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ABSTRACT
Functional Reactive Programming (FRP) is a framework
for reactive programming in a functional setting. FRP has
beenapplied to a number of domains, such as graphical an-
imation, graphical user interfaces, robotics, and computer
vision. Recently , we have been interested in applying FRP-
lik e principles to hybrid modeling and simulation of physical
systems. As a step in that direction, we have extended an
existing FRP implementation, Yampa, in two new ways that
make it possible to expresscertain models in a very natural
way, and reducesthe amount of work neededto put model-
ing equations into a suitable form for simulation. First, we
have added Dir ac impulses that allow certain types of dis-
contin uities to be handled in an easy yet rigorous manner.
Second, we have adapted automatic di�er entiation to the
setting of Yampa, and generalized it to work correctly with
Dirac impulses. This allows derivativ es of piecewisecontin-
uous signals to be well-de�ned at all points. This paper re-
views the basic ideas behind automatic di�eren tiation, in
particular Jerzy Karczmarczuk's elegant version for a lazy
functional languagewith overloading, and then considersthe
integration with Yampa and the addition of Dirac impulses.
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1. INTRODUCTION
Consider a highly simpli�ed model of a bouncing ball as

shown in �gure 1(a). It is dropped from an initial height
y0 and falls toward the 
o or at y = 0 under the in
uence
of the gravitational force � mg, where m is the mass of the
ball. For simplicit y's sake, we want to model the ball as if
it were a point mass. Moreover, we do not want to model
the physics of the interaction when the ball hits the 
o or
in any great detail. Instead we assumethat the impact is
fully elastic and that it occurs instantaneously. Under these
assumptions, the velocity of the ball will simply change sign
whenever it bounces o� the 
o or. Figure 1(b) shows the
position y and velocity _y as functions of time when a ball
modeled in this fashion is releasedfrom y0 = 1 m.

This is an example of a hybrid model; that is, a model
having both continuous and discrete aspects. The behavior
of the falling ball is described contin uously through New-
ton's laws of motion, whereasthe instantaneous interaction
between the ball and the 
o or are isolated events occurring
at discrete points in time. While the present model is trivial,
the kind of modeling simpli�c ations it exempli�es are very
common in practice, and a major reason for why models of
physical systems often becomehybrid models.

Hybrid models are described by a set of systems of dif-
ferential equations. Each individual system of equations de-
scribes the contin uous behavior of the modeled system in a
particular mode of operation by relating time-varying, con-
tin uousvariables and their time derivativ es.Discrete aspects
of the behavior are expressedby switching among the modes
of operation, governed by predicates specifying switching
events and suitable initial conditions for the contin uousstate
variables of the mode being activated. Hybrid automata [7]
are one way to formalize these notions. These models can
then be used in di�eren t ways, but evaluation of the behav-
ior over time through simulation based on numerical inte-
gration is the most common application.

Explicit mode switching is not always the most intuitiv e
and clear way to describe a hybrid model. In the example of
the bouncing ball, most modeling languagesrequire a mode
switch when the ball bounceso� the 
o or. The initial con-
dition of the new mode will have the same position for the
ball (on the 
o or) but negate the velocity of the ball so that
it is moving up. In systems lik e this one where the sole pur-
pose of mode switching is an abrupt change in one of the
state variables, explicit switching leads to an unnecessarily
complicated description of the system.

In caseslik e these, Dir ac impulses [19, 6] o�er an alterna-
tiv e way to account for abrupt changes in contin uous vari-
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Figure 1: Idealized bouncing ball

ables. Informally , a Dirac impulse can be understood as an
in�nitely high and narrow impulse whosearea is �nite. This
is exactly what is needed to model the force of interaction
between the ball and the 
o or in this casein which the in-
teraction is assumedto take place instantaneously. This idea
has obviously been considered in the modeling communit y,
but does not yet seem to be available in any mainstream
systems for hybrid modeling and simulation [12].

As will becomeclear, mode switching also has serious im-
plications for another aspect of many simulation systems:
di�eren tiation. It is often necessarycompute derivativ es of
various functions in a model. One reasonis the useof sophis-
ticated numerical integration methods that solve non-linear
equations at each time step. The need also arises when one
time-varying quantit y in a model is the time derivative of
another, and the causality, i.e., the direction of data 
o w,
in a particular mode of operation is such that the former
needs to be computed from the latter through di�eren tia-
tion, rather than the latter from the former through numer-
ical integration.

Either way, automatic di�er entiation [2] is a key technique
for computing derivativ es for this kind of applications. It is
an algebraic method basedon computing the value of a func-
tion along with the derivativ e of that function with respect
to some speci�c variable at the same point. Thus, unlik e
symbolic di�eren tiation, one does not obtain a closed, sep-
arate expression for the derivativ e. In return, the method
is quite general and capable of di�eren tiating functions ex-
pressed using arbitrary programming language constructs,
such as conditionals and iteration.

Naturally automatic di�eren tiation only yields correct re-
sults if the function being di�eren tiated is continuously dif-
ferentiable at the point of di�eren tiation. If we consider time
derivativ esof variables in the contin uous part of a model, it
should be clear that we have a problem in a hybrid setting
since each mode switch can intro duce arbitrary discontin u-
ities in a variable and its derivativ es. That is, the variables
are only piecewise contin uous, and we cannot trust the re-
sults of automatic di�eren tiation at all points in time.

However, the theory of Dirac impulses was developed pre-
cisely to deal with problems associated with discontin uities.
Speci�cally , the unit impulse can be seenas the derivativ e
of the unit step function. Thus, could we not again turn to
Dirac impulses to remedy the situation?

In this paper, we will show that this indeed is possible.
Moreover, we will show that a lazy functional language lik e
Haskell allows a rather elegant and generalsolution. The de-
velopment is carried out in the context of Yampa [13, 8], a
recent member in the family of languagesbasedon the ideas
of Functional Reactive Programming (FRP). FRP, in vari-
ous incarnations, has beenapplied to a number of domains,
such as graphical animation [4], graphical user interfaces
[3], robotics [17, 16], and computer vision [18]. Recently , we
in the Yale Haskell group have been interested in apply-
ing FRP-lik e principles to hybrid modeling and simulation
of physical systems, where our ultimate goal is a system in
which models can be expressedthrough non-directed equa-
tions, so called non-causal (or object oriented 1) modeling [5,
1, 14]. The work presented here is a step in that direction,
even if Yampa only allows causal modeling.

The rest of the paper is organized as follows. Sections
2 and 3 review the basic ideas behind automatic di�eren-
tiation, in particular Jerzy Karczmarczuk's elegant version
for a lazy functional language with overloading [10], and
the fundamental concepts of Yampa. Piecewisecontin uous,
time-varying variables are known as signals in Yampa, and
as a �rst step in the actual development, section 4 spe-
cializes Karczmarczuk's method to computing time deriva-
tiv esof signals and considersthe interplay betweenthis and
Yampa's facilities for numerical integration. Sections5 and 6
then pave the way for a correct treatment of discontin uities
in signals by moving to generalized signals, where a signal
no longer is regarded as a function of time, but as a gen-
eralized function or distribution , such as a Dirac impulse.

1Not to be confusedwith object-oriented programming lan-
guages.Concepts lik e classesand inheritance may be part
of an object-oriented modeling language, but methods and
imperative variables are not.



The automatic di�eren tiation machinery is then adapted to
work on generalized signals. The �nal step in the develop-
ment is taken in section 7, which considersthe integration of
generalized signals into Yampa. The end result is a uni�e d
framework in which impulses are available for the bene�t of
the modeler, and in which generalized automatic di�eren tia-
tion guaranteescorrect results for time derivativ esof signals
at all points.

2. AUTOMATIC DIFFERENTIA TION
Automatic di�eren tiation [2] is the technique of choice for

computing derivativ es in many application areas.Its advan-
tages include the abilit y to di�eren tiate arbitrary program
code (as long as the code implements di�eren tiable func-
tions), exact results within the limitations of 
oating point
arithmetic, and good performance. In contrast, symbolic dif-
ferentiation has much more limited applicabilit y, and when
applicable often yields unwieldy results and thus bad per-
formance. Numeric di�eren tiation is fraught with problems
stemming from the fact that it doesnot yield exact results.
Automatic di�eren tiation is a purely algebraic method, and
the key idea is to augment every computation in a code frag-
ment so that derivativ es with respect to a chosen variable
are computed along with the main result. This is also the
main drawback of the method: unlik e symbolic di�eren tia-
tion, the end result is not a separate, self-contained expres-
sion for the derivativ e that can be usedto compute the value
of the derivativ e at arbitrary points. Instead, the value of the
derivativ e is obtained in conjunction with the value of the
function at whichever point the latter is evaluated.

The following example illustrates the basic idea. Consider
the code fragment

z1 = x + y
z2 = x * z1

If we assume that the code fragment that assigned some
values to x and y has been augmented so that the deriva-
tiv esof thesevariables with respect to somecommon chosen
variable of di�eren tiation is available in the variables x' and
y' respectively, then the above code fragment can be aug-
mented to compute the derivativ esof z1 and z2 with respect
to that same variable of di�eren tiation as follows:

z1 = x + y
z1' = x' + y'
z2 = x * z1
z2' = x' * z1 + x * z1'

Methods for automatic di�eren tiation can be quite a bit
more involved, especially for multi-v ariate cases,but the ba-
sic approach outlined above is enough for our purp oses.

The next question is how to actually go about augment-
ing a program. One possibilit y is to employ source-to-source
transformations. Another is to overload arithmetic opera-
tors and functions so that they compute derivativ es along
with the main result. Jerzy Karczmarczuk has described a
particularly elegant formulation for a lazy functional lan-
guage with overloading, where lazy evaluation is exploited
to, conceptually, compute derivativ es of all orders, not just
the �rst one [10]. That is the approach we are going to use.

First, we need a numeric domain for our di�eren tial alge-
bra. Elements in this domain represent values of contin uous
functions at some point along with derivatives of all orders
at that same point :

data C = C Double C

valC (C a _) = a
derC (C _ x') = x'

Note that the name C (suggesting continuous ) is used both
for the type itself and for the value constructor. Elements of
type Care pairs, where the �rst �eld, here of type Double2,
represents the value of some function, and the second, re-
cursively of type C, represents the �rst derivativ e. But that
means the derivativ e can be di�eren tiated yielding the sec-
ond derivativ e, again of type C, and so on. Thus the repre-
sentation includes all derivativ es, to be computed lazily.

The value of the constant zero is 0 everywhere, and so is
its derivativ e. The representation of zero in C is thus:

zeroC :: C
zeroC = C 0.0 zeroC

zeroC can be used to de�ne a function that computes the
representation of arbitrary constants, which in turn de�nes
the meaning in Cof Haskell's overloaded numerical literals:

constC :: Double -> C
constC a = C a zeroC

The derivativ e of the variable of di�eren tiation with respect
to itself is always 1, and the representation of its value in C
at some arbitrary point is thus given by:

dVarC :: Double -> C
dVarC a = C a (constC 1.0)

The de�nitions of arithmetic operators are straightforw ard:

instance NumC where
(C a x') + (C b y') = C (a + b) (x' + y')
x@(Ca x') * y@(Cb y') =

C (a * b) (x' * y + x * y')

Note that thesede�nitions are recursive sincethe overloaded
operators + and * are used at type C for computing the
derivativ e of the result. Further operators and mathematical
functions lik e sin and cos can be de�ned with equal ease.

As an illustration, suppose we have y = t 2 + k and that
we want to compute y, _y, and •y for t = 2 and k = 1. This
can be done by simply transliterating these equations into
Haskell:

k = constC 1
t = dVarC 2
y = t * t + k

We now have:

valC y = 5

valC (derC y) = 4

valC (derC (derC y)) = 2

3. YAMPA
This section gives a short intro duction to Yampa, a lan-

guage embedded in Haskell for describing reactive, hybrid
systems [13, 8]. A fundamental notion in Yampa is that
of signals. A signal is, conceptually, a function of time, or,
2 In a more thorough implementation, C would be parame-
terized w.r.t the numerical carrier type.



Figure 2: System of in terconnected signal functions
with varying structure

equivalently , a time-varying value (sometimes called 
uent ).
Thus, intuitiv ely, for some suitable type Time representing
contin uous time:

Signal � � Time ! �

However, signals are not �rst class entities in Yampa: they
only exist indirectly through the notion of signal functions
intro duced below. Moreover, an executable Yampa imple-
mentation can only approximate this conceptual signal model
since contin uous-time signals necessarily are evaluated for
only a discrete set of sample points.

Conceptually, the domain of a signal can either be contin-
uous or discrete. In the former case,the signal is de�ned at
every point in time. In the latter case,the signal is a partial
function, only de�ned at discrete points in time associated
with the occurrence of someevent. In Yampa, we have cho-
sen to blur this distinction. The notion of discrete-time sig-
nals is captured by lifting the range of of contin uous-time
signals using an option type called Event . This type has two
constructors: NoEvent, representing the absenceof a value;
and Event , representing the presenceof a value:

data Event a = NoEvent | Event a

A discrete-time signal carrying elements of type A can thus
be thought of as a function of type Signal (Event A).

The next important Yampa notion is that of signal func-
tions. A signal function is a pure function that maps an in-
put signal onto a output signal. By changing the perspective
slightly , a signal function can also be seenas a time-indexed
instantaneousmapping from signal values to signal values. If
the mapping in fact is time-in variant, the signal function is
said to be stateless, otherwise it is said to be stateful. Unlik e
signals, signal functions are �rst class entities in Yampa.
The type of a signal function mapping a signal of type �
onto a signal of type � is written SF� � . Intuitiv ely, we have

SF� � � Signal � ! Signal �

If more than one input or output signal are needed, tuples
are used for � or � since a contin uous signal of tuples is
isomorphic to a tuple of contin uous signals.

A Yampa system consists of a number of interconnected
signal functions, operating on the system input and pro-
ducing the system output. The signal functions operate in
parallel, sensinga common rate of time 
o w.

The structure of a Yampa system may evolve over time.
For example, signal functions can be added or deleted; see
�gure 2. Thesestructural changesareknown asmodeswitches.
The �rst classstatus of signal functions in combination with
powerful switching constructs make Yampa an unusually

exible language for describing hybrid systems [13].

Yampa's signal functions are an instance of the arrow
framework proposed by Hughes [9]. Two central combina-
tors from that framework are arr , which lifts an ordinary
function to a statelesssignal function, and <<<, which com-
posestwo signal functions:

arr :: (a -> b) -> SF a b
(<<<) :: SF b c -> SF a b -> SF a c

Yampa also provides a combination of the two, the arrow-
composecombinator:

(^<<) :: (b -> c) -> SF a b -> SF a c

Through the useof theseand related plumbing combinators,
arbitrary signal function networks can be expressed.

Paterson's syntactic sugar for arrows [15] e�ectiv ely al-
lows signals to be named, despite signalsnot being �rst class
values. This eliminates a substantial amount of plumbing,
resulting in much more legible code. In fact, the plumbing
combinators will rarely be used in the examples in this pa-
per. In this syntax, an expressiondenoting a signal function
has the form:

proc pat -> do [ rec ]
pat 1 <- sfexp1 -< exp1
pat 2 <- sfexp2 -< exp2
. . .
pat n <- sfexpn -< expn
returnA -< exp

The keyword proc is analogousto the � in � -expressions,pat
and pat i are patterns binding signal variables pointwise by
matching on instantaneous signal values, exp and expi are
expressionsde�ning instantaneous signal values, and sfexpi
are expressionsdenoting signal functions. The idea is that
the signal being de�ned pointwiseby each expi is fed into the
corresponding signal function sfexpi , whoseoutput is bound
pointwise in pati . The overall input to the signal function de-
noted by the proc -expressionis bound by pat, and its output
signal is de�ned by the expressionexp. The signal variables
bound in the patterns may occur in the signal value expres-
sions, but not in the signal function expressions(sfexpi ). If
the optional keyword rec is used, then signal variables may
occur in expressionsthat textually precedesthe de�nition of
the variable, allowing recursive de�nitions (feedback loops).
Finally ,

let pat = exp

is shorthand for

pat <- arr id -< exp

allowing easy binding of instantaneous values.
To illustrate Yampa and the arrow notation, we provide

a bouncing ball model according to the speci�cation given
in the intro duction. The following are the most important
Yampa primitiv es used in the model:

integral :: SF Double Double
edge :: SF Bool (Event ())
switch :: SF a (b, Event c) -> (c -> SF a b)

-> SF a b

The signal function integral integrates its input. edge
is a signal function that generates an event whenever the
input signal goes from False to True. The signal function



switch switches from one subordinate signal function into
another when a switching event occurs. Its �rst argument is
the signal function that initially is active. It outputs a pair of
signals. The �rst de�nes the overall output while the initial
signal function is active. The secondsignal carries the event
that will cause the switch to take place. Once the switch-
ing event occurs, switch applies its secondargument to the
value tagged to the event and switches into the resulting
signal function.

The code for the model is as follows. It does not use any
of the new facilities described in this paper.

bouncing ::
Position -> SF () (Positio n, Velocit y)

bouncing y0 = bouncin g' y0 0.0
where

bouncing' y0 yd0 =
switch (bouncin g0 y0 yd0) $ \(y, yd) ->
bouncing' y (-yd)

bouncing0 y0 yd0 = proc () -> do
yd <- (yd0 +) ^<< integral -< -9.81
y <- (y0 +) ^<< integral -< yd
hit <- edge -< y <= 0
returnA -< ((y, yd), hit `tag` (y, yd))

Here, bouncin g0 realizes the physics of a falling ball and
detects the collision event. The event is tagged with the
values of the state variables, i.e. the height above the 
o or
and the velocity, at the point of impact, enabling the switch
to pass the state on to the subsequent mode. In this case,
we switch back into the same mode, using the same height
(to ensure contin uit y in position) but negating the velocity
to obtain the initial value for the state variables in the new
mode.

4. INTEGRATING AUTOMATIC DIFFER­
ENTIATION INT O YAMPA

We now turn to computing time derivativ es of signals in
Yampa through automatic di�eren tiation. In Yampa, signals
are only evaluated for the current time, and as signals are
not �rst class entities, this is done implicitly . Since we are
only interested in time derivativ esof signals, there is no thus
need for the function dVarCfrom section 2: as long as signal
functions that are sourcesof time-varying signals construct
their output correctly in the domain C, signalscan be added,
multiplied, or transformed in other ways using operations on
C, and di�eren tiation will just work.

Since the signal function integral is the main source of
contin uous time-varying signals, we will focus on that. The
output signal y(t ) obtained by applying integral to an in-
put signal x(t ) is de�ned by:3

y(t) =
� t

0
x(� ) d� (1)

According to the fundamental theorem of calculus, the deriva-
tiv e of y(t ) is simply x(t). Thus, all we needto do to achieve
our goal, is to de�ne a version integral Cof integral that
works on signals of type Cand that ensuresthat the deriva-
tiv e of the output signal is equal to the input signal.

3Time is local time, measured from the time at which a
signal function is switched in, i.e., applied to its input signal.
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Figure 3: Breaking pendulum

Lik e in other simulation systemsor synchronous data 
o w
languages, signals in Yampa are represented by streams of
instantaneous signal values and signal functions are state-
ful stream processors.A signal function is implemented as
a function that maps the time di�er ence since the previ-
ous sample time and the current instantaneous input value
to a pair of a new signal function (a kind of contin uation,
carrying any state) and an instantaneous output value:4

data SF a b = SF (DTime -> a -> (SF a b, b))

The signal function integral Cis de�ned as follows:

integral C :: SF C C
integral C = SF tf0

where
q0 = 0.0
tf0 _ x0 = (igrlAux C q0 x0, C q0 x0)
igrlAuxC q_prev x_prev = SF tf

where
tf dt x = (igrlAux C q x, C q x)

where
q = q_prev + dt * valC x_prev

Note that the output value, e.g. C q x after the �rst step,
is de�ned so that the instantaneous value of the derivativ e
x is the instantaneous input value, as required by the fun-
damental theorem of calculus. Also note that the value part
q of the output doesnot depend on the current input value,
only on the previous one. This is crucial to make recur-
sive equations involving integrals well-de�ned. For illustra-
tiv e purp oses, the employed integration method is simple
Euler integration. A more sophisticated approach such as a
Runge-Kutta method could be used.Sincewe have accessto
derivativ es of arbitrary order, another possibilit y would be
to useTaylor methods [11]. However, it is unclear if variable
step-sizemethods could be used in the Yampa setting.

To illustrate automatic di�eren tiation in the context of
Yampa, consider modeling the pendulum in �gure 3. It con-
sists of a massm attached to the end of a sti�, masslessrod
l , �xed to somesupporting structure at the other end, where
an external torque u also can be applied. The angle � gives
the deviation of the rod from the plumb line. At sometime
the rod could break causing the massto fall freely. Thus the
system has two modes, described by the equations given in
the �gure along with initial conditions.

4This is a simpli�ed account; see[13] for details.



The most interesting aspect of the model for our purp oses
is that the state of the system is best described by di�er-
ent variables in the two modes: in the non-broken caseby
the angle of deviation � and its derivativ e _� ; in the broken
mode by the position and velocity of the mass in Cartesian
co-ordinates. However, in a simulation, we may be inter-
ested in the latter information regardless of the mode, e.g.
to ensure contin uit y when the pendulum breaks. Comput-
ing the Cartesian position given the angle of deviation is
easy enough using basic trigonometry , whereas computing
the velocity is most naturally achieved by simply di�eren ti-
ating the position. The automatic di�eren tiation machinery
allows the user to do the latter directly . Without it, the user
would either have had to calculate the derivativ es symbol-
ically by hand, or he would have had to reformulate the
model to use Cartesian state also in the non-broken mode.

To develop a Yampa model for the non-broken mode, we
�rst have to determine the state variables and the causality,
or data 
o w direction, and rework the model equations into
causal (directed) form, where the state variables are com-
puted by integration. As was noted above, � and _� are our
state variables in this mode. If we consider the dot notation
more asa way to namevariables rather than a di�eren tiation
operator, we obtain:

� =
�
4

+
�

_� dt

_� =
�

•� dt

•� =
u � mgl sin(� )

ml 2

x = l sin(� )

y = � l cos(� )

_x =
d
dt

x

_y =
d
dt

y

We can now obtain a Yampa model for the non-broken
mode by transliterating these equations into Haskell, em-
ploying the syntactic sugar for arrows. Despite somesyntac-
tic noise, the one-to-one correspondenceshould be obvious.

nonBroken :: SF Torque (Position 2, Velocity 2)
nonBroken = proc u -> do

rec
phi <- (pi/4 +) ^<< integralC -< phid
phid <- integra lC -< phidd
let

phidd = (u - m*g*l*sin phi) / m*l*l
x = l * sin phi
y = -l * cos phi
xd = derC x
yd = derC y

returnA -< ((x, y), (xd, yd))

Figure 4 shows the simulation results with no externally
applied torque and the pendulum breaking after 9 s.

5. DISTRIBUTION THEORY
There are many functions that do not have derivativ es

in the classical sense.For example, consider the unit step
function (or Heaviside step function) H (t):

H (t) = �

0 if t < 0
1 if t � 0

(2)

The derivativ e of H (t) in the usual sensesimply is not well-
de�ned at t = 0.
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Figure 4: Sim ulation of the breaking pendulum

Nevertheless, if we consider a sequencef n (t ) of ever nar-
rower and taller impulses whosearea is exactly 1, for exam-
ple lik e in �gure 5(a) with � = 0, it should be clear that the
sequenceof functions H n (t ) de�ned by

H n (t ) =
� t

�1
f n (� )d� (3)

will become better and better approximations of H (t) as
n ! 1 . Thus it is, according to the fundamental theorem
of calculus, intuitiv ely appealing to think of the limit of a
function sequencelik e f n (t ) as the derivativ e of the unit step
function. This limit is called the (Dir ac) delta \function "
(despite not being a function in the usual sense) or unit
impulse, and is denoted by � (t ). In a similar way, the limit
of a sequenceof functions lik e those shown in �gure 5(b)
is an intuitiv e way to understand the derivativ e � 0(t ) of the
unit impulse.

When drawing diagrams, it is conventional to represent
impulses with an arrow, as in �gure 5(a). As impulses can
be scaled, the height of the arrow represents the area or
strength of the impulse. Similarly , as shown in �gure 5(b),
we will draw the impulse derivativ e using a double-headed
arrow, whose height corresponds to the strength of the dif-
ferentiated impulse. The second impulse derivativ e will be
drawn as a triple-headed arrow.

By analyzing the limits of operations on sequencesof func-
tions that tend to the unit impulse, properties that should
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Figure 5: Dirac impulse � (t � � ) and its deriv ativ e
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hold for reasonsof consistency emerge.For example:
� b

a
� (t ) dt = �

1 if 0 2 (a; b)
0 if 0 62[a; b] (4)

More generally, given any function � (t ) contin uous at the
origin, a central property is that

� 1

�1
� (t )� (t ) dt = � (0) (5)

The theory of distributions or generalized functions [19, 6]
is a rigorous formalization of the ideas outlined above. The
key step is to consider functions that map a certain classof
functions to numbers (i.e., a kind of higher-order functions),
instead of functions that map numbers to numbers. This
allows a consistent theory to be developed in which every
distribution has a derivativ e that is also a distribution.

Formally, a distribution is a linear and contin uous func-
tional . A functional is a function that maps so called test
functions, in�nitely di�eren tiable functions that vanish out-
side a �nite interval, to numbers. The application of a func-
tional T to a test function � is conventionally written hT; � i
or sometimes hT(t); � (t )i . Two functionals S and T are de-
�ne d to be equal if

hS; � i = hT; � i (6)

for every test function � . A functional T is linear if

hT; c1 � 1 + c2 � 2 i = c1hT; � 1 i + c2hT; � 2 i (7)

Contin uit y is analogous to the usual notion of contin uit y,
but in terms of limits of sequencesof test functions instead
of limits of sequencesof numbers.

Every locally integrable function f induces a distribution
Tf through the following de�nition:

hTf ; � i =
� 1

�1
f (t )� (t ) dt (8)

Such distributions are said to be regular. Now, the unit im-
pulse is not a function in the usual sense,so (8) is not ap-
plicable. But (5) shows what to expect in the limit for a
sequenceof functions tending to the impulse. Thus, for rea-
sonsof consistency, the delta distribution is de�ned as

h� ; � i = � (0) (9)

Di�eren tiation is de�ned through

hT 0; � i = �h T; � 0i (10)

Thus, in particular, we have that the impulse derivativ e is

h� 0; � i = �h � ; � 0i = � � 0(0) (11)

or in general

h� ( k ) ; � i = (� 1)k h� ; � ( k ) i = (� 1)k � ( k ) (0) (12)

Shifting is de�ned by

hT(t � � ); � (t )i = hT(t); � (t + � )i (13)

Unfortunately , the theory of distributions doesnot gener-
alize the theory of classical functions in every respect. For
example, it is not possible to de�ne the product of two dis-
tributions in general. However, it is possible to de�ne mul-
tiplication with a C1 (in�nitely di�eren tiable) function:

hgT; � i = hT; g� i (14)

provided g 2 C1 .

6. GENERALIZED SIGNALS
In this section, we will seehow the theory of distributions

allows us to apply automatic di�eren tiation to signals in a
hybrid simulation setting. Note that we are not trying to
develop a generalized di�eren tial algebra independently of
that setting. The present development focus on the easier
problem where discontin uities ultimately stem from mode
switching or explicit impulses.5

Let us �rst seehow the theory of distributions helps us
di�eren tiate piecewisecontin uous functions.

f (t ) = �

t2 if t < 1
� (2 � t )2 if t � 1

f 0(t ) = �

2t if t < 1
4 � 2t if t � 1 � 2� (t � 1)

f 00(t ) = �

2 if t < 1
� 2 if t � 1 � 2� 0(t � 1)

f 000(t ) = � 4� (t � 1) � 2� 00(t � 1)

Figure 6 shows these (generalized) functions graphically.
Note how the derivativ esare described by the sum of, on the
one hand, a classical function, and, on the other, impulses
(and impulse derivativ es) to account for discontin uities (and
impulses) in the di�eren tiated function.

Turning to our original problem, di�eren tiation of piece-
wise contin uoussignals in Yampa (and, in turn, their deriva-
tiv es), it should now be clear that we can addressthis if we
conceptually regard signals not as functions of time, but as
generalized functions of time of the following form:

S(t) = s(t) +
m

�

i =0

n
�

j =1

aij � ( i ) (t � � j ) (15)

5As suggestedby one of the anonymous reviewers, it may
be possibleto develop such a generalizeddi�eren tial algebra.
That would allow functions lik e abs that intro duce disconti-
nuities to be handled properly. Currently functions lik e abs
should not be used. Substitutes, de�ned in terms of switch-
ing, are provided, but those substitutes are consequently
stateful signal functions as opposed to pure functions in a
di�eren tial algebra.
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Figure 6: Di�eren tiation of generalized functions

where s(t) is a regular signal (piecewisecontin uousfunction)
and m is the order of the highest impulse derivativ e. We
call this a generalized signal. � j , j 2 [1; n] are the points in
time at which the generalized signal or its derivativ es have
discontin uities.

At the implementation level, what we needto represent is
samplesof generalizedsignals. Let � be the set of points of
discontin uit y:

� = f � j j j 2 [1; n] g (16)

Let St be the representation of a sample of a generalized
signal S as de�ned by (15) at time t. For sample times t =2 �
we have

St = s(t) (17)

For t = � j 2 � we chooseto represent the sample by a pair
of the left limit of the regular part s at t , together with a
list of the strengthsof those impulsesand impulse derivativ es
that are non-zero at t , where the nth list element represents
the strength of the impulse derivativ e of order n:

St = (s(t � ); [a0j ; a1j ; : : : ; amj ]) (18)

What about the right limit and representing discontin uities?
We will return to that question shortly.

Underlying this representation is an assumption that �
includes a point for every theoretical point of discontin u-
it y, and that this point is su�cien tly closeto its theoretical
value. Ensuring this is a hard but separate problem that
has received widespread attention in the hybrid modeling
and simulation literature.

For automatic di�eren tiation, asdescribed earlier, the rep-
resentation of a sample must include the value of the signal
as well as the values of the derivativ es of the signal at the
sample point. We choose to keep the regular part and the
impulse part of a sample separate, allowing us to reuse the
the type C intro duced in section 2, and giving us an easy
way to test for the absenceof impulses.The following type
Grepresents a sample of a generalized signal:

data G = G C I

data C = C Double C
data I = NI | I [Double ] I

Cis exactly as before; the C-part of Grepresents the value or
left limit of the regular part s and its derivativ es according
to (17) or (18). Sincewe assumethat � includes all points of
discontin uit y, these derivativ es are well-de�ned. The I -part
accounts for the impulsesand impulse derivativ es.It is either
NI for \no impulse" in case(17) applies, or it is a �nite list
of impulse strengths as de�ned in (18) together with a value
of type I representing the impulse part of the derivativ e of
the entire generalized signal at the sample point. It turns
out to be useful to maintain the invariant that the list of
impulse strengths never end with zero. Unlik e C, I should
not be consideredto havea meaning separatefrom G. This is
becausedi�eren tiation of the regular part can require further
impulses to be added to the impulse part.

As an added bene�t of explicitly including the value of
the derivativ e in the representation, we get a way to repre-
sent points of discontin uit y; i.e. points where the right limit
is di�eren t from the left limit. We exploit the fact that a
discontin uit y gives rise to an impulse in the derivative of a
signal, and take such an impulse to be the representation of
a discontin uit y. The right limit can thus be computed from
the left limit by adding the strength of any impulse in the
derivativ e.

Two basic selectors for I are strengthI and derI :

strength I :: I -> Double
strength I NI = zeroStre ngth
strength I (I [] _) = zeroStre ngth
strength I (I (a:_) _) = a

derI :: I -> I
derI NI = NI
derI (I _ i') = i'

Note that derI yields the impulse part of the derivativ e of
the generalized signal sample of which a particular entit y of
type I is part.

stepI and impulseI computes the impulse parts for a step
and an impulse at the point of discontin uit y:

stepI :: Double -> I
stepI a | isZeroS tr engt h a = NI

| otherwi se = I [] (impulseI a)

impulseI :: Double -> I
impulseI a | isZeroSt re ngt h a = NI

| otherwis e = impAux [a]
where

impAux as = I as (impAux (zeroSt rengt h: as))

Addition of impulse parts is straightforw ard since distri-
butions are linear:

addI :: I -> I -> I
addI i NI = i
addI NI j = j
addI (I as i') (I bs j') =

I (addI' as bs) (addI i' j')
where

addI' as [] = as
addI' [] bs = bs
addI' (a:as) (b:bs) =

consStren gt hs (a + b) (addI' as bs)



consStre ngth s is a list constructor that maintains the in-
variant that lists of impulse strengths should not end in zero
(recall that the list of impluse strengths is �nite).

discI computes the impulse part at a point of disconti-
nuit y given the left and right limits:

discI :: C -> C -> I
discI (C a x') (C b y') =

stepI (b - a) `addI` (I [] (discI x' y'))

The product of a C1 function and an impulse or im-
pulse derivativ e is considerably more interesting. At �rst,
onemight think that multiplication just amounts to a point-
wise scaling. But a closer study of equations (12) and (14)
reveals that that is only true if the C1 function is a con-
stant ; i.e., when its derivativ es are identically zero.

Let us study the product of a function f (t ) 2 C1 and
� ( n ) (t � � ). Our goal is to �nd the strengths of the resulting
impulses and impulse derivativ es at point � , enabling us
to construct a correct representation of the sample of the
product signal at that point. The following derivation is just
a straightforw ard application of equations (7) to (14):

hf (t )� ( n ) (t � � ); � (t )i

= (� 1)n [f (� )� (� )] ( n )

= (� 1)n
n

�

k =0

�

n
k �

f ( k ) (� )� ( n � k ) (� )

= (� 1)n
n

�

k =0

�

n
k �

f ( k ) (� )( � 1)( k � n ) h� ( n � k ) (t � � ); � (t )i

=
n

�

k =0

(� 1)k

�

n
k �

f ( k ) (� )h� ( n � k ) (t � � ); � (t )i (19)

Thus, multiplying a C1 function f by an impulse deriva-
tiv e of order n shifted by � , results in a sum of impulse
derivativ es of order 0 to n, all shifted by the sameamount,
where the strength for the impulse derivativ e of order n � k
is (� 1)k �

n
k �

f ( k ) (� ).
There is a technical problem. The derivation above as-

sumesthat f is a C1 function; i.e., neither f nor its deriva-
tiv es have any discontin uities. In our implementation, the
role of f is played by some signal, and since the implemen-
tation is sampled, that implies that we only know whether
a signal is C1 or not in the immediate neighborhood of the
current sample point. Everywhere else, the signal could be
arbitrarily ill behaved: there is no recollection of the past,
and the future is unknown. However, intuitiv ely, since only
the behavior of a C1 function at the point of the impulse
is relevant for the result, and since an impulse is identically
zero everywhere else, the behavior of the signal elsewhere
should not matter. But we have not yet proved this formally .

We now know how to obtain the impulse strengths for the
product of a C1 function and arbitrary impulse derivativ es.
Thanks to linearit y, we can thus multiply the impulse part of
a generalizedsignal with a C1 function. But in our setting,
we also need to construct the impulse part of the derivative
of the product, and we would lik e to do that using only the
impulse part of the generalizedsignal.

Let us denote the regular part of a generalized signal S
by � S and the impulse part by " S. Thus

S = � S + " S (20)

It is easy to show that the derivativ e of a product of a func-
tion f 2 C1 and a distribution S can be rewritten in the
expected way:

[f (t )S(t)]0 = f (t )S0(t ) + f 0(t )S(t) (21)

The impulse part of the derivativ e of the product can then
be obtained as follows:

" [f (t )S(t)]0

= " [f (t )S0(t ) + f 0(t )S(t)]

= " [f (t )S0(t )] + " [f 0(t )S(t)]

= " [f (t )( � S0(t ) + " S0(t ))] + " [f 0(t )( � S(t) + " S(t))]

= " [f (t ) � S0(t )
� ��� �

no impulses

] + " [f (t ) " S0(t )]

+ " [f 0(t ) � S(t)
� ��� �

no impulses

] + " [f 0(t ) " S(t)]

= " [ f (t ) " S0(t )
� ��� �

only impulses

] + " [ f 0(t ) " S(t)
� ��� �

only impulses

]

= f (t ) " S0(t ) + f 0(t ) " S(t) (22)

Now we are at long last in a position to de�ne the product
of a sample of a C1 signal and the impulse part of a sample
of a generalizedsignal.

mulCI :: C -> I -> I
mulCI _ NI = NI
mulCI x@(C_ x') i@(I as i') =

I (mciAux x as) (addI (mulCI x i')
(mulCI x' i))

where
mciAux x as = loop1 pascal as

where
loop1 _ [] = []
loop1 (ps:pss ) aas@(a:as) =

consStr engt hs (loop2 1 ps x aas)
(loop1 pss as)

loop2 _ _ _ [] = 0
loop2 sign (p:ps) (C b x') (a:as) =

sign * fromInteg ra l p * a * b
+ loop2 (negate sign) ps x' as

pascal :: [[Int]]
pascal = (repeat 1) : map (scanl1 (+)) pascal

mciAux computes the impulse part of the value of the prod-
uct according to (19), whereasthe impulse part of the deriva-
tiv e of the product is computed by invoking mulCI recur-
sively according to (22). The summation ordering in mciAux
has beenoptimized for reasonsof e�ciency . pascal is a ver-
sion of Pascal's triangle that provides binomial coe�cien ts
in an order suitable for mciAux. The following equality holds:

pascal !! m !! n =

�

m + n
n �

(23)

Let us �nally de�ne someoperations on G. leftLimit and
rightLim it are the left and right limits of a signal at the
current point. The left limit is simply a pro jection by (17)
and (18). The right limit is the sameas the left limit if there
are no impulses at the point in question. Otherwise it is



computed from the left limit by adding the strength of any
impulse in the �rst derivativ e, as explained before.

leftLimi t :: G -> C
leftLimi t (G x _) = x

rightLim it :: G -> C
rightLim it (G x NI) = x
rightLim it (G (C a x') (I _ i')) =

C (a + strength I i') (rightLim it (G x' i'))

We want to allow the user to explicitly intro duce impulses.
Sinceevents and impulses share the property that they both
occur at a speci�c point in time, and since Yampa has a rich
sub-languagefor events, it seemsnatural to do this through
a function mapping events to impulses. We chose to let the
value tagged to the event specify the strength of the resulting
impulse.

impulse :: Event C -> G
impulse e = G 0.0 i

where
i = case e of

NoEvent -> NI
(Event x) -> impulseI (valC x)

De�ning arithmetic operators lik e + and * on Gis straight-
forward. The corresponding operators on C are used for the
regular part and operations such as addI and mulCI for
the impulse part. For multiplication, four casesare distin-
guished. The �rst two cover the caseswhere at least one
of the factors and all its derivativ es are free from impulses
at the point in question. The third concernsthe casewhere
two regular signals that do not have regular derivativ es are
multiplied. This is de�ned by multiplying left and right lim-
its separately, and using discI to compute an impulse part
that accounts for any resulting discontin uities. The last case
is an error case.However, it would be possible to generalize
multiplication a bit further. For example, it is possible to
de�ne the product of a coinciding step and impulse.

instance NumG where
(G x i) + (G y j) = G (x + y) (i `addI` j)

(G x NI) * (G y j) = G (x * y) (x `mulCI` j)
(G x i) * (G y NI) = G (x * y) (y `mulCI` i)
u * v | isRegular u && isRegular v =

G lluv (discI lluv rluv)
| otherwise = error "Illegal mult."

where
lluv = leftLimi t u * leftLim it v
rluv = rightLim it u * rightLim it v

7. INTEGRATING GENERALIZED
SIGNALS INT O YAMPA

In this section, we will seehow to �t generalized signals
and the associated generalizedautomatic di�eren tiation ma-
chinery into Yampa. Again, integration is one of the fun-
damental capabilities that needs to be adapted. The main
novelty compared with the development in section 4 is in-
tegration of impulses and impulse derivativ es. As the anti-
derivativ e of an impulse is a step, integration acrossan im-
pulse should causea jump in the value of the integral, the
sizeof which is given by the strength of the impulse. The sig-
nal function integralG integrates generalizedsignals (com-
pare the implementation of integral Cin section 4):

integral G :: SF G G
integral G = SF tf0

where
q0 = 0.0
tf0 _ ~u@(Gx0 i0) =

(igrlAuxG (q0 + strength I i0)
(rightL imi t u),

G (C q0 x0) (integrat eI i0))
igrlAuxG q_prev x_prev = SF tf

where
tf dt ~u@(Gx i) =

(igrlAu xG (q + strengt hI i)
(rightLi mit u),

G (C q x) (integrat eI i))
where

q = q_prev + dt * valC x_prev

integrat eI :: I -> I
integrat eI NI = NI
integrat eI i@(I [] _) = I [] i
integrat eI i@(I (_:as) _) = I as i

The (recursive) calls to igrlAuxG are fairly straightfor-
ward. For example, consider the code fragment

igrlAuxG (q + strengt hI i) (rightL imit u)

The strength of any impulse on the input is added to the
internal integral state causing the desired jump (strength I
yields 0 if there is no impulse). Note that the right limit of
the input is used for passing on what will be the previous
value of the regular part of the input at the next step.

The construction of the output value is more subtle. For
example, consider the fragment

G (C q x) (integr at eI i)

If there is no impulse, the auxiliary function integrate I
yields NI, and the value of the output signal and its deriva-
tiv esat this point is simply given by the regular part C q x,
where q is the value of the integral and x is the regular part
of the input. This is exactly as for integra lC in section 4. If
there is an impulse, then C q x denotes the left limit of the
output, and integrat eI accounts for the jump by putting
the input impulse into the derivative of the impulse part
of the output. This is how a step is represented, and the
right limit will thus have the correct value. Finally , any im-
pulse derivatives in the input has to be integrated by putting
their anti-deriv ativ es into the output. This is accomplished
by simply reducing the order of all impulse derivativ es by
one, which in our representation amounts to a simple tail
operation (in integrat eI ) on the list of impulse strengths.

There is onecrucial di�erence in the behavior of integral G
compared with integra lC (and integra l ). Recall that the
output of integralC at any point in time only depends on
inputs at earlier points in time. Recursive equations lik e the
following (in arrow notation) are thus well de�ned:

x <- integral C -< x + 1

(In this particular case,the result is an exponentially grow-
ing signal as one would expect.)

In the sameway, the left limit of the output of integral G
has carefully been de�ned to only depend on earlier input
values. In contrast, the impulse part of the output, and thus
also the right limit of the output, by necessity depends on



the impulse part of the input at the same point in time.
Thus integra lG cannot be used in a recursive equation lik e
the one above: the result would be bottom.

However, the abilit y to write recursive de�nitions is ab-
solutely critical, especially in a modeling context since any
interesting system of di�eren tial equations givesrise to a set
of recursive de�nitions involving integrals. Our solution is
to appeal to modeling knowledge in order to break the bad
recursion. Certain variables (signals) in a model are usually
required to be contin uous or at least free from impulses be-
cause of the underlying physical realit y. For example, the
tra jectories of physical bodies moving in spaceare typically
required to be contin uous. If such knowledge is stated ex-
plicitly , this can be exploited to make a signal independent
of its impulse part since it is then known that there are no
impulses. To catch modeling mistakes, it should be checked
that there in fact are no impulses, but if this check is delayed
until the fol lowing time step, everything will work out �ne.

The following signal function allows the user to assert that
a signal is free from impulses, and uses this knowledge to
make the output independent of the impulse part of the
input at the current time step:

assertNo Impul seG :: SF G G
assertNo Impul seG = SF tf0

where
tf0 _ (G x0 i0) =

(aniAux i0, G x0 (noImp i0))

aniAux i_prev = SF tf
where

tf _ (G x i) =
(aniAux i, seq (checkNoI mp i_prev)

(G x (noImp i)))

-- A promise that there are no impulses .
noImp i = (I [] (derI i))

-- Check that we kept the promise.
checkNoImp NI = ()
checkNoImp (I [] _) = ()
checkNoImp _ = error "assertio n failed"

Ideally, assertionslik e this one should be inserted automati-
cally where neededbasedon declaratively stated contin uit y
assumptions, but that would probably require a more so-
phisticated language implementation strategy than an em-
bedding in Haskell, as is currently the casefor Yampa.

As noted in section 1, switching is what intro duces dis-
contin uities in signals in the �rst place (along with explic-
itly intro duced impulses). The following version of the ba-
sic Yampa switching combinator switch (seesection 3) en-
suresthat any discontin uities resulting from switching is ac-
counted for by intro ducing impulses in the overall output:

switchG :: SF a (G, Event b) -> (b -> SF a G)
-> SF a G

The arguments are as for switch . The impulse part of the
output at the point of switching is computed by applying
discI to the left and right limit of the output signal at
that point; i.e., the last output from the signal function be-
ing switched out and the �rst output from the signal func-
tion being switched in. How to handle any impulses in the
outputs of the subordinate signal functions at the point of

switching has not yet beensatisfactorily resolved. Currently
such impulses are ignored. The implementation details are
omitted.

Finally , let us look at an example that makes useof some
of the new capabilities intro duced above. We return to the
bouncing ball example from the intro duction. By using im-
pulses we can model the ball very concisely. The variable y
represents the height above the 
o or, and its derivativ e _y
the velocity. The constant y0 is the initial height. We allow
ourselves to use the notation � (y � 0) for intro ducing im-
pulses whenever the predicate y � 0 becomestrue, and the
notation _y(t � ) for the left limit of _y.

y = y0 +
�

_y dt

_y =
�

� 9:81+ (� 2) _y(t � )� (y � 0) dt

Thus, whenever the ball hits the 
o or, it will be subjected
to a force that instantaneously accelerates it by twice its
current velocity in the direction opposite to the current ve-
locity. Note that \curren t velocity" really meansthe velocity
immediately prior to impact. That is why the left limit of _y
has to be used.

Transliterating these equations into Yampa yields:

bouncing ::
Position -> SF () (Positio n, Velocity )

bouncing y0 = proc () -> do
rec

y <- (y0 +) ^<< integral G -< yd_ni
hit <- edge -< y <= 0
yd <- integral G

-< -9.81 +
impulse (hit `tag` (-2*leftL imit yd))

yd_ni <- assertNo Impul seG -< yd
returnA -< (y, yd)

Figure 1(b) is a plot of the simulation result from this model.
Ignoring the distinction betweenyd and yd ni , the corre-

spondencebetween the equations for y and _y and the code
above is prett y direct. The only major di�erence is the useof
assertNo Impulse G. As discussedabove, integra lG cannot
be used in recursive de�nitions without asserting that one
of the recursively de�ned signals is free from impulses. Here
we have chosen to make this assertion for the velocity, yd,
yielding the signal yd ni that safely can be used recursively
since it is known that it is free from impulses.

Without impulses, the bouncing ball would have to be
modeledusing explicit mode switching, for exampleasshown
in section 3. That model has a considerably more compli-
cated structure and is arguably less declarative than the
impulse-basedone.

8. CONCLUSIONS
This paper showed how to add support for Dirac impulses

to a causal hybrid simulation system, and how to integrate
this with the technique of automatic di�eren tiation, ensuring
everywhere correct derivativ eseven for signals that are only
piecewise contin uous. The development required intro duc-
ing the notion of generalized signals, i.e. signals that con-
ceptually are distributions rather than classical functions,
and extending arithmetic operations to work pointwise on
such signals, computing the value of the result as well as its



derivativ es at each point. Multiplication turned out to be a
somewhat tric ky caseand required extra care.

The paper also demonstrated the utilit y of impulses and
automatic di�eren tiation for causal (hybrid) modeling. We
expect that these techniques could be even more useful in
a non-causal setting, which is our ultimate goal [14], where
the techniques would be employed transparently behind the
scenesas neededdepending on the choice of state variables
and the resulting causality.

For computationally demanding simulation applications,
the present system is really only a proof of concept: lazy
evaluation in itself would usually be considered too expen-
sive, and the somewhat elaborate representation of samples
of generalized signals does not make it any more e�cien t.
However, in a compilation-based implementation of a sim-
ulation language, it ought to be possible to infer statically
how many derivativ es that needs to be computed for the
various variables, and the extent to which it is necessaryto
keeptrack of impulses. Perhapsa suitable type system could
help. It should then be possible to generate reasonably e�-
cient simulation code.

Nevertheless,functional programming and lazy evaluation
made it possibleto implement quite sophisticated simulation
techniques remarkably concisely. As a consequence,explor-
ing various design alternativ es was also easy and did not
require too much work, something that was very important
during the development.
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