
 

why derivatives

If we want to minimize functions we need to think

about derivatives

If minimizes FCA then 8 0 for all i

necessary but not sufficient

If this does not hold then can decrease f a

Recall derivative of f at a gives a linear approximation

of f

In one variable
eCa

ta

fCato f a Of a

linear in 8

Means him f aid fca
d so I

f Ca

If f a O small negative 0 decreases f

O small positive



C a O does not imply a is a minimum

f CH x3 f
f ol O

not continuousDef l X O

f is continuous if fCH FLY fCH so

as x y

f is differentiable if f'H not differentiableat 0

exists for all fate H

skip

ii Iii differentiable but not
c

f is in Ct if first K
C but not CZ

f x X X O

derivatives exist and are continuous o o

Branches and comparisons break continuity
f I

2

But only at a few points f o

we care about derivatives where they exist



In many vatiables X E IR de IR

Vary x i whiletreating other variables as

constants

f act tall a 14 acul f aCd acall

del Exa a

flat 8 Halt I dit Face

flat t fCal to

f Ca is the columnvector 8 Cal f u
a

called the gradient

f IR IR is differentiable at a if F GER sit

Lim sup lfcatoY f.ca tgt8 o
E so KOIKE Holt

In which case g f a

That is the linear approximation is good

and improves for smaller d

Automatic differentiation Code that computes derivatives

Not symbolic not a numerical approximation



Forward mode

compute intermediate terms in order y Ym

Yi fi Xi Xn Yi Yi l depends on previous

Usually fi deepens on one or two of these

E g f x e pC compute
in orderX DX
Using previous

X

Fy dy
Y X2 If 2x
tr v

YE Yi t d
x
dat dat 2 1It Ii a i expand

and so on

Can turn almost Cay program into
this form

for any input
Will get different circuits graphs

for different inputs

because of branches

Continuous when branch conditions are not tight

of steps here is of operators



Excerpt tune x k

z L

for i in 1 to K

Z X t L
2

return 2

Only differentiable in x

If call with fucctis get

4 I

Yz Yy

Yz Xt Yz

Yy Y13
Yg Xt Yy

YG 145

Yz Xt YG



key idea for each function Yi

only need to compute tical and tical YiCa

Exampyles If

Ye Yi t Y j Ye Yi Yj

Ye Yi Yj Yi YiYj t lj Yi

he 7 ye iyii
Y expGil Ye exp Yi Yi

Chain rule says f gel f GCH g G

So ye gCyi ye g Yi ay

In fact can handle a multi input g

Ye g Yi Yj

By multivariate
chain rule

E



Examplei Y X

Yz X

Yz Yz

Yy Y o Yz Yz

E I iI oo
d tE i

4243 1 YY dd t Y Yz dY3dx

4 4 11
i l

dd
a DII I

YzYz t T Yz t YiYz

3 2



Lets see why is true

First in one variable

f y Cato x f y a t dyCal

fly al t f lyCal J y a

f yay I ffycall.nl

In many

f y Cato YnCatch

f Yola tortCa ya a to Yul al

fly Cal yaCall 8 dy Cal
c

If y lRnYcCal.iYnlaTyYal
CyiCal.i y all

can write as f Catty

Forward mode compute fCal and f ca

in essentially 3 times as many operations as to compute CCa

alone



For f IR IR fCx Xu

compute CCH and OtDX

then f Hard 8

etc

Get C X f Af in 3h times as many steps as for CG

Can reduce cost by computing all simultaneously

Butusesmaemericor
Reverse mode saves a factor of n

Reverse mode uses two passes

forward compute Yi a for every I as usual

And Ca for every i that is an input to j
usually 1 or 2

Then a reverse pass to compute

9 for each I from m down to 1

and then 0
oxi

What does this mean



f you so OI I
DYm

when I say
0 I mean to view

f as a function of Xi Xu and y y

treating all of those as variables

And for j i Yj fj X Xu Yi Yi tf

Formally let Fi Xn Xm Y Yi

be the function determined by CH output is you f

we compute OF.fi and finish with f for each i
i

To compute Ofi treat Xi Xu Yi Yi as fixed

so Fi h felt Y Y il for f taking i as input

The chain tale tells us that

Fi
DYK

Fyi I 04k Fyi
k St i is input to k

04k
Ty

was computed in forward pass

Kai so IFI corpuled earlier in backward pass



Example f Xi xd X exp Xz X

Y expCxz

Yz X Y

3 Yz X

forwards with input ai.az

compute Y explad II explay
X

Yz aiexpladddt.TT a III y

a explay

y a explad ai djy I I
DX

Backwards 8 I

0 8 9 1.1 1

8 Iff 9 I a a

8 8 9 a explay

8 8 8 8 I'Yet 1 tH ti I
explad I



Problems i have to share everything
so Memory use is proportional to time

Are ways to make that better

Stopped Here



Computing derivatives in one variable

Could use definition
fCatch fCal

f a him
g

try some d
d 0

Precision issues let I be what we compute in floating point

and u be precision

So Hca Ica za Ifcay

IfCata Ela.ca ulfCatoY zaIflal

Let L best

CCatch f a Of a t 02L Claytor series

So Flats Flat
g

f call

ffcatdg
fal f.cat t2ulHat

J

LfI 2uffI Ldt2ulf
or

minimized when 8 uff gZiya


