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A note on estimating autocovariance from

short-time observations
Yoel Shkolnisky, Fred J. Sigworth and Amit Singer

Abstract

We revisit the classical problem of estimating the autocovariance function and power spectrum of a

stochastic process. In the typical setting for this problem, one observes a long sequence of samples of

the process, from which the autocovariance needs to be estimated. It is well known how to construct

consistent estimators of the autocovariance function in this case, and how to trade bias for variance. In

physical settings such as cryo-electron microscopy (EM) weare required to estimate the response of the

physical instrument through the observation of many short noise sequences, each with a different mean.

In this setting, the known estimators are signi�cantly biased, and unlike the typical case, this bias does

not disappear as the number of observations increases. The bias originates from replacing the unknown

true mean by the sample average. We analyze and demonstrate this bias, derive an unbiased estimator,

and examine its performance for various noise processes.

EDICS Category: SSP-SSAN Statistical signal analysis

I. INTRODUCTION

The autocovariance function (ACF) of a discrete stationaryergodic time seriesf X t g1
t= �1 with expected

valueE [X t ] = � at lagh is de�ned as

C(h) = E [(X t � � )(X t+ h � � )]: (1)
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The ACF can be estimated from a lengthN �nite sampleX 1; X 2; : : : ; X N as

Ĉ0(h) =
1

N � h

N � hX

i =1

(X i � � )(X i + h � � ); h = 0; : : : ; N � 1: (2)

The estimatorĈ0(h) is an unbiased estimator of the ACF, i.e.,E [Ĉ0(h)] = C(h), but is known to have

a larger variance than the biased estimator [1], [2]

Ĉ1(h) =
1
N

N � hX

i =1

(X i � � )(X i + h � � ); h = 0; : : : ; N � 1: (3)

When the true mean� is unknown to the data analyst, as is often the case in practice, different estimators

of the ACF have to be used. Many textbooks suggest replacing the unknown true mean by the sample

mean

�X =
1
N

NX

i =1

X i (4)

in (2)–(3), leading to the estimators

~C0(h) =
1

N � h

N � hX

i =1

(X i � �X )(X i + h � �X ); (5)

and

~C1(h) =
1
N

N � hX

i =1

(X i � �X )(X i + h � �X ): (6)

Unfortunately, both~C0(h) and ~C1(h) are biased estimators ofC(h), as we see below. The negative bias

caused by replacing the true mean by the sample mean was notedlong ago and was shown to be of the

order of N � 1 [3]–[6]. For long time series, the1=N bias is not so harmful, but for short time series it

may cause a non-negligible discrepancy. The bias can be further reduced to orderN � 2 by a procedure

similar to the Richardson extrapolation in numerical analysis or bootstrapping [7], [8]. In this method,

the time series is chopped into two halves of lengthN=2. The ACF is estimated separately for each half

based on its own sample mean, yielding two different estimates which are averaged and subtracted from

twice the ACF estimator for the entire series. Though the resulting bias is asymptotically smaller, its

range is onlyN=2, and the question whether or not it is possible to construct an unbiased estimator for

the ACF remains.

An unbiased estimator of the ACF is useful in cases where the data analyst is faced with many

independent short time series sharing the same ACF (up to a multiplicative constant) but different unknown

true means. An unbiased estimator would be useful even at theexpense of variance in�ation with respect

to other biased estimators, since averaging over many different series would reduce the variance error

term. This is exactly the case one encounters in analyzing the noise characteristics of single-particle
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cryo-EM images [9] which are small, often with fewer than 100pixels on a side. Every image is a

superposition of signal and noise �ltered by the contrast transfer function of the microscope. The signal

part differs from image to image as it corresponds to projections of the molecule at different unknown

view angles. After acquisition, the images are normalized to have zero mean and unit variance (`2 energy).

Note that further discrepancies are introduced by the acquisition process itself, as different images may

have different acquisition characteristics (variations in acquisition times, etc.).

In this paper we explain the origin of the bias in (5) and (6) and derive a simple unbiased estimator

for the ACF. We investigate the effect of the bias on the powerspectrum, and demonstrate the bias and

its elimination in numerical examples for different types of colored noise.

II. ORIGIN OF THE BIAS

To evaluate the estimation bias of~C0 of (5), we calculate its expected value

E [ ~C0(h)] =
1

N � h

N � hX

i =1

E
�
(X i � �X )(X i + h � �X )

�
(7)

=
1

N � h

N � hX

i =1

E
��

(X i � � ) � ( �X � � )
� �

(X i + h � � ) � ( �X � � )
��

:

We note that

E [(X i � � )( �X � � )] = E

2

4(X i � � )

0

@ 1
N

NX

j =1

(X j � � )

1

A

3

5

=
1
N

NX

j =1

E [(X i � � )(X j � � )]

=
1
N

NX

j =1

C(i � j ): (8)

From (8) it also follows that

E
�
( �X � � )( �X � � )

�
=

1
N

NX

k=1

E
�
(X k � � )( �X � � )

�

=
1

N 2

NX

j;k =1

C(k � j ):

(9)

Plugging (8) and (9) in (7) gives

E [ ~C0(h)] = C(h) � B (h); (10)

where

B (h) =
1

N � h

N � hX

i =1

1
N

NX

j =1

[C(i � j ) + C(i + h � j )] +
1

N 2

NX

j;k =1

C(j � k) (11)

July 14, 2008 DRAFT



4

is the bias term, which is expressed as a linear combination of the true ACF.

In applications, the autocovariance function is often usedto estimate the power spectrum of the noise,

a method known as the correlogram [10]. The power spectrum isestimated from the ACF as

S(! ) =
N � 1X

h= � N +1

C(h)w(h)e� 2�i!h= (2N � 1) ; (12)

with some window functionw(h), where we used the Hermitian symmetry of the ACFC(h) = C � (� h).

Therefore, estimating the power spectrum as the Fourier transform of the estimated ACF (5) is a biased

estimator due to the bias inC(h). Further bias is introduced due to the windowing and the �nite lag

extent of the autocovariance. The window in (12) is used alsoto reduce the variance of the estimate

[10]. In our setting, windowing for that purpose is unnecessary, as we can always reduce the variance

by averaging over manyK different sequences.

For example, for white noise (WN) the true ACF is

CW N (h) =

8
<

:

� 2 h = 0

0 h 6= 0;

and equation (10) becomes

E [ ~CW N
0 (h)] = CW N (h) �

� 2

N
; (13)

rendering the orderN � 1 negative bias of~C0. In this case the bias is only a constant shift of
� 2

N
independently ofh. For general noise processes, however, the bias depends ofh, as we see in Section

IV.

III. E LIMINATING THE BIAS

We would like the power spectrum estimator to be unbiased forall frequencies with the exception of

the DC component. As the DC component usually plays no role inapplications, we gain a degree of

freedom that allows us to estimate the autocovariance up to an additive constant.

The �rst step in deriving an unbiased estimator for the powerspectrum is noting that (1) can be

rewritten as

C(h) = E [X t X t+ h ] � � 2; (14)

and in particular

C(0) = E [X 2
t ] � � 2: (15)

Subtracting (15) from (14) gives

c(h) � C(h) � C(0) = E [X t X t+ h ] � E [X 2
t ]: (16)
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The representation (16) does not involve the unknown parameter � and thus can be estimated directly

from the data as

ĉ(h) =
1

N � h

N � hX

i =1

X i X i + h �
1
N

NX

i =1

X 2
i : (17)

The estimator̂c(h) given by (17) is an unbiased estimator ofc(h) = C(h) � C(0). Note that the power

spectrum estimator

Ŝ(! ) =
N � 1X

h= � N +1

ĉ(h)w(h)e� 2�i!h= (2N � 1) (18)

is still a biased estimator ofS(! ) due to the �nite lag extent. However, we observe that

E [Ŝ(! )] = E [S(! )] � C(0)W (! );

whereW (! ) is the discrete-time Fourier transform of the window function, so if a fast-decaying window

is used, only the very low frequencies are affected comparedto the case of a known� .

IV. N UMERICAL EXAMPLES

We start by demonstrating the bias of the estimate (5) as wellas the performance of the unbiased

estimator (17) for the case of standard Gaussian noise in Figs. 1a and 1b. Figure 1a was generated

follows. We generateK = 104 sequences of lengthN = 5 samples of a standard Gaussian random

variable. For each of theK sequences, we use (5) to estimate anN -term autocovariance function,

followed by averaging allK estimates. Figure 1a shows the true autocovariance function (a delta function

in this case), its biased estimate (5), and its unbiased estimate (17). Since the unbiased estimate (17)

is determined up an additive constant, we shift it such that the autocovariance at distance zero is one.

Figure 1b is generated in exactly the same way but withN = 50. We see that the bias agrees with (13).

The smallerN , the bigger the bias.

We next take a stochastic process whose autocovariance isC(h) = ajhj , wherea is a constant chosen

such that the autocovariance at distanceh = 50 is 10� 8. As before, we generateK noise sequences

of length N (using a simple autoregressive model), estimate the autocovariance of each sequence, and

average allK estimates. This is shown in Figs. 2a and 2b forK = 104 andK = 106, respectively, with

N = 50. In each of the �gures we show the true autocovariance, the biased estimate and the unbiased

one. It is clear from Figs. 2a and 2b that increasingK reduces the variance of the estimate.

It is also apparent that unlike the Gaussian case above, the bias is not constant and varies withh. To

see how the bias behaves as a function ofh, we plot in Figs. 3 the theoretical bias, computed using (11),
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(a) N = 5 , K = 10 4

0 5 10 15 20 25 30 35 40 45 50
-0.2

0

0.2

0.4

0.6

0.8

1

1.2

correlation lag

co
rr

el
at

io
n

 

 

true
biased
unbiased (shifted)

(b) N = 50 , K = 10 4

Fig. 1: Autocovariance estimates fromK realizations ofN samples of Gaussian noise.

0 5 10 15 20 25 30 35 40 45 50
-0.2

0

0.2

0.4

0.6

0.8

1

1.2

correlation lag

co
rr

el
at

io
n

 

 

true
biased
unbiased (shifted)

(a) K = 10 4 , N = 50
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(b) K = 10 6 , N = 50

Fig. 2: Autocovariance estimates fromK realizations ofN samples of noise with autocovarianceajhj .

together with the measured bias, computed by subtractingajhj from the autocovariance estimated using

(5). Figures 3a and 3b show the behavior of the bias forK = 104 andK = 106, respectively.

We next show how the biased estimate of the autocovariance function affects the estimate of the power

spectrum. As in previous �gures, we estimate the autocovariance fromK noise sequences of lengthN .

We then compute the power spectrum using (12) withw(h) = 1 for both the biased and the unbiased
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Fig. 3: Measured and theoretical bias for a process with autocovarianceC(h) = ajhj .

estimates. The result is shown in Figs. 4a and 4b forK = 104 andK = 106, respectively. We show only

positive frequencies, as the power spectrum is symmetric around the origin and the value at the DC is

irrelevant. It is important to note that the wiggles in the biased estimate are not due improper windowing.

In fact, no window is needed in this case. The constanta was chosen such that the autocovariance is

essentially periodic. Therefore, there is no spectral leakage due to discontinuities at the boundaries. Also

note that the power spectrum is sampled at the FFT points, in which the interaction of a given frequency

sample with adjacent samples is zero - these points are exactly the zeros of the Dirichlet kernel (the

Fourier transform of the rectangular window). The relativeerror in the power spectrum estimate is shown

in Figs. 5a and 5b.

We next show a similar experiment for a different autocovariance function. In Figs. 6a–6d we take the

power spectrum

S(! ) =
1

p
2�

e� ! 2 =2 (1 + 0:1 cos (10! )) (19)

which is essentially bandlimited, and use the sampled powerspectrum to generate noise samples with

the given sample spectrum. We again takeK noise sequences of lengthN , from which we estimate the

autocovariance function. In Figs. 6a and 6b we see the true, biased, and unbiased autocovariance estimate

for N = 25 and N = 100, respectively. Since the autocovariance in this case has noclosed form, we

compute the “true” autocovariance simply by not removing the sample mean in (5), essentially using the

prior knowledge that the process has zero mean. The unbiasedestimate in both cases is shifted such that
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Fig. 4: Power spectrum estimate from autocovariance functions of Fig. 2.
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Fig. 5: Relative error in power spectrum estimation.

it agrees with the true autocovariance forh = 0. The correlation lags in Figs. 6a and 6b are given in

time steps determined by the sampling rate of the power spectrum (19). In Figs. 6c and 6d we see the

corresponding estimated power spectra.
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(b) K = 10 5 , N = 100
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Fig. 6: Estimated autocovariance and power spectrum for thepower spectrum in (19).
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