
 

ConvexFunctions in one war is f Heo
A function f IR IR is convene it for all

X and y and all 0 Et et
f t x t l Hy e tf CH t I A fly F

These look like
tf

Y

Or 1 linear is convex

f is strictly convex if
C txt CcHy tf CH t I H fly

1kHz is strictly convex but Kitts and RHI
are merely convex

f is conceive if f is convex

I think of a cave

domCf the domain off is the set of for
which f is defined
If doufflt IR then f is convex if

a doneCfl is a convex set and
b CH holds for all y Edom f



I 1

Example f CH 1 2

is convex if don Ifk O A

but not on IR

Sarre fer x
3

µ

If f is convex but dom f t IR
the extension of f I is convex oak where
ICH fat for xedon CH

is for XEldonCH

why We care about convex optimization problems
Min fCH St XE C

where C is a convex set and f is a convex faction

This is one of the broadest classes of problems
that we can solve efficiently

If f is strictly convex the minimum is unique
if X X E arg min fCH but x Xc

then f Exit Exd L E fait f Xz

contradicting minimality of x Xz



Local minima of convex functions are global minima
X is a localminimury off it 3 e 0 sit

Kx yKee CG Effy
X is a globalminin if Oy fat Effy

If x were a local minimum but NOT global
then F y sit fly cfCx
For every E 0 there is a te oil sit

Hx Ca that 1111 c E

For this t f G tutty e l HAH THY a fat
This contradicts the assertion that is a

local minimum

Examples of convex functions
One variable
eat for a C IR
Xd Xel or a EO XE Eois
xd O Edel XC EGO
logCH XE 0,03 because log is concave

Vectors
norms 11 4
Indicator functions I O XEC

A XEL C

C is convex could replace it with 1



Affine functions fH aTXtb

Rules
Non negative sums

fi fu Convex wi corzo wifi is convex

Maximum the maximum of convex is convex

f G Max ICH FIH

maximum of linear is convex

Ex Max Hd Hd Hnl

E Sum of largest K components

Max
SH K

Hi

Affine composition
if g is convex then so is fG gCAxtb



Examplesi Il Hz is convex KAxHz Convex
3 xt ATA x is convex

Every Positive Semidefinite Q ATA for some A
So xTQx is convex

Least squares IIAx bltz.is convex

k regularized HAX blk HIM is convex

logistic loss log It eYilaittb fey

g log It e
t

is convex ing because

g CH y2e
Hetz 2

aixtts is affine

Composition tales one of many
If f x hcgCH where h ITER g IR IR

g convex h convex non decreasing f convex

idea in one war f H g'G h gel
f x gCH h lgcxlltgkxhlg.CH

ZO Z O ZO e O



Functions Sets
The x sublevel set of f is Xi fA ed

If f is convex then so are its d sublevel sets

The graph of a function f is X HAI XedomCA
The epigraph of f is the region above

x t KCDoucet FH et
like the ice cream cone Ot

W
not corvee

f is a convex function iff its epigraph is a convex set

In one variable a twice differentiable function
CG is convex iff f CH 20 Axe dom f

This says that the function always lies above
tangent lines like

µ



Third
In IR if f is differentiable then f is convex iff
t x y c dom ft f y I fly OfCHT y x CA

Note that hat CH t Offlicy x is the
linear function in y such that h X HH
and is a supporting hyperplane of epigraph
at x fCHI

proofofthmly
We first prove Ct convex

et x y C don fl O exc l Z txt l Hy
Let g OfCH

xfC z tf H t I gT x z
CH fl H z GHEH CcHgt y t

3 X fCH t LH f y z f LH t g'T xx iz t GHy G Hz
O

convex C
For X y C doin f O L X l
U H f IH t dffy e f Ca d xx Xy fCx x x y A
f y z fly f tXYy

x l f

taking him as o gives
f CH t OfCHT y x



Thuf If f is twice differentiable

f is convex iff TI X is psd
where 04A is matrix with entries f o f

Compating HAVE in KAHR IfEIIlAtAx
Does not seem a convex program because

E are maximizing
it Htt 1 is not a convex set

Restricting to 11th et solves it but not i

Solution write as

min t s't TI AKO

UZO iff N is positive semidefinite
Is a convex cone

Can check if ME 0 by trying to compute
a cholesky factorization L sit L N



If A is symmetric but A 454
So Fu set NTAN a 0

A hyperplane separating A from SF is givenby
symmetric X ut Xu O

utXu e O for X C SI NIAN LO

And is a hyperplane because

UTXN
i.ae g nXCiiJlvCilulil

is linear in X


