
 

Today The following are NP hard

Maximizing a convex function over a convex set

Finding the point of largest norm in a polytope Axeb

Computing a matrix p norm HMHp 2 specs

All will follow from reductions from Max Cut

This is a graph problem
Recall that a graph G usually written E Viel
consists of a set of vertices aka n'odes V

and edges E connecting pairs of nodes
Each edge is a subset of V of size 2 but

we write the pair in parentheses like ab
Social network
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A cat is a subset of the vertices S c V

We count the size of the boundary of S OG

edges from inside to outside S
s bid

5 aid S d

I II
s 10611 3 local 3 10611 4



The maximum cat is maxcut G max 10071
Scv

TO make into a decision problem we give Gard K
as input
CG K E MaxCut if I sa U sit 10GHz k

answer is yes if fr has a cut of size 2K

Max cut is in NP S is the witness
And it is NP complete

One can not even approximate its value
Hoastad 01 proved is NP hard to even approximate

within a factor 18117

That is for every problem YE NP
3 a polynomial time algorithm A that outputs G k
sit ofCY G has a cut of size a k

9 EY all cuts in G are smallerthan YI k

The result is a little tighter than this 16 t E

Is a very deep and complicated result building on
a decade of research by Mary luminaries



Degree of a vertex is of attached edges
d a I bi la b E E31

Degree 3 Graphs Berman Karpinski 02

reduce to graphs in which every vertex has degree 3
and
get mat cut E z k

f CfY 3 max cut G E 333 A K

Will use this for p norms

Maximizing convex functions over convex sets

won't be very helpful

III man wise



Def X is an extent of a convex set C
if there do NOT exist y 2C Card decoct set

x Xyt L HZ
X NOT
A a

Jo

Equivalently for Sto Xtc c c x del C

when C is a polytope like Axels the extreme

points are the corners



Ideaofprooff for x Hillis EI
let y 1 Hal X ul 2 C I 44 Xcn

X C YI
convexity max CHACHI Z FM za.fi Iog
So go to one of y ad 2

Repeat for each coordinate
Eventually hit a corner

Proofiftorpolytopes let X be the maximum

By Corathedorys theorem d

F corners No Nd s it Xx I Xi Ni
E o

Xi 70 I di 1

Convexity FAH LEI Xi Hui

Fw sit fcuitz fQ



A convex relaxation of maxcut
First need to write algebraically
let n IVI For a set 5 let xsCa7 l a ES

1 acts

Then for b EE
1kcal XsCbl f 2 if Cain cOG Graff's Is

O W

So tTZCxsCaI XsCbD2 l0CsJI

llDEELetQCH
4ZCacpyc.e

t
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Is a sum of squares so it is convex

Claim Max QCH manat G
Hoel

so have a polynomial time reduction from
Maxcut to problem of maximizing Q over 114th 1

a convex set

maximizing convex quadratics over 446 1
is NP hard

The decision problem is given Qt 7 x AHHH QCAst
Is in NP

C l



proof If S maximizes 10611 Q Xs manat E
so Max QQ z manat E
The maximum X is at a corner and so
X C 13 X Xs for some S
And so QAA Q Xs OG e maxcut E

Note Turned arbitrary maxcut problem
into special convex quadratic

If don't expect to solvemaxcut shouldnt expect
to maximize convex quadratics

It is a very special quadratic the Laplacian
QCxt afxTLxwhereLCaibt

fgd.eqeeotifaifgaeIIO0
w

Lx al daXia I HalxCb
b aimEE

so xtLx ZdaHa5 ZaE.ca.j4eHH

aE.eEla5tHH7 2 Eo.E HM

Epee that x 2



The The problem Maxx
114122 sit Axe b is NP hard

proof we will reduce the problem
c Maxx thx St Hello a 1 to this one

Consider HI x xTLxtxTx
2 max xtll Ilxs.t.MX lya I G th

So 2 is NP hard

LTI is positive definite
T

so F invertible symmetric B at BB LtI
LTI x I BTB x

set y Bx x B y

Then CH myaxytys.tlByllcsE1kByllpelL3bityHaed bIyeI
where b bu are rows of B

So can express HBylla I inform Axe b



MatrixNormI for p 2

UNIp maxx HMI Max HMxKp
IlHIP IlHIP e I

F 2 is Max singular value

p A is Maia Kuli 1111

p l is imax 11Mt it H1 after we correct
minor mistakes

For all other p is NP hard

Bhaskara Vijayaraghavan show is UP hard
to approximate within aey constant

Write t C Matrix p norm if HMHpet

Thin For all p 2 C 1 and YCNP
F poly time algorithm A that outputs Mct set
get HUHpact
9 at HUH pet

Note A depends on C

HUMP is convex in M But it is hard to evaluate



How prove this for all c 1

First show for some C 1 and then amplify

Recall the Kronecker product

A B a B an B au B

ai B am B

The HA BHp Http'llBhp
proof sketch
I for vectors x and Y

Kk yKp 1141p kHIP
and CA B x y A x By

HA Bhp Z HAHp IlBHP

2 A B A I I B

so 11A Bhp E HA IHp HI Bhp HAIGHBhp

think about I B Boo Boo



So it is hard to distinguish HMHp E s from e b

is hard to distinguish kM UHp e5 from a b

This squares the inapproximability factor
Can do this any constant number of times
and still be a polynomial time reduction

To get some constant

Idea want 2
Carolee

Va t.ggyP

But Can't force x a E II

So add terms to penalize Wall f I E It 4

Claim let FCH lxtHP lxt.ltHP
a F ti 2

P I

b tx Ffg t 2

c He O 70 0 set IHot l E Hel
f CH e 2

P l J






