
 

Linear Programming Convex Sets

An LP has variable x x CRd

an objective function Max Ctx specifiedby CERd

subject to m constraints aix e ti

where ai ERd b.FR for le IEM

We typically collect the ai into an m by d matrix A

and the bi into an M vector b and write

A X e b where this means the inequality holds

in every coordinate

e y iff for all i Hiley i

We will see many forms of linear programs

If want Exzb write it as Ca Tx e b

If wart a D write it as aTX e b

cud C atte b

The set x Axe b is a polyhedron

In particular it is comet
We will spend most of this lecture understanding

convex sets



Def CE IR is convex if for all X y C

and all 0 Et EI the G Hy E C

That is the line segment from x to y is in C

Exampley

A subspace x Ax O

Ax O and A c O A txt G thy1 0

An affine space Ax b

Ax b cud Ay b

A txt Ct Hy taxi l 4 Ay t b t Ct Hb b

A line segment x a ex e b cab C IR

An open line segment
X a exc b acbelR

Positive reals X 0

A half space XelRd sit atx e b

atCtx l Hy tax ClHa'T
e t b t Ct Hb b

An open halfspace XelRd sit attab



A norm ball Ex Helle 13 for any norm 11 11

Let BG.tl be the ball of radius 1 around x

y Kx 11k'T

Sometopology
For S E IRD X is in the interior of 5

if I e 0 sit B x e E S

interior
Ex not interior

QBoundary

is on the boundary of S if HE o

BA e contains points in S and not in S

If s Ex Oct c 13 The boundary Oil

IES but 0 EIS

s is closed if boundary S E S

S is open if S interior s

egT Ex Oak 13 tea's Bce 44 E S

S is bounded if Fr sit SEB Coit

A half space is not bounded



SE Rd is compact if it is closed and bounded

Might say what it means later

Intersections if C and Cz are convex

so is Cincz

The empty set is convex

as is a Singleton

A polyhedron x Axe b

Unions DONI preserve convexity

augonnfetnecessarily

Given X Xe E IRD a convexcombinat

of Xi he is a point X tix

where Iti L and Teo

The convex hall written CHA H is the

set of all convex combinations

Itixi tzo It I

This is always convex



proot If y It xi too 17 1

2 2 Si Xi Seo Is L

and te oil

t.lt CHz Zai Xi

with Ui tri x l Hsi

a

si

We say to Xk are affirelyindependert
if Xi to Xt Xo are linearly independent

Is equivalent to being independent

If Xo Xt are affinely independent

then CHCxo te is a simplex

The standard simplex in Rd is sit xzo

IIe I



The probability simplex in IRd is x s't Ho

11 1

Dan's Favorite LP

given X Xm E IRD sit O E CH x Xm

and C ERd Maxx

St 2C E CH X Xm

2

M 3

d o Ix

SeparatingHyperplanethunt
If C and D are disjoint closed convex sets

and C is compact then exists a hyperplane

that separates them

That is t sit EXEC cud y cD tx atty

if not convex

GE
t it



Facet If f is continuous and C is compact

3 EEC sit CCH z C x ty c C

achieves its minimum

tem If y 0 then for all O a e c

11 41122 11415 x

µ Krey

proof Hxteyll IHH'tExty t E'll1112
This is a 114122 if exty till 1112 LO

xty tell 1112 co E o

e e K IH

proofof Thrrl
Let C C C and d CD minimize IIc DH
F CEC that minimizes dist Cc D because C compact
To prove is a d look in dn BCC disk DH
which is also compact

As Card Dare disjoint HCDH to

Let a d c
ate dtc 11462

aid Kddi dTC

Claim Axe C atte ate and AXED atteatd



Ct aid because aTd ate Kd CHI 0

perf let XE C So At E Eon txt tt c e C
Il

c c t x 4
As dist Ct 4 4 id z dist Cc d for all to EAT
HE d t t x all HcDH

Lent G CTCC d z O

E Gta's 0
xTa E CTa

The case of D is similar

Supporting HyperplaneTheorem

For all convex C and C boundary CC
F t to such that axe C Ix Etta

Hyperplane through a

with C on one side

H Ex Ex Ea is the supporting hyperplane at a

is



Proof idea
For each e 0 let as EBCae but Cee C

Is a hyperplane that separates ae from C

Take a limit of these

If there is time one last convex Seti
Positive Semidefinite Matrices
A E 54 if A is nth symmetric and

for all AX 20

If A ESF can prove it by writing A LL't
the Cholesky Factorization

If A is symmetric but A 454
let A Uh VT be spectral decomposition and Xn O

A hyperplane separating A from SF is givenby
symmetric X uIXun O

VIX O for X C SI NIANu Xn O

And is a hyperplane because

utxu ZXCi.jlv hu.it is linear in X
If I en


