
 

Last lecture we considered the program
Maxx P1

St LC E CH la Am

And we assumed 0 E CHLa an

We considered the dual program
Max Ey D1
sit Ai y e 1 fi

And proved that for optional at once Y
X Icty

We will now generalize these
First ACE CH La am iff F tao 17 1 sata

he At
where A di a

If we set xlil tci.lk Ex Ya so

larger x corresponds to smaller 12 and it is

equivalent to solve

min 17 2

sit A C X e O



For the optimal x we now leave

Ey Ix

So solutions to P2 upperboard solutions to D1

But what if 0 Et CHCa and
Or what if there is no sit Ax C X Zo

Farkas lemma
says that 3 y sit AEyeo ti

cud dy a 0

That is value of D1 A by considering hey µ A

Warm up consider the problem Ax C no assumptions or A

either there is a solution or

there exists y sit yTA 0 yTc 1

This is strengthened by

Farkas lemma Exactly one of the following holds
i F X Z 0 sit Ax C

II I y s it ATy O Ey O



proof If I y s it AT120 CT1 0

then is no solution to i because
A C xTAty Ey 0

But xzo and Atyeo Atty 20
a contradiction

To go the other way note that
Ax Xz 03 is a convex set

So if C f At 03 there is a

separating hyperplane y sit

yTC a YTAx for all to

As X 0 is possible yTC 0

To see yTAx to ox not that it yTAxco
then YTACH D as x D A

So yTAx Z O Ux

Conclusion P2 is feasible iff D1 is bounded
D1 is always feasible y O

There are other variants like
Exactly one of these holds
i 3 y s t Ay e b
Ii Fx set Atx O Ib l X Zo



The general standard LPs replace 1 with an arbitrary b
and are

P3 min bTX D3 Max Ey
sit Ax C Xe 0 sit Aty E b

we will see that these are dual to each other

Weak duality is ciyebix
proofi CTy yTC yTA X E BI because Xz 0

The complications are that there might not be X or y

satisfying the conditions of P3 or D3 and the
values of P 3 and D3 can be A or H

To see why consider the geometry



Geometric view of D3 A y e b is A halfspaces
mat cty says to go as far as possible in one direction

Exarpley z z l l e I l i e l

it eat f
if CTy Yz Y

is unbounded consider Yz Yz A

A E C Xz 0 also looks like this

P 3 is feasible if 3 x set Axe C te O

D 3 is feasible if 3 y sit A'T e b

They are infeasible when x or y do not exist

Weak duality tells us that
value P3 A D 3 is infeasible and
value CD3 to P 3 is infeasible

Strong Duality Theorem
P 3 feasible bounded D3 feasible bounded

in which case have some value



We prove most of this

First it holds if b 0

proofi Recall A Cai air
Set Eli Hilbcil so tox III
and set Ii ai so AE Ax

So P3 now has form P2
And Atty arity SIFY 1 iff ATyeb

because b 0
So D3 now has form D1
and we know that P2 and D1 satisfy strong duality

Consider general b and D3 strictly feasible
That is F yo St Atyo b

Set I y Yo I b A yo So I 0

And ATI e F AtCy yo e b Hyo Ay e b

EI Ely yd Ey Eto

Aud Itt bix yotAx tix yotc Bix Eyo

so Ey bix ET fix
and the solutions are the same



khat if 3 yo Atyo E b but does not exist Atyo Lb
Then Fi set At web aEyo but
so yo is restricted to a subspace

Willhardlethisinhomewort
How to tell if LP is feasible find y

To find y sit Ai y e b
solve the program mint set Aty Ebt TI

mint set Aty et Eb
we know is feasible for big t and y l

If can achieve TEO is feasible

Can rewrite by choosing to set b Hotta 0
And solving mint set Ay t TI e b t to 11
The ths beto 11 is now positive

Is called a phase I problem
Then solve the original LP in Please I



Note solving problems like Max Ey sit AI eb

is essentially equivalent to testing feasibility

First ask if 3 y sit ATyeb
If so ask if 3 y sit ATyeb and CTyzo fatty 0
now play 20 questions
if yes try CT yet ETH Ey 24
doubling until get a no

Then do binary search

Both infeasible Ax c to ATyeb
consider A O c i D I




