
 

Geometric view of Ax b Let at.at be rows of A

so A e b Aix bii for all I

Aix D is the equation defining a hyperplane in IR

Some people call it an affine subspace

Kaczmarz if there is an i sit AIX Fbi

move x to the closest I st AI E bi

His y aity bi

Obtain by I X Jai for some 8

Solve for 8 by aix bi ai G sail bi
8aIai aEx bi z ai i

Haik2

Claim notnecessary but useful

gai is closestpoint to a Hi
ya if

proof 1 dist x x rail 118Aill Tai Haille
2

laiTX i

Haillz

whereas if X de Hi

aicx of bi aix bi air



lait bile HailkHolla

lait
Hailk

t Kdka

p
a4Haik is unit normal to Hi

Kaczmarz Do this repeatedly

Let X be solution to Ax b

How much does NX X Hz decrease
X

Hi

Claim Hx HE It Elli Hx Ille

by Pythagorean theorem because x IL X I

Here is an algebraicproof X I Jai

whereas 8aiCx E 8 bi bi O



So e above implies
at x bi

2

HE x Hi Ht THE nail

leads to question how choose o

Originally people tried 42 in

Strohmer Vershynin 08

suggested a non uniform tardon choice

pick i with probability proportional to Hailli

Leads to a very clean analysis

Recall KAHE I Hailli
So set prob of i to pi

lla
HAKE

Then E Hx Hi HI HE
a aI Haik

ftp Caix aiTx T HACx x

tll3onCHZ

Allx X HE
uaq.eu EllX X ki



Implies E IE X HE e l µ E IX X Hi

If start at Xo O cud Xt is tth iterate
t

E Htt Hi e l hat H Hi

Time when pick i need to compute AIX

and subtract Rai from X

which takes time f ni

above no non zero entries in ai

Lets compare this to GD and its improvement CG

each step requires malt by A which takes time Eni

and GDI HAA Ni e l ia A thx HE
2 2T

CE E 2 l Fut Il x Hi

so CG needs fewer iterators but each
takes longer

Sometimes Kaczmarz is a win

Note most analyses of CG conjugategradients

stateebuffnandsginaffyms
of KATA whereas we



Understanding perturbed matrices

Consider B At ER alrerecRhasy
Normal Gaussian

independent NCO c entries

Recall x is NCO oz normal mean 0 variance 02

has density PCH e
4202

If is NCO N E x is NCO E't

And if Xcel Hut are independent NCO 4

then tTx tcitxcil is NCO HEKE

f
we prove

Is unlikely K B is big with n312

Pt KIATER Z HAIL tern x Ernife

HATERthis approximately KAIK plus son

OnCATER is unlikely to be small

For B b define

height i dist bi spanctsjijti

Ebi where t is the unit normal to spqnctsji.it i

i e tTbj O for J I 11th I



Geometry tent 3 i sit height i e Fron B

proof let u be at Huh 1 and 11Button

et E best Cill Kullu so Lucille Yon

Now If Zucilbj It on
j

Il 27 bill erno
j y

Hbi I bj 11 and bj c span Dj i

Jti

Probability tem2 for each i

Pn height Cil t.DE Ye

proof of Lem Sample bj for j ti Having fixed these

Let t be the unit normal to span bj gti

so height il Fbi

bi Ait Eti So Pr height i ex Pr Ittbile d

Pr Eti e Eai X tait x

faith

I e der e 2 e e

tai t



Thin Pr on CBI ex risk YE

proof Lent

Pr on B e x e Pr 3 i sit height il
e rn x

Pr height liter x

E Tn XIE by Lem 2

risk q

Note Improved to 2.35 cradle in SST 6

and a tight Jutte is 13km519

Plot it


