedded by first three eigenvectors



Intuition: Graphs as Spring Networks

"#1$%%6%%%& Yo ("1)*%o*(+1),%$-, (+#3%
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Intuition: Graphs as Spring Networks

6)(*%"2.+%$271%8!,91!$:%*10%, 1$0%$!;*1%
z (%)
O— 1 —@

</=$(1$>%7 (+(7(C!$%020)*%-20!+9)*%!+! #=%

(z(i)! z(§))* =2 L
(L)) E
$DEF!10%02%E2D+"),=%12+$0,)(+0$%3+)(*$5¢



Intuition: Graphs as Spring Networks

6)(*%"2.+%$271%8!,91!$:%*10%, 1$0%$!;*1%

(1)
O— 0 —@

</=$(1$>%!+! #=%7(+(7(C!"%./1+%
06%%%+2+8&G?!"%8!,911$%),19%)8!,)#1$%2 @Y+ ! (#

Zz

(IJ)' E



TutteOsTheorem 063

H@%+)(*%"2.+%)% @)1!%2@%)%-*)+),%I&12++
#10%)%-*)+),%! 7E!""(+#3%




Spectral graph drawing: Tutte justification

Condition for eigenvector Lx = A\x

. . 1 .
Gives (i) = R Z z(J)  forall i
(i )' E

I small says (%) near average of neighbors



Spectral graph drawing: Tutte justification

Condition for eigenvector Lx = A\x

. . 1 .
Gives x(¢) = g1 Z z(7)  for all |
(i )' E

I small says (%) near average of neighbors

For planar graphs:
Ao < 8d/n  [S-Teng O96]
l 3 < 0O(d/n) [Kelner-Lee-Price-Teng O09]



Smalleigenvaluesare not enough
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Plot vertex | at (Va(i),Va(i))
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Spectral Graph Partitioning
[Donath-Hoffman O72, Barnes 082, Hagdtahng 092]
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Measuring Partition Quality: Conductance

S

S

# edges leaving S

1 (S) = .
(5) sum of degrees IS

For deg(S) < deg(V)/ 2



Spectral Image Segmentation (Shi-Malik O00)
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Spectral Image Segmentation (Shi-Malik O00)




Spectral Image Segmentation (Shi-Malik O00)




Spectral Image Segmentation (Shi-Malik O00)




Spectral Image Segmentation (Shi-Malik O00)
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The second eigenvector
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Second eigenvector cut
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Third Elgenvector
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Fourth Eigenvector
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CheegerOmequality [Cheeger O70]
[Alon-Milman O85Jerrum-Sinclair O89Diaconis-Stroock O91]

For Normalized Laplacian: L = D' V2 p!' V2

)\2/2! mSin! (S)' \/ 2\

And, Is a spectral cut for which

H(S)! 2\



McSherryOanalysis of Spectral Partitioning

@ o o
O p
‘r\‘ o—7 ..‘\
S T

Divide vertices into Sand T
Place edges at random with

Pr [S-S edge| = p
Pr [T-T edge| = p g<p
Pr [S-T edge| = ¢




McSherryOanalysis of Spectral Partitioning

’F\:“.(’ : 'T.\

S

G }S
E[A]=

0 p }T

S T




McSherryOanalysis of Spectral Partitioning

p q }3
E[A]=

] p }T

S T

v2(E [ L' ]) is positive const on S, negative const on T

View A as perturbation of E [ A |
and [ as perturbation of E[ L |



McSherryOanalysis of Spectral Partitioning

v2(E [ L ]) is negative const on S, positive conston T

View A as perturbation of E [ A
and [ as perturbationof E[ L

Random Matrix Theory [FYredi-Koml—£81, Vu O07]
| |
With high probability 'L! E|L |l small

Perturbation Theory for Eigenvectors implies
UQ(L) I UQ(E [ L ])



Spectral graph coloring from high eigenvectors
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Embedding of dodecahedron by 19t and 20" eigvecs.
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Spectral graph coloring from high eigenvectors

Coloring 3-colorable random graphs [Alon-Kahale O97]



Independent Sets

S Is independent if
are no edges between
vertices in S




Independent Sets

S Is independent if
are no edges between
vertices in S

HoffmanOs Bound: if every vertex has degred

(e )



Networks of Resistors
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Networks of Resistors

KI7L$%*).$%0#(81$%uv /1
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By solving Laplacian
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Electrical Graph Theory

Considers flows in graphs

Allows comparisons of graphs,
and embedding of one graph within another.

Relative Spectral Graph Theory



Effective Resistance

Resistance of entire network,
measured between a and b.

OhmOs law:r = v/%

Rer (@, D) = 1/(current flow at one volt)

1V
E 0.53V
€

- 0.2V 0.33V
OV —



Effective Resistance

Resistance of entire network,
measured between a and b.

OhmOs law:r = v/%

Reg(a, D) = 1/(current flow at one volt)
= voltage difference to flow 1 unit



Effective Resistance

Rer(a, D) = voltage difference to flow 1 unit

Vector of one unit flow has 1 at a,
-1 at b,
0 elsewhere

lab = €2 — €p
Voltages required by this flow are given by

I -
Vab = Lg lapb



Effective Resistance
Rer(a, D) = voltage difference of unit flow
Voltages required by unit flow are given by
Vabh = Lalia,b

Voltage difference is

Vap(@)! Vap(b) = (€a! &) Vap



Effective Resistance Distance

Effective resistance is a distance
Lower when are more short paths

Equivalent to commute time distance:
expected time for a random walk from a
to reach b and then return to a.

See Doyle and Snell,
Random Walks and Electrical Networks



Relative Spectral Graph Theory

For two connected graphs G and H
with the same vertex set, consider

LgL;'

work orthogonal to nullspace
or use pseudoinverse

Allows one to compare G and H



Relative Spectral Graph Theory

For two connected graphs G and H, consider
I
LoLy™ = lnia

ifandonlyif G = H



Relative Spectral Graph Theory

For two connected graphs G and H, consider
-1

ifandonlyif G ! H



Relative Spectral Graph Theory

For two connected graphs G and H, consider

1
1+ ¢

| eigslLglLyt)! 1+¢

if and only if for all X € RY

1 I LETLG,CE

1+e¢ zl'Lpx

l 1+ ¢



Relative Spectral Graph Theory

1 a:'TLGa:'

x"Lex=  (x(a) —x(h)?=[E(S,V —9)|
(a,b)! E



Relative Spectral Graph Theory

1 a:'TLGa:

Forall S! V

1 | Eg(S,V" S)‘ |

| 1+
1+¢  |Eg(S,V" S) -




Expanders Approximate Complete Graphs

Expanders:
d-regular graphs on n vertices
high conductance
random walks mix quickly
weak expanders: eigenvalues bounded from O!

strong expanders: all eigenvalues near d!



Expanders Approximate Complete Graphs

For GI"#$!%&'()$"$!*+,(#!&-n!.$+"/%F$01!
IN1))!-&-23$+8F$-.,)4$0 1831 !, +$h1!



Expanders Approximate Complete Graphs

For GI"#$!%&'()$"$!*+,(#!&-n!.$+"/%F$01!
IN1))!-&-23$+8F$-.,)4$0 1831 !, +$h1!

For H!I,1d2+$*4),+10"+&-*1$8(,-9%+7
I11))1-&-235+8F$-.,)4$0 1&AL,1, +$1%)&0$ &

G&+HIMIIITTIRZ I RTIE  L T8 5 1
" d



Expanders Approximate Complete Graphs

For GI"#$!%&'()$"$!*+,(#!&-n!.$+"/%F$01!
IN1))!-&-23$+8F$-.,)4$0 1831 !, +$h1!

B&+XIMNIINIHZ I IININEHIIH - = p

For H!I,1d2+$*4),+10"+&-*1$8(,-9%+7
I11))1-&-235+8F$-.,)4$0 1&AL,1, +$1%)&0$ &

G&+NIMIIPIINRZIHINHIL X ~ d

gH IS a good approximation of G



Sparse approximations of every graph

1 I ZIZ‘TLG:IL‘

. 1+
1+ ¢ xlLpgx ‘

For every G,
there is an H with (2 + !)Zn/! ° edges
[Batson-S-Srivastaval]

Can find an Hwith O(nlogn/!4) edges
In nearly-linear time. [S-Srivastaval]



Sparsificationby Random Samplinguw(8)$0)8yves
H+1*D"1%!"#19%6%%%%%%%%%%%.(0/%-,2E)E (*

pu,v | Wu,v Re! (U,V)

H@%(+1*D"1%!"#!:%# (8! % (/0% %0

Analyze by RudelsonOs
concentration of random sums of rank-1 matrices



Approximating a graph by a tree

Alon, Karp, Peleg, West O91: measure the stretch

N
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Approximating a graph by a tree

Alon, Karp, Peleg, West O91: measure the stretch
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Approximating a graph by a tree

Alon, Karp, Peleg, West O91: measure the stretch

._
Tz
EE—

stretchp(2, 7) = distp(z, )




Approximating a graph by a tree

Alon, Karp, Peleg, West O91: measure the stretch
N/ N

N6 )‘_ S
NS

N N6
=

0

stretchr(G) = Z distr (4, 7)
(i,9)€G




Low-Stretch Spanning Trees

a2,%!8!,=G860/!,1%(SVRIA0/%

stretcht (G) | m o) N1% m=|E]|
X*2-87),-&!1*1# &[1$0%L\N5%

stretcht (G) ! O(m logm log® logm)
03[ A|FR&VEXI+BHLPMYYE,)/) J&)*&6!(7)+%LP 5%

Conjecture: stretchr(G) ! mlog, m



Algebraic characterization of stretcluv&[22%LP\W
stretcht (G) = Trace[Lg L+ ']



Algebraic characterization of stretcluv&[22%LP\W
stretcht (G) = Trace[Lg L+ ']

bI$($0)+11$%(+%S$!,(1$%$D7%
H+960,11$:%,1$($0)+11%($%"($0)+1!Q%
1

1
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@ X%
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Algebraic characterization of stretcluv&[22%LP\W
stretcht (G) = Trace[Lg L+ ']

xTLex = (x(a)! x(b)?
(aib)EE

(( Ca ! eb)TX)2
(aib)EE

x'(e,! e)(e,! e)lx
(a,b)EF

xT( (e, e)e.! e)T)x
(a,b)eEE



Algebraic characterization of stretcluv&[22%LP\W
stretcht (G) = Trace[Lg L+ ']

TracelLgL;']= Trace[(ea! ey)(ea! ) Li']
(ap)" E

Trace[(ea ! e)'L:'(ea! &)
ab)" E

(€a! &) Li'(ea! ep)
(ab)" E



Algebraic characterization of stretcluv&[22%LP\W
stretcht (G) = Trace[Lg L+ ']

(e.! &) Ly (e.! &)=  Rex(ab

(a,b)EFE (aib)EE

stretchr(a, b
(a,b)EE



Notable Things IOve left out

Behavior under graph transformations
Graph Isomorphism
Random Walks and Diffusion
PageRank and Hits
Matrix-Tree Theorem
Special Graphs

(Cayley, Strongly-Regular, etc.)
Diameter bounds
Colin de Verdiere invariant
Discretizations of Manifolds



The next two talks

Tomorrow:

Solving equations in Laplacians
In nearly-linear time.

Preconditioning
Sparsification

Low-Stretch Spanning Trees
Local graph partitioning




The next two talks

Thursday:
Existence of sparse approximations.

A theorem In linear algebra
and some of its connections.



