
 

Review
KKT conditions provide a way to certify optimality
Lagrange turns them into an optimization problem

For convex opt problem CP't value of primal
p main fat st gift to kick C

KKT conditions are
1 gifx't c 0 for kick
2 X i 20 for lei e k
3 X'tCitgifx'T O for kick
4 Of It Mil OgiCx't 0

These can help us solve l

trade the min which is hard to check
for conditions that can test

and differentiable

Thin It f g g are convex and X't I satisfy 1 4
then X't is optimal If the gi are linear or

if exists strictly feasible xo gecko 0 fit
then there exist ad that satisfy 1 y



Question could we replace g 9k
with GCA imax gif

ECA to gift to to V
the mat of convex functions is convex

But Max is NOT differentiable X
consider Max X Xa at OO
and try to compute derivative in direction t Cho

ma x x tet E E O

O E LO

so can not approximate by a linear function

And trading X die for one parameter
would be less informative anyway

lesson reformulation can help
is good to replace G by g 9k



Lagrange create function in d that gives a lower board

Define L x X fCH t Hit go.CH

And 9CH in LG x

9 is the Lagrange Dual and has dual value
d m ax 9 A sit 120

Surprisingly can compute 9 d for many nice problems
issue is inf

helped by lack of constraints and can be A

tent 9 X E f x for all 120 and feasible
So d't e p't weak duality

proofs For feasible g ICI EO
So Leo Excitgifx

a 0

This implies L X H fCH t I Hilgilx E f x

On the other hand 9CH into Uxo d a LE H

because It gives the minimum



Also note for every x ICKX is linear in X
As 9CH is the iaf of linear functions
it is concave

So maximizing f is reasonable

2 strong duality
If f g g e are differentiable and convex

and either g gk are linear or strictly feasible
then d p't
proof By KKT theorem

F X't and sit is feasible 4 20 sit

let h X LK X'T f Ht 2 it gift
as 20 HCA is convex

KKT 4 OhCx't 0
so X't is a global minimizer

And f CHI iff LIX d't int hCx hfx

KKT 3 h X't fCx'T t X't go.CH fCxJ
So 9Cx'T f x't ditz p
Combined with Lent d p

For general x X FAI 9CD p d is the dualitygapy



Before doing examples let's generalize to add

equality constraints
Can write hCH O HR as h to ad hat
Each gets own Lagrange multiplier Xx and d
So add in

halt X that t X hH

For it X Zo can write any real as H X
so replace by V

For main HH sit gilHEO kick
hilt O le ie j

X X v fat t.EE CiIgiCHtEIuCIlhiH

9 x ul int LK X v

d mat 9 X v Xt 112 VE R

Examples



LI max CTX sit aixebi

rewrite by changing c as

min CTX sit gift to Gi AIX bi

x x Ext I Xi fait bi

CTX TAX Ib
CT I A x HD

9CH inf Et A x lib

if It XTA to int fat A x D

SO f CH A f Et IA FO
XI ow

Max 9CH Max Its s t AIK c
X IO X O

Is sane dual as derived before
Not a new proof as KKTproof Telies on LPduality



Other forms of LP min CTX sit Ax b Xzo

go.CH Xi

Lexx vI Ext II Hill Hill 1 Willaix bit

Ctx Ix tutti b
C X Atv Tx Vtb

9 Xiu W unless C Xt Atv 0

can eliminate 1 0 7h20 sit CtATu X
iff CtATV o_O

so Max 9 Ctu Myat bTV St ATutczo
Xiv



lowest norm point on hyperplane

min 11 115 sit Ax b

LG ul 11462 t VtLAX b 1141ft ut Ax Nib

9 VI igf LG v find this by setting Q O

Dx LG v 2x Atv so x I Atv

which gives VTAttu EutAAtv Vtb
IT Attu Vtb

every v gives a lower bound



Far arbitrary norms min 1141 sit Ax b

Need notion of a dual norm
114K MIX xTy sit 114111

will achieve with 1141 11

Example dual of H th is Il 112
because Cauchy Schwartz Hy e 1141214112 114112

with equality only when y Xx X 0
so set 4 11.1112 to get
xTy 44 111112 114112

dual of Il Hn is Il 111
given y set x I ycitzo so AHH I

I ylileo
and xty IHilylil I.lkCill llYH1

In finite dimensions H H Il K
so dual of Il ke Hillis



For its 1 Il Up and II He are dual
where HxHp Elvin lP

Follows from Holders Inequality
xTy E Http HyHq with equality for positive X y
when ycifta Hit

Back to Min 1141 sit Ax b

9 VI inf 1141 UTA x Vtb

if 11UTAH 1 then 11412 WAX
and so iz 11 11 TAX 0

if 11UTAH 1 F u sit 1141 1
ret Au HutAll 1

considering X cu C soo shows

iff 11 11 WAX y

so 9 v L btu if HvTAH El
A O W

Dual is Muax btv sit HATvH EI



Generalized inequalites and Cones

Issue not all convex sets have simple description
as gilt a 0 for differentiable convex go

Consider positive semidefinite matrices M sit IMHO Ax
S n by n symmetric SI nby h Psd

Use fact is a proper cone

K is a cone if XEK tx Ek ft 0

is proper if
a is convex

b is closed
c solid has an interior
d pointed tek to x k

The dual core is k't x Hy zo fy Ek
dual of 1124 is 1124

1visualize

In finite dimensions K K



The dual core of S4 is 54
inner product of matrices X Y obtain by
writing as vectors Get Trace XTY

Generalized inequalities
X Kk y if y X E k

O ke X iff XE k iff X4,0

So Can write corvee programs like

Min f CH s't giCH E O ki ed
cud X k ki O IEEEC

The Lagrange dual is
c

LG to X Xj f A TEEdocilgilx 1 Xix

All the same stuff holds

Lets us handle semidefinite programming problems like
Min Tr FM sit MES

gift to fo ki ed



proof She is self dual

That is Tr if 20 for all XE Skiff test

1 if HEIST 7 sit TYx LO
let X xxt
Tr xTH Tr xxTH Tr xTYxI Ith co

2 If YE Si and KE Si write F Exixit
by X Xivivit Xi Fini

good because Xi 30

So trcxttf trf xix.it ITr xixitY Z0


