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Abstract

In many applications, the data consist of (or may be naturally formulated as) an m x n
matrix A which may be stored on disk but which is too large to be read into RAM or to
practically perform superlinear polynomial time computations on it. Two algorithms are
presented which, when given an m x n matrix A, compute approximations to A which are
the product of three smaller matrices, C, U, and R, each of which may be computed rapidly.
Let A’ = CUR be the computed approximate decomposition; both algorithms have provable
bounds for the error matrix A — A’. In the first algorithm, ¢ = O(1) columns of A and
r = O(1) rows of A are randomly chosen. If the m x ¢ matrix C consists of those ¢ columns
of A (after appropriate rescaling) and the r x n matrix R consists of those r rows of A (also
after appropriate rescaling) then the ¢ X r matrix U may be calculated from C' and R. For any
matrix X, let ||X||, and ||X]|, denote its Frobenius norm and its spectral norm, respectively.
It is proven that

[A-All; < min  ||[A- DIl + poly(k,1/c) | Al p
D:rank(D)<k

holds in expectation and with high probability for both ¢ = 2, F and for all k = 1,...,rank(A);
thus by appropriate choice of k
14— All, <ellAllp

also holds in expectation and with high probability. This algorithm may be implemented
without storing the matrix A in Random Access Memory (RAM), provided it can make two
passes over the matrix stored in external memory and use O(m + n) additional RAM mem-
ory. The second algorithm is similar except that it approximates the matrix C' by randomly
sampling O(1) rows of C. Thus, it has additional error but it can be implemented in three
passes over the matrix using only constant additional RAM memory. To achieve an additional
error (beyond the best rank k approximation) that is at most € ||A[|z, both algorithms take
time which is a low-degree polynomial in k, 1/¢, and 1/§, where 6 > 0 is a failure probability;
the first takes time linear in max(m,n) and the second takes time independent of m and n.
The proofs for the error bounds make important use of matrix perturbation theory and pre-
vious work on approximating matrix multiplication and computing low-rank approximations
to a matrix. The probability distribution over columns and rows and the rescaling are crucial
features of the algorithms and must be chosen judiciously.
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1 Introduction

We are interested in developing and analyzing fast Monte Carlo algorithms for performing useful
computations on large matrices. In this paper we consider a new method for computing a com-
pressed approximate decomposition of a large matrix; in two related papers we consider matrix
multiplication and the Singular Value Decomposition (SVD) [10, 11]. Since such computations
generally require time which is superlinear in the number of nonzero elements of the matrix, we
expect our algorithms to be useful in many applications where data sets are modeled by matrices
and are extremely large. In all these cases, we assume that the input matrices are prohibitively
large to store in Random Access Memory (RAM) and thus that only external memory storage
is possible. Thus, our algorithms will be allowed to read the matrices a few, e.g., one or two or
three, times and keep a small randomly-chosen and rapidly-computable “sketch” of the matrices
in RAM; computations will then be performed on this “sketch”. We will work within the frame-
work of the Pass-Efficient computational model, in which the scarce computational resources are
the number of passes over the data, the additional RAM space required, and the additional time
required [10, 8].

In many applications, an m X n matrix A is stored on disk and is too large to be read into
RAM or to practically perform superlinear polynomial time computations on it; thus, one may be
interested in a succinctly-described, easily-computed m x n matrix A’ that is an approximation
to A. Let ¢ and r be positive, usually constant, integers that we choose, and for any matrix X let
| X|| » and || X, denote its Frobenius and spectral norm (as defined in Section 2.1), respectively.
We present two algorithms that compute an approximation A’ to the matrix A that has the
following properties:

1. A" = CUR, where C is an m X ¢ matrix consisting of ¢ randomly picked columns of A, R is
an r X n matrix consisting of r randomly picked rows of A and U is a ¢ X r matrix computed
from C| R,

2. C, U, and R can be defined after making a small constant number of passes through the
whole matrix A from disk,

3. U can be constructed using additional RAM space and time that is O(m + n) (for the
LINEARTIMECUR algorithm) or is O(1) (for the CONSTANTTIMECUR algorithm),

4. for every € > 0 and every k such that 1 < k < rank(A) we can choose ¢ and r such that,
with high probability, A’ satisfies

[A-A'||,< min A= D|,+e|Alp,
D:rank(D)<k

and thus we can choose ¢ and r such that ||A — A'||, < e€||Al|p, and

5. for every € > 0 and every k such that 1 < k < rank(A) we can choose ¢ and r such that,
with high probability, A’ satisfies

A— Al < i A—D Al
| | < prak® [ Ip+ellAllp

In the first algorithm, the LINEARTIMECUR algorithm of Section 3, ¢ = O(1) columns of
A and r = O(1) rows of A are randomly sampled. If the m x ¢ matrix C' consists of those
¢ columns of A (after appropriate rescaling) and the r x n matrix R consists of those R rows
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Figure 1: Summary of sampling complexity

of A (also after appropriate rescaling) then from C' and R the ¢ x r matrix U is computed.
This algorithm may be implemented without storing the matrix A in RAM, provided it can
make two passes over the matrix stored in external memory and use O(m + n) additional RAM
memory. The second algorithm, the CONSTANTTIMECUR, algorithm of Section 4, is similar
except that it approximates the matrix C by randomly sampling a constant number w of rows
of C'. Thus, our second algorithm only requires constant additional RAM memory but it uses a
third pass over the data and has additional error. To achieve an additional error (beyond the best
rank k approximation) that is at most €||A||, both algorithms take time which is a low-degree
polynomial in k, 1/e, and 1/6, where 6 > 0 is a failure probability; the first algorithm takes
time linear in max(m,n) and the second takes time independent of m and n. See Figure 1 for a
summary of the dependence of the sampling complexity on k and €, §, and n = 1+ y/8log(1/9).

The proofs for the error bounds make important use of linear algebra and matrix perturbation
theory; see [14, 15, 19, 5] for an overview of these topics. In particular, the proofs use the ap-
proximate matrix multiplication results of [10] and the approximate singular value decomposition
results of [11]. As with those previous works, the probability distribution over the columns, the
probability distribution over the rows, and the respective rescaling are crucial features of the algo-
rithms which must be chosen judiciously. In addition, as a by-product of the CU R decomposition,
we can estimate the top k singular values of A.

Our CUR approximations may be viewed as a “dimension reduction” technique. Two com-
mon techniques for dimension reduction are the SVD and Multidimensional Scaling; see [14, 18].
Another method that has attracted renewed interest recently is the traditional “Random Projec-
tion” method where one projects the problem into a randomly chosen low-dimensional subspace
[17, 20, 16]. These methods do not share (1) and (2) and thus are not suited for very large
problems. Our algorithms achieve (1) and (2) at the cost of the €||A||, error. In addition, our
CUR approximations may be viewed as an approximate decomposition of a matrix A ~ CUR; as
with other decompositions, the CU R decomposition both reveals information about the structure
of the matrix and allows computations to be performed more efficiently. For example, in appli-
cations of the LINEARTIMECUR . algorithm, A’ could be stored in RAM since it can be stored
in O(m + n) space (instead of O(mn) space); in addition, A’ could then operated upon by, e.g.,
applying A’ = CUR to a query vector z € R", which is an operation that can be performed in
O(m + n) space (instead of O(mn) space if A is used).

Our CUR approximations have been used in applications such as the reconstruction of a
matrix given a sample of the matrix in a recommendation systems context and for “similarity
query” problems which are widely used in areas such as Information Retrieval [12]. In this
application, after A has been preprocessed, one gets “query” vectors z and must find the similarity
of = to each row of A. Here, the similarity of two vectors is defined to be their dot product or
their normalized dot product; our technique can handle both. See [6] for related discussion. Note
that the measure ||A||, is a worst case measure and that this is more useful in many contexts
than an average case measure like [|A||, since the relevant query z often comes from a small
dimensional subspace and is not random. See also [2, 1] for a nice discussion of these issues.
Our CUR approximations have also been used in theoretical applications such as designing and



analyzing approximation algorithms for the Max-Cut problem [9]. In these applications, the use
of the constant additional space and time framework is essential.

In other related work, Achlioptas and McSherry have also computed succinctly-described
matrix approximations using somewhat different sampling techniques [2, 1]. Also included in
[2, 1] is a comparison of their methods with those of [7, 8, 13] and thus with the results we present
here. When compared with our LINEARTIMECUR algorithm, they achieve the same results for
the Frobenius norm bound and slightly better results (with respect to 1/¢) for the spectral norm
bound [1]; in their work, however, there is no analogue of our CONSTANTTIMECUR  algorithm.

After this introduction, we provide in Section 2 a review of linear algebra, the Pass-Efficient
model, and of several previous results from [10, 11] that are used in this paper. In Section 3
we describe and analyze the LINEARTIMECUR, algorithm which computes an approximate CUR
decomposition of a matrix A using linear (in m and n) additional space and time, and in Section 4
we describe and analyze the CONSTANTTIMECUR algorithm which computes a description of an
approximate CUR decomposition of a matrix A using only constant additional space and time.
Finally, in Section 5 we provide a discussion and conclusion.

2 Review of Relevant Background

2.1 Review of Linear Algebra

This section contains a review of linear algebra that will be useful throughout the paper; for more
details, see [14, 15, 19, 5] and references therein.

For a vector z € R" we let |z| = (11, |:Ei|2)1/2 denote its Euclidean length. For a matrix
A e R we let AW, j =1,...,n, denote the j-th column of A as a column vector and Ay,
i =1,...,m, denote the i-th row of A as a row vector. We denote matrix norms by [|A||¢, using
subscripts to distinguish between various norms. Of particular interest will be the Frobenius
norm, the square of which is [|Al|7 = 37, > A%j, and the spectral norm, which is defined
by ||All; = supyegn, 420 %. These norms are related to each other as: [|All, < ||A||p <
Vnl|All,. If A € R™*" | then there exist orthogonal matrices U = [ulu?...u™] € R™*™ and
V = [v'o? ... v"] € RY" where {ut}z1 € R™ and {vt}?zl € R™ are such that

UTAV =¥ = diag(0y, ..., 0,),

where ¥ € R™*", p = min{m,n} and 01 > 09 > ... > 0, > 0. Equivalently, A = USVT. The
three matrices U, V, and X constitute the Singular Value Decomposition (SVD) of A. The o;
are the singular values of A and the vectors u’, v' are the i-th left and the i-th right singular
vectors, respectively. If £ < r = rank(A) and we define A; = UkEkaT = Zle atutvtT then the
distance (as measured by both ||-||, and ||-||») between A and any rank £ approximation to A is
minimized by Ag, i.e.,

min |A=Dly = [IA- Aglly = 0x1(4), and (6)
DeRmxn.rank(D)<k

min IA-DI7 = [A=Al7= Y o7(A). (7)
DeRmxn.rank(D)<k My

2.2 Review of the Pass-Efficient Model

The Pass-Efficient model of data-streaming computation is a computational model that is moti-
vated by the observation that in modern computers the amount of disk storage, i.e., sequential



access memory, has increased very rapidly, while RAM and computing speeds have increased at
a substantially slower pace [10, 8]. In the Pass-Efficient model the three scarce computational
resources are number of passes over the data and the additional RAM space and additional time
required by the algorithm. The data are assumed to be stored on a disk, to consist of elements
whose size is bounded by a constant, and to be presented to an algorithm on a read-only tape.
See [10] for more details.

2.3 Review of Approximate Matrix Multiplication

The BASICMATRIXMULTIPLICATION algorithm to approximate the product of two matrices is
presented and analyzed in [10]. When this algorithm is given as input two matrices, A € R™*"
and B € R" P, a probability distribution {p;};",, and a number ¢ < n, it returns as output
two matrices, C and R, such that CR ~ AB; C' € R™*¢ is a matrix whose columns are ¢
randomly chosen columns of A (suitably rescaled) and R € R“*P is a matrix whose rows are the
¢ corresponding rows of B (also suitably rescaled). An important aspect of this algorithm is the
probability distribution {p;};; used to choose column-row pairs. Although one could always use
a uniform distribution, superior results are obtained if the probabilities are chosen judiciously.
In particular, a set of sampling probabilities {p;}; ; are the optimal probabilities (with respect
to approximating the product AB) if they are of the form (8); for an explanation and discussion,
see [10]. In [10] we prove the following.

Theorem 1 Suppose A € R™*" B € R"P, ¢ € Z" such that 1 < ¢ < n, and {p;};_, are
such that p; > 0 and Z?Zl p; = 1. Construct C' and R with the BASICMATRIXMULTIPLICATION
algorithm of [10] and let CR be an approzimation to AB. If the probabilities {p;};_, are such
that

(AW [Bg|
Pk = e (8)
>t | AR | By
then 1
E[|AB - CR|p] < 7 [ Al 1Bl - (9)

If, in addition, we let 6 € (0,1) and n =1+ /8log(1/0), then with probability at least 1 — §

U
IAB — CR||lp < W 1Az 1Bl - (10)

Furthermore, if the probabilities {p;};_, are such that

2
| B
IBI7
then 1
E[[|[AB - CR| x| < 7 1Al 1Bl - (12)

Note that with probabilities of the form (11), we do not get a bound of the form ||[AB — CR||, <
% |Allp [|B]|p by sampling O(log(1/d)) columns without making additional, awkward assump-

tions on the input matrices; see [10]. Of course, by Markov’s inequality we can (and will) obtain
such a bound by sampling O(1/J) columns.



2.4 Review of Approximate Singular Value Decomposition

The LINEARTIMESVD algorithm is presented in [11]. It is an algorithm which, when given a
matrix A € R™*" uses O(m + n) additional space and time to compute an approximation to
the top k singular values and the corresponding left singular vectors of A by randomly choosing
¢ columns of A and rescaling each appropriately to construct a matrix C € R™*¢, computing the
top k singular values and corresponding right singular vectors of C, and using them to construct
a matrix Hy € R™** consisting of approximations to the top & left singular vectors of A. In [11]
we prove the following.

Theorem 2 Suppose A € R™*" and let Hy be constructed from the LINEARTIMESVD algorithm
of [11]. Then,

IN

|A~ e Al
| A~ HeH] Al

IA = Al + 2VE | AAT — cCT ||, (13)
IA — Agll; +2||AAT — cc™,. (14)

IA

The CONSTANTTIMESVD algorithm is also presented in [11]. It is an algorithm which, when
given a matrix A € R™*" uses constant additional space and time to compute a description of
an approximation to the top k singular values and the corresponding left singular vectors of A.
It does so in a manner similar to that of the LINEARTIMESV D algorithm except that it performs
a second level of sampling in order to estimate (rather than compute exactly) the top k singular
values and corresponding singular vectors of C'. The 7 in the following theorem is a parameter
of the CONSTANTTIMESVD algorithm of [11] that is related to the second level of sampling; it
also appears in our CONSTANTTIMECUR algorithm, and is thus discussed in Section 4. In [11]
we prove the following.

Theorem 3 Suppose A € R™*™ et o description of Hy; be constructed from the CONSTANT-
TIMESVD algorithm of [11] by sampling ¢ columns of A with probabilities {p;};—, and w rows

of C with probabilities {qj};n:1 where p; = ‘A(i)‘2/||A||% and q; = ‘C’(j)‘2/||C||%. Let n =

1+ y/8log(2/d) and e > 0.

If a Frobenius norm bound is desired, and hence the CONSTANTTIMESVD algorithm is run
with vy = €/100k, then by choosing ¢ = Q(k*n?/e*) columns of A and w = Q(k?n?/€e*) rows of C
we have that with probability at least 1 — 6,

5 w1l 2 2
|A - EATA|| | < 14— A+ e Al (15)
If o spectral norm bound is desired, and hence the CONSTANTTIMESVD algorithm is run with

v = €/100, then by choosing ¢ = Q(n?/e*) columns of A and w = Q(n?/e*) rows of C we have
that with probability at least 1 — 0,

AHHTA2<AA2 All? 16
— H,H, 2_|| — Aglly +ellAll7- (16)

3 The Linear Time C'UR Decomposition

In this section we describe and analyze the LINEARTIMECUR algorithm which computes an
approximate CUR decomposition of a matrix A € R™*" using linear (in m and n) additional
space and time. In Section 4 we describe and analyze the CONSTANTTIMECUR algorithm which
computes a description of an approximate CU R decomposition of a matrix A using only constant



LINEARTIMECUR Algorithm

Input: A€ R™" rekeZ st 1<r<m,1<c¢<n,and 1 <k < min(r,c), {p;}i~, s.t.
pi >0and )" p; =1, and{q]} _, s.t. q]>0andzj 1 g = 1.

Output: C € R™*¢, U € R**", and R € R"™*",

e Fort =1 to c,
— Pick jy € {1,...,n} withPr[j; =a] =¢qa,a=1,...,n
— Set ) :A(jt)/\/@.

Compute C7'C and its singular value decomposition; say CTC =Yy, UE(C)ytytT.

If 0, (C') = 0 then let k = max{k’ : oy (C) # 0}.

Fort =1 to r,
- Pickite{l co.,m} with Pri; =a] =py,a=1,...,m

— Set Ry = Ag,) /,/rplt
— Set V() = Cy,) /‘/rp“

Let ® = ZHU vy " and let U = W7,

Return C, U, and R.

Figure 2: The LINEARTIMECUR Algorithm

additional space and time. Both algorithms will make extensive use of the corresponding results
from [11] for approximating the SVD of a matrix as well as results from [10] on approximating
the product of two matrices. As with the SVD algorithms, the CONSTANTTIMECUR algorithm
has a similar flavor to the LINEARTIMECUR, algorithm, but is technically more complex due
to the second level of sampling required. Thus, in this section we provide extensive discussion
of the LINEARTIMECUR algorithm and the motivation and intuition behind it, and in Section
4 we highlight the differences between the linear additional time framework and the constant
additional time framework.

3.1 The Algorithm

Given a matrix A € R™*" we wish to compute a succinctly-described, easily-computed matrix
A’ that is decomposable as A’ = CUR € R™*" and that satisfies (1)—(5) of Section 1. The
LINEARTIMECUR algorithm, which is presented in Figure 2, accomplishes this by first forming
a matrix C' € R™*¢ by rescaling a randomly chosen subset of ¢ columns of A; the columns are
chosen in c¢ independent identical trials where in each trial the a-th column of A is chosen with
probability g, and if the a-th column is chosen it is rescaled by 1/,/cq, before inclusion in C'. The
algorithm then forms a matrix R € R™*" by rescaling a randomly chosen subset of r rows of A;
the rows are chosen in r independent identical trials where in each trial the a-th row of A is chosen
with the probability p, and if the a-th row is chosen it is rescaled by 1/,/rp, before inclusion in
R. Using the same randomly chosen rows to construct R from A the algorithm also constructs a
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Figure 3: Diagram for the LINEARTIMECUR Algorithm

matrix ¥ from C' in an identical manner. Thus, ¥ € R™¢ and ¥;; = 4;, ;, /,/e"Pi; qj,,, where
iy, is the element of {1,...,m} selected in the ¢;-th row sampling trial and j;, is the element of
{1,...,n} selected in the t3-th column sampling trial.

The following sampling matrix formalism provides a convenient representation of our ideas,
and will be used extensively in this section and the next. (See [10] for another use of this sampling
matrix formalism.) Let us define the column sampling matrix S € R"*¢ to be the zero-one
matrix where (S¢);; = 1 if the i-th column of A is chosen in the j-th independent random trial
and S;; = 0 otherwise; let us also define the associated rescaling matrix Do € R®*¢ to be the
diagonal matrix with (D¢)y = 1/,/cp;,, where i; is the element of {1,...,n} chosen in the t-th
sampling trial. Let us similarly define Sp € R™*"™ and Dr € R"*" to be the row sampling matrix
and associated diagonal rescaling matrix, respectively. In this notation,

C = ASCDC and R = DRSRA, (17)

where Sc D¢ postmultiplies (and thus samples and rescales columns of) A to form C, and where
Dp Sk premultiplies (and thus samples and rescales rows of) A to form R. Thus, in this notation,

U = DpSRC = DRSrAScDe. (18)

Given C, the LINEARTIMECUR algorithm computes the top k singular values, 0?(C),t =
1,...,k, and the corresponding singular vectors, y*,t = 1,...,k, of CTC. Note that these are
also the (squares of the) singular values and the corresponding right singular vectors of C. Using
these quantities, a matrix ® € R°*¢ may be defined as

1 T
o= byt 19
;Ug(c)yy : (19)

from which U € R is constructed as U = ®UT. We could, of course, have defined a matrix
® (and thus constructed a matrix U) from the singular vectors and singular values of RRT in a
manner analogous to that described above; in that case, the roles of the row sampling and column
sampling would be reversed relative to the discussion below.

Figure 3 presents a diagram illustrating the action of the LINEARTIMECUR algorithm. The
matrix A is shown as operating between the high dimensional spaces R” and R™. In addition,
the matrix C' is shown as operating between R® and R™ and the matrix R is shown as operating
between R"” and R". Intuitively, one may think of R® and R" as being the most significant parts
of R" and R™, respectively, in terms of the action of A. Indeed, this will be the case when the
sampling probabilities {p;}i~, and {g; j— satisfy certain conditions, as stated, e.g., in Theorem
4. The diagram also illustrates that C = AScD¢c, R = DrSgrA, and the matrix U which can be
seen to be U = ®¥T = &CT(DrSg)".



The matrix A is thus approximated by a matrix A’ = CUR, where C is an m X ¢ matrix
consisting of ¢ randomly chosen columns of A, R is an r X n matrix consisting of r randomly
chosen rows of A, and U = ®¥” is a ¢ x r matrix computed from C and R. As we shall see, if
the column and row sampling probabilities are chosen judiciously then ¢ and r can be chosen to
be a constant (independent of m and n but depending on k£ and €). Thus, (pictorially) we have
that:

The length of our succinct representation is O(m + n). Note that, if C' and R are not explicitly
needed, the length of the representation is a constant O(1); this is since U is of constant size
and only a constant number of bits are needed to specify which columns and rows of A are kept
(along with their associated rescaling factors) in the construction of C' and R, respectively.

Before proving the theorem, we would like to give some intuition as to why if {p;}/*, and
{Qj}?zl satisfy certain conditions then the product CUR, as computed from the LINEARTIME-
CUR algorithm, is a good approximation to A in the sense of requirements (4) and (5) of Section
1. Let h! = Cy'/o4(C) be the left singular vectors of C. Thus, if Hy = (h' h? ...hF) € Rk,
then H kaTA is the projection of A onto the subspace spanned by the top k left singular vectors
of C. If the column sampling probabilities {g; }?:1 satisfy certain conditions then the top k of the
hY’s are approximations to the top k left singular vectors of A in the sense that their projection
can be shown to “capture” almost as much of A as the projection of A onto the space spanned
by its own top k left singular vectors. Indeed, the content of the SVD results of [11] (which in
turn depend on the matrix multiplication results of [10]) is that if the column sampling prob-
abilities {qj}?:1 are chosen judiciously then the error in HA — HkH{A“ ¢ beyond the error for
the best rank k approximation can be made arbitrarily small both in expectation and with high
probability.

Although H kaTA is an approximation to A, it cannot be computed in a small number, e.g.,
two or three, of passes over the data since multiplying each Rt by A requires one pass through
A for a total of k passes. One might wonder, therefore, whether the approximation H kaTA can
be approximated so as to satisfy (1)-(5). Indeed, this is exactly what the CUR decomposition
does! Using our sampling matrix formalism, let us define

}{\z:HE(DRSR)T andZ:DRSRA (21)

to be the column-sampled and rescaled version of HkT and row-sampled and rescaled version of
A, respectively. (We will see that HkTg ~ HkTA by Theorem 1.) Lemma 1 states that

CUR = HyHF (DrSr)' DrSrA
= H,HTA (22)

Thus, in order to provide a bound for ||A — C’URH6 for £ = 2, F we can first note that by
submultiplicitivity

| A~ CUR|, < |[A~ HHIA||, + | HH[ A - CUR],, (23)
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Figure 4: Another diagram for the LINEARTIMECUR Algorithm

and then we can bound the two terms separately. The first term in (23) can be bounded using the
SVD results of [11] if the column sampling probabilities satisfy certain conditions; in particular
we will require that they are the optimal probabilities. Since HkTH r = I, Lemma 2 states that

|H.H{A-CUR||, = |H A-H[(DrSr)"DrSrA|,
- |ura-mgal 2
Thus, the second term in (23) can be bounded by the matrix multiplication results of [10]; it

will follow that if the sampling probabilities {p;};*, satisfy certain conditions then H,CTE ~ HI'A
in the sense that the error in HH,CTA — HICTZ‘

- can be bounded. Note that since the optimal

probabilities depend on both H” and A, and since we do not have access to H” , our probabilities
will not be optimal; nevertheless, although we will not obtain bounds with very high probability,
as in [10] and [11], we will be able to apply Markov’s inequality and thus achieve the bounds we
desire.

A diagram illustrating the method (just described) that will be used to prove the correctness
of the CUR algorithm is presented in Figure 4. In this figure, the locations of R® and R" and
thus the directions of R, Sg, C, S¢, and U have been switched relative to their location in Figure
3. This presentation has several advantages: first, the SVD of C' and the SVD of A can both be
presented in the same figure as the CU R decomposition of A; second, one can see that bounding
HA — HkaTAHg well in terms of HAAT — CCTH‘£ depends on the probabilities used to sample

the columns of A; and third, one can also see that bounding HHkTA — }-I\,?E ‘

. well depends on

the probabilities used to sample the (columns of H,%F and the corresponding) rows of A. See the
corresponding figures in [10] and [11] for a comparison.

3.2 Analysis of the Implementation and Running Time

In the LINEARTIMECUR algorithm the sampling probabilities {p;};"; and {g;};_, (if they are
chosen to be of the form used in Theorem 4 and Theorem 5) can be computed in one pass and
O(c+ r) additional space and time using the SELECT algorithm of [10]. Given the elements to be
sampled, the matrix C' can then be constructed in one additional pass; this requires additional
space and time that is O(mc). Similarly, the matrix R can then be constructed in the same pass



using additional space and time that is O(nr). Given C' € R™*¢ computing CT'C requires O(mc?)
additional space and time and computing the SVD of CTC requires O(c?) additional space and
time. The matrix ¥ can be computed in the same second pass by sampling the same r rows of
C that were used to construct R from A; this requires additional space and time that is O(cr).
The matrix ® can be explicitly computed using O(c?k) additional space and time and then the
matrix U = ®¥” can be computed using O(c?r) additional space and time. Thus, since ¢, r, and
k are assumed to be a constant, overall O(m + n) additional space and time are required by the
LINEARTIMECUR algorithm, and (1)—(3) of Section 1 are satisfied. Note that the “description”
of the solution that is computable in the allotted additional space and time is the explicit matrices
C, U, and R.

3.3 Analysis of the Sampling Step

Before stating and proving the main theorem of this section, we will first prove two useful lemmas.
Lemma 1 will establish (22) and Lemma 2 will establish (24).

Lemma 1 .
CUR = HkH;{A

Proof: Note that the singular value decomposition of C'is C =Y}, ot(C’)htytT, that the matrix
U = DrSRC, and that U = ®UT, where ® is given by (19). Thus, we have that

k
1 T
CUR = C (Z p (C)yt@ft )CT(DRSR)TR

t=1

k
= (Zatl htl 131 ) (Z 21 ) t2 t2 ) (Zo’tS t3ht3T> (DRSR)TR
UtZ

ta=1
_ (Z hthtT> (DrSr)"R.
t=1

The lemma follows since Zle hintT = HpH', since R = DrSgrA, and from the definitions (21).
o

Lemma 2

\HyHE A~ CUR||, = | BT A~ HTA|
Proof: From Lemma 1 we have that CUR = Hk;{\,;T/g Let us define the matrix Q € RF*" as
QO =HI'A— HI'(DpSp) " DrSpA = HF A — HT A,
In addition, note that
HHka A— HkHTAH 1H Q)% = Tr (Q7 HI H,Q) .

The lemma follows since H{ Hy, = I;, and since Tr (Q7Q) = 19215

o

Here is our main theorem regarding the LINEARTIMECUR algorithm described in Section
3.1. Note that in this theorem we restrict ourselves to sampling probabilities that are optimal in
the sense of Section 2.3.

10



Theorem 4 Suppose A € R™*"™ and let C, U, and R be constructed from the LINEARTIMECUR
algorithm by sampling ¢ columns of A with probabilities {qj}?:1 and r rows of A with probabilities

m NE
{pi}i,. Assume that p; = ‘A(i)‘Z/HAH% and q; = ‘A(])‘ /||A||?; Then

Ak V4 6\ 1/2
Bll4-curl) < Ja-ade+ ()74 (£)7) i, (29
4\ /4 6\ 1/2
B{|4~ CURJL] < 14 - Al + ( (2)" + (%) ) 4l (26
In addition, if we let n. = 1+ +/8log(1/d.) and let & = &, + o, then with probability at least 1 —¢
A 1/4 o\ /2
|4~ CURI, < 14 - Al + ((—) +z) ) 1l 27)
c 2y
a2 1/4 B\ L/2
14-curl, < la-ady+ ( (%2) "+ (55) ) e (28)
c 2y
Proof: By the submultiplicitivity of [|-||» and ||-||, we have that
|A—CUR|, < ||A~ HeH[ A + ||HHg A~ CUR| (29)
for both ¢ = 2, F'; thus by Lemma 1 and Lemma 2 we have that
IA~CUR|, < ||A-HpH{ Al| + ||[Hg A~ H (DrSR)" DrSrA|| (30)
= l|A-muiall + |Bfa-HA| (31)

for both ¢ = 2, F, where (31) follows from the definitions (21). Then, note that the column
sampling satisfies the requirements for the LINEARTIMESVD algorithm of [11]. Thus, by Theorem
2 it follows from (30) that

IA—CUR|lp < |A— Apllp+ (4k)7 HAAT—CCTH;/QJrHH,CTA—JT{\EKHF (32)
IA— CUR|, < ||A—Ak||2+\/§HAAT—CCT\|¥2+“H{A—EEE“F. (33)

Note that from the LINEARTIMECUR algorithm the column sampling probabilities are of the
form (8) with B = A”’; thus, they are optimal and E | HAAT - CCTHF] < ﬁ | A||%. In addition,
although the row sampling probabilities are not optimal, they are of the form (11); thus, since
HH,%FHF = vk we have that

— k
o [Jaca- ], < Fra 2

Thus, by taking expectations of (32) and (33), by using Jensen’s inequality and Theorem 1, (25)
and (26) follow.
To establish (27) and (28) first let the events &, ¢ = ¢, r be defined as follows:

. T T e 2
g - HHTA—EFZH <i\/g||A|| .
k ol =6, Vor F

11



Thus, from Theorem 1 we have that Pr[f.] > 1 — §.. By applying Markov’s inequality to
HH;{A - H,Z’ZHF and using (34) we see that

— 1 /k
[
r

and thus that Pr[£,] > 1 — §,. The theorem then follows from (32) and (33) by considering the
event E.() ;.

<4,

o

Note that in the proof of Theorem 4 (and similarly in that of Theorem 6 in Section 4)
|A — CUR]|; is bounded by bounding each of the terms HA - HkHl,r{AHf and HHkaTA - CURHg
independently. In order to bound HA — HkH{A“ e the SVD results for arbitrary probabili-
ties from [11] are used, and then it is noted that the column sampling probabilities used in
the LINEARTIMECUR algorithm are optimal for bounding HAAT — CCTHF. Then, indepen-
dently, HH kH,%FA — CURH ¢ is bounded by using the matrix multiplication results of [10]. Since
the probabilities that are used for the row sampling are not optimal with respect to bounding

HH,CTA — ;I\,;T/ZHF, we do not obtain that bound with high probability. Due to the use of Markov’s

inequality, we must sample a number of rows that is O(1/d) whereas we only need to sample a
number of columns that is O(log(1/4)).

As a corollary of Theorem 4 we have the following theorem. In this theorem, in addition to
using sampling probabilities that are optimal in the sense of Section 2.3, we choose sufficiently
many columns and rows to ensure that the additional error is less than € || Al| 5.

Theorem 5 Suppose A € R™*"™ and let C, U, and R be constructed from the LINEARTIMECUR

algorithm by sampling ¢ columns of A with probabilities {qj}?zl and r rows of A with probabilities

{pi}i~,. Assume that p; = ‘A(i)‘Z/HAH% and qj = ‘A(j)‘Z/HAH% and let e,¢' > 0 with e = €' /2.
If ¢ > 4k/e* and r > k/€?, then

E[||A-CUR|z] < |IA— Akllp +€ | Allp, (35)
and if ¢ > 4/e* and r > k/€%, then
E[||[A—CUR|,] < [|A - Aklly + € [|All - (36)

In addition, if we let n. = 1++/8log(1/d.) and let § = 6, + 0., and if ¢ > 4kn?/e* and r > k/62€2,
then with probability at least 1 — §

|A—CUR|lp < [[A= Apllp + € [|All (37)
and if ¢ > 4n?/e* and r > k/02€2, then with probability at least 1 —§
|IA—CURIly < |A = Aglly + € [IAll - (38)

The results of Theorem 4 and Theorem 5 for both the Frobenius norm and the spectral norm
hold for all & and are of particular interest when A is well approximated by a matrix of low
rank since then one may choose k& = O(1) and obtain a good approximation. In addition, since
|A— Aell, < |Allp /VE, forallt = 1,2,..., 7, the bounds with respect to the spectral norm have
the following interesting property: from (36) we can see that

E[]l4 - CUR,) < (1/vE+¢) 1Al

12



and similarly for (38). Thus, under the assumptions of Theorem 5 if we choose k = 1/¢'* and let
€' = 2¢ then we have that
E[|A-CUR|ly] < €" |Allp, (39)

and that
|A—CUR|, <€"||Allp (40)

holds with probability at least 1 — 4.

4 The Constant Time CUR Decomposition

4.1 The Algorithm

The CONSTANTTIMECUR algorithm is very similar in spirit to the LINEARTIMECUR  algorithm;
thus, we only highlight its main features with an emphasis on similarities and differences between
the two algorithms. Given a matrix A € R™*"™  we wish to compute a description of a succinctly-
described, easily-computed matrix A’ that is decomposable as A’ = CUR € R™ ™ and that
satisfies (1)~(5) of Section 1, where the additional RAM space and time to compute U is O(1).
The CONSTANTTIMECUR algorithm, which is presented in Figure 5, accomplishes this by forming
a matrix C € R™*¢ by rescaling a randomly chosen subset of ¢ columns of A, forming a matrix
R € R™*" by rescaling a randomly chosen subset of » rows of A, and forming a matrix ¥ € R"*¢
from C' by choosing the same randomly chosen rows used to construct R from A and rescaling
appropriately. Given C, the CONSTANTTIMECUR algorithm randomly chooses and rescales w
rows of C' to form a matrix W € R¥*¢ and then computes the top ¢ singular values, o2(W),t =
1,...,4, and the corresponding singular vectors, z',t = 1,...,¢, of WTW. Note that these are
also approximations to the (squares of the) singular values and the corresponding right singular
vectors of C. Using these quantities, a matrix P € R°*¢ may be defined as

~ 1 T
O = byt 41
2o “

from which U € R®" is constructed as U = ®¥7T. Note that in the constant additional space and
time framework the actual matrices C' and R are not explicitly computed; instead the constant-
sized matrix U is computed and only a constant number of bits are stored to specify which
columns and rows of A are kept (along with their associated rescaling factors) in the construction
of C and R, respectively. Thus, the length of the succinct representation of A is a constant.
Figure 3 of Section 3 provides a diagram illustrating the action of LINEARTIMECUR  algo-
rithm, but the diagram and associated discussion are also relevant for the CONSTANTTIMECUR
algorithm. Figure 6, in this section, also provides a diagram illustrating the action of the CON-
STANTTIMECUR algorithm, and is the analogue for the constant time CUR of Figure 4; Figure
6 also illustrates that the matrix Y (= Vi) (of Figure 4) consisting of the top k right singular
vectors of C' is not exactly computed, but is instead approximated by the matrix Z (= Vi),
where Z is a matrix whose columns Z() = 2! consist of the right singular vectors of . Thus,
the matrix Hj, consisting of the left singular vectors of C' is not exactly computed but is only
approximated by Hj, where ﬁét) = ht = Czt)o (W), for t = 1,...,£. Since by construction it
is still the case that R = DpSrA (and also that C = AScD¢e and ¥ = DpSRC), where the
sampling matrices and the diagonal rescaling matrices are defined as in Section 3.1, it follows
from Lemma 3 that
CUR = H,H} (DrSk)T DrSRA. (42)

13



CONSTANTTIMECUR Algorithm

Input: A€ R™" rekeZ st 1<r<m,1<c¢<n,and 1 <k < min(r,c), {p;}i~; s.t.
pi > 0and > " 1pl—lamd{q]} _, s.t. qJ>0andZ _1q; =1

Output: U € R" and a “description” of C' € R™*¢ and R € R"™*™.

e Fort=1toc,
— Pick j, € {1 .,n} with Pr[j; = o] = qa, and save {(ji,q;,) :t=1,...,c}.
— Set C) = AUY) /‘ /cqj,- (Note that C is not explicitly constructed in RAM.)
2
e Choose {m;}/", s.t. m = |Ciy|” / IC]|7.
e Fort =1 to w,
— Pickig€1,...,m withPriy=a] =7y, a=1,...,m.
— Set Wy = Ci,)/JwTi,-
e Compute WIW and its singular value decomposition; say WIW = 3¢, ag(W)ztth.

e If a ||| bound is desired, set v = €/100k,
Else if a ||:||, bound is desired, set v = €/100.

e Let £ = min{k, max{t : a7(W) > v ||W|%}}.
e Keep singular values {0,5(W)}f:1 and their corresponding singular vectors {zt}le.
e Fort=1tor,

— Pick i € {1 .,m} with Pr [i; = @] = pa, and save {(i,p;,) :t=1,...,7}.
— Set Ry = Ay /1 /TDi,. (Note that R is not explicitly constructed in RAM.)

— Set V() = Cy, /‘/rp“

o Let & = Zle Wztz# and let U = ®07.

e Return U, ¢ column labels {(trq5,) :t=1,...,c}, and r row labels {(¢,p;,) :t=1,...,7r}.

Figure 5: The CONSTANTTIMECUR Algorithm

14
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Figure 6: Diagram for the CONSTANTTIMECUR Algorithm

In the linear time case we had that H kTH r = Ij since the columns of Hy were k of the left singular
vectors of C'. This allowed us to prove Lemma 2, as described in Section 3.1. In the constant
additional time setting, the columns of Hy are only approximations to k of the left singular vectors
of C, but we still have that ﬁfﬁg ~ Iy. To quantify this, define Z, g € Rex(B=at1) 6 be the
matrix whose columns are the a-th through the S-th singular vectors of W' W and T € R*¢ to
be the diagonal matrix with elements Ty = 1/0¢(W). If we define the matrix A € R*‘ to be

A=TZ{ (CTC - W'W)Z,,T, (43)
then Lemma 5 will establish that

HH,_;HZTA - CURHF < (1+ 1a1?) HH{A - H{(DRSR)TDRSRA“F, (44)
and Lemma 4 establishes that erTfI ¢ = I; + A. Thus, as in the linear time case, we can split
HA - C’f]RHg < HA - mﬁgAHg + HmﬁgA - CURHé

for £ = 2, F and then bound the two terms separately. The first term can be bounded by the
constant time SVD results of [11], the second term can be bounded by the matrix multiplication
results of [10], and bounding the overall error depends on both results. Due to the two levels of
sampling, the additional error will be larger than in the linear additional time framework, but it
can be made arbitrarily small by choosing a constant number of rows and columns.

4.2 Analysis of the Implementation and Running Time

In the CONSTANTTIMECUR algorithm the sampling probabilities {p;};* | and {g;}}_, (if they are
chosen to be of the form used in Theorem 6) can be computed in one pass and O(c+r) additional
space and time using the SELECT algorithm of [10]. Given the columns of A to be sampled,
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we do not explicitly construct the matrix C' but instead perform a second level of sampling and
select w rows of C' with probabilities {m;};" | in order to construct the matrix W; this requires a
second pass and O(w) additional space and time. Then, in a third pass we explicitly construct
W this requires additional space and time that is O(cw). Similarly, a description of the matrix
R can then be constructed in the same third pass using additional space and time that is O(r).
Then, given W, computing W' W requires O(cw?) additional space and time and computing the
SVD of WTW requires O(c?) additional space and time. The matrix ¥ can be computed in
the same third pass by sampling the same r rows of C' that were used to construct R from A;
this requires additional space and time that is O(cr). The matrix ® can be explicitly computed
using O(c?k) additional space and time and then the matrix U = ®¥” can be computed using
O(c?r) additional space and time. Thus, since ¢, r, and k are assumed to be constants, overall
O(1) additional space and time are required by the CONSTANTTIMECUR algorithm, and (1)
(3) of Section 1 are satisfied. Note that the “description” of the solution that is computable
in the allotted additional space and time is the matrix U and the labels i1,...,i, and ji,...,j.
indicating the rows chosen to construct C' and R as well as the corresponding probabilities {p;, };_,
and {g¢;,};_,; we note that we need to know p; only for the sampled rows i and g; only for the
sampled columns j.

4.3 Analysis of the Sampling Step

Before stating and proving the main theorem of this section, we will first prove several useful
lemmas. First, in Lemma 3 we will establish (42).

Lemma 3 B s
CUR = H,H} (DrSr)' DrSRA

Proof: Since ht = Cz'/oy(W) for t = 1,... ¢, we have that C' = pran O't(W)iLtth. Thus, we
have that

V4
~ 1 T
CUR = <§ :o—g (W)ztzt )CT(DRSR)TR

The lemma, follows since Zle Rt = H, gf{eT and since R = DgrSRA.

o
Next, Lemma 4 will characterize, in terms of A, the degree to which the columns of H; are not
orthonormal. Note that it appeared in [11].

Lemma 4 When written in the basis with respect to Z:
f{}f{g =1+ A.
Furthermore, for £ =2, F,
1

e HCTC—WTWH§.

1Al <
Wiz
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Proof: Recall that h* = Cz!/oy(W) is the t-th column of Hy and that ‘th WIW 2| = 62(W)éy,

where d; is the Kronecker delta function. First note that

T 2CTCH AT WIW . 2 (CTC-WTW) A LA,
of (W) o; (W) ot (W) '

Next note that if ¢ # ¢’ then

ATCTe AMwWIwe 2 (CTC - WTW) 2

R~ _ ; A
o(W)ow(W) — or(W)oy (W) i(W)oy (W) ’
Finally, since |Ay| < —+— (ZITZ(C’TC -Wtw)z, 4) ‘ for every ¢t and t', it follows that
NIz ' A
1
1Al < |ctc -wrw||,.
v W% "

Similarly, by submultiplicitivity,
1

1ALl < IT15 1121, >
YWl

 cte-wiw|, <

|ctc-wrwl,.
The lemma then follows.

Next, in Lemma 5 we will establish (44).

Lemma 5
HH,_;HZ’A - CURHF < (1+ 1an?) HH,_,TA - HZ’(DRSR)TDRSRAHF
Proof: From Lemma 3 we have that CUR = f[gﬁ[(DRSR)TDRSRA. Let us define the matrix

Qe RIX™ ag B ~
Q= H]A— H] (DrSr)" DrSrA.

Thus, since HXXTHF = || X||% for a matrix X, we have that

HZQH; - Tr(QTFI,_,TFIgQ>

= Tr(Q" (I, +A)Q) (45)
= |12l + Tr (27 AQ)
< 92l + 1Al 12, (46)

where (45) follows from Lemma 4 and (46) follows since |Tr (QTAQ)| < ||All, Tr (27Q). The
lemma then follows.

o
Finally, in Lemma 6 we show that |W| = ||C||z = ||Al|» when optimal probabilities are used.
It also appeared in [11].

Lemma 6 Suppose A € R™*"™ qand run the CONSTANTTIMECUR algorithm by sampling c
columns of A with probabilities {qj}?:1 (and then sampling w rows of C with probabilities {m;}.",

to construct W) and r rows of A with probabilities {p;};~,. Assume that p; = ‘A(i)‘2 /I Al% and
412
gj = [AD[ /| A7 Then, Wiz = ICllz = || Al
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|A(it)|2

cpiy

Proof: T p; = [A®|* /| A||% then we have that [|C[|% = X5, |c®]* = 3¢, = || |3

2
Similarly, if ¢; = |C(|?/IC]% then we have that |[W[2 = Y2 [W|* = S, ool —

wai,
||C||§; The lemma, follows.
o
Here is our main theorem regarding the CONSTANTTIMECUR algorithm described in Section
4.1. It is the constant time analogue of Theorem 5. Note that in this theorem we restrict ourselves
to sampling probabilities that are optimal in the sense of Section 2.3, and to choosing sufficiently
many columns and rows to ensure that the additional error is less than e[| A|| ..

Theorem 6 Suppose A € R™¥" and let C, U, and R be constructed from the CONSTANTTIME-
CUR algorithm by sampling ¢ columns of A with probabilities {q]} _, (and then sampling w rows
of C with probabilities {m;};" | to construct W) and r rows of A wzth probabilities {p;};~,. Assume

that p; = ‘A ‘ /I All% and q; = ‘A ‘ JAll%. Let n =1+ /81og(3/6) and ¢ > 0.
If o Frobemus norm bound is desired, and hence the CONSTANTTIMESVD algorithm is run

with v = €/100k, then if we let ¢ = (k2n2/68), w = (k2n2/68), and r =) (k/5262), then with
probability ot least 1 — §

|A-cOr| <i1A- Akl +elAlL. (47)
If a spectral norm bound is desired, and hence the CONSTANTTIMESVD algorithm is run with
v = €/100, then if we let c = Q (n?*/€®), w = Q (n?/€®), and r = Q (k/5%€?), then with probability
at least 1 — 0 }
HA—OURH2 < A= Aplly + €| All - (48)
Proof: Let us define the events:

& HAAT—CCTHFS%HAH% (49)

n
Ew HOTC—WTWHFST

HH,_,TA AT (DRSR) DRSRAH

1Al (50)

1| 14l (51)

Under the assumptions of this theorem, event &. holds with probability greater than 1 — §/3 by
Theorem 1, and similarly for event £,. Next, we claim that £. holds with probability greater
than 1 — §/3. To prove this it suffices to prove that

N . 1 -~
T4 7T T < TH
E [ |74~ ] (DrsSw)" DrseA| | < v |a7| 1, (52)
since the claim that Pr[€,] > 1 — /3 follows immediately from (52) by Markov’s inequality; but

(52) follows from Theorem 1 since the probabilities {p;};~, used to sample the columns of Hy; and
the corresponding rows of A are of the form (11). Thus, under the assumptions of the theorem,

Pr[&]>1-0/3 for { =c,w,r.

Next, from Lemma 4 and the Cauchy-Schwartz inequality, it follows that
9 0 - l
7 7T Tt
HHKHF:;‘;L h‘:;l-{-AttSk—i-\/EHAHF. (53)
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Since 1+ z < 1+ /x for z > 0 it follows from (53) and (51) that under the event &, we have

|7 4 - AF (DS DrSrA if(f + R ALY 1Al (54)

By combining (54) with Lemma 5 we have that

|t a-con| < g7 (1 1AIE) (VR R IAEE) 1Al
< (f—k)/ (1+ 1AI2) 4l (55)
(f—k)/ (1+30415%) 141 (56)
() (H?)HCT?!WVVV;:V Hm) Al 6T

where (55) follows since k'/4 < /&, (56) follows by multiplying out terms and since [|Af, <1
under the assumptions of the theorem, and (57) follows from the bound on [|Al|; in Lemma 4.

Let us first consider establishing the Frobenius norm bound of (47). Recall that in this case
we have set v = ¢/100k. We will use the submultiplicitivity of |||,

HA - CURHF < HA - I:IZI:IZTAHF n HHZHKTA - CURHF, (58)

and will bound each term separately. First, using the probabilities {qj}?:1 and the values of
c,w = Q (k?n%/€®), then under the event £ (&, we have that

|A-fea7 A < 1A= Al + 5 1Al (59)

by Theorem 3; see also [11]. In addition, using the sampling probabilities {p;};"; and values of
= Q (k/6%¢*) and w = Q (k’n?/€®), and noting Lemma 6, it follows from (57) that under the
event & [ Ey:

Hmﬁ}A - CURHF < % 1A - (60)
Thus, under the event &.() &y () Er, which has probability at least 1 — §, by combining (59) and
(60) we see that (47) follows.

Let us next consider establishing the spectral norm bound of (48). Recall that in this case we
have set v = €/100 and that

HA—OURH2 < HA—ETJI}AHZJr HFI,_:HZTA—CURHF (61)
by the submultiplicitivity of [-||, and since [|-||, < ||-||z. First, using the probabilities {Qj}?zl
and the values of ¢,w = Q (n?/€®), then under the event £ (&, we have that

. €
|4 - AT A|| < 014- Al + 1Al (62)

by Theorem 3; see also [11]. In addition, using the sampling probabilities {p;};", and values of
r = Q(k/6%€¢*) and w = Q (n?/€®), and noting Lemma 6, it follows from (57) that under the
event & [ Ew:

HHKHKA CURH §||A||F. (63)
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Thus, under the event &.() &y () Er, which has probability at least 1 — §, by combining (62) and
(63) we see that (48) follows.
o
As in the linear additional time framework, the results of Theorem 6 hold for all k£ and are
of particular interest when A is well approximated by a matrix of low rank since then one may
choose k = O(1) and obtain a good approximation. In addition, it follows from (48) that

HA - CURH2 < (1/\/E+ e') 1Al

Thus, under the assumptions of Theorem 6 if we choose k = 1/¢'> and let ¢’ = 2¢/ then we have
that
|IA—CURJ|, < €"[|All (64)

holds with probability at least 1 — §.
For future reference [9], we note the following lemma.

Lemma 7

U‘ < oW
2~ v [[Allp

. T Tl — ol 5 T ; 5 — V¢ 1t tT
Proof: First note that HUH2 = Hq)\lf H2 < H@HZ H\If H2 Since & = >, e 2 we see
that H&)‘ =L <1
2 oi(W) = AWl&

6 we have that |7, < O(1) | 4]l and that 1/ [W % < O(1)/ | AJ%.

. The lemma follows since, when using the probabilities of Theorem

5 Discussion and Conclusion

To put the CUR decomposition in context, it will be useful to contrast it with the SVD. The
SVD of A expresses A as A=>1 Ut(A)utvtT. Keeping the first k& terms of this expansion, i.e.,
keeping A; = Zle at(A)utvtT = UkaVkT, gives us the “optimal” rank k approximation to A
with respect to both the spectral norm and the Frobenius norm [14, 15]. Thus, computing the
SVD gives us a good succinct approximation, since it only takes space O(k(m+n)) to write down
Uk, >k, V.. However, the computational problem of finding the SVD cannot be carried out in a
small constant number of passes. Our theorems say that weaker bounds, which are similar in
spirit, may be achieved by CUR. Note, however, that although the SVD may be thought of as a
rotation followed by a rescaling followed by a rotation, the C'U R decomposition is quite different;
both C and R perform an action like A and thus U must involve a pseudoinverse-like operation.
Note also that the last upper bound, i.e., (5), is much smaller than ||A||; when A has a good
low-rank approximation. This is indeed the case for matrices occurring in many contexts, such
as matrices for which Principal Component Analysis is used.

Recent work has focused on developing new techniques for proving lower bounds on the number
of queries a sampling algorithm is required to perform in order to approximate a given function
accurately with a low probability or error [3, 4]. In [4] these methods have been applied to the
low-rank matrix approximation problem and to the matrix reconstruction problem. In the latter
problem, the input is a matrix A € R™*" and the goal is to find a matrix B that is close to A.
In [4] it is shown that finding a B such that ||A — B||; < €l||A]|p requires Q(mn) queries and
that finding a B such that ||A — B||, < €||A||z requires Q(m + n) queries. Thus, our algorithm
is optimal for constant e.
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