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Unknown probability density over Rn :

F = w1F1 + w2F2 + . . . wkFk,

wi ≥ 0,
∑

wi = 1

Fi are from a known class - for example general
Gaussians (arbitrary varience-covarience matrix)
Or More generally, log-concave densities.

Given polynomially many (in n, k) samples drawn
according to mixture F , break the samples up
into k sub-sets each drawn according to one of
the Fi.

n →∞ k ∈ O(1).

[“Weaker” Question : Find best fit from class.
Not considered here.]
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Some notation : µi centroid of Fi.

σi is the maximum variance of Fi in any direc-

tion.

σ2
i = maximum eigenvalue of var-covar matrix.

Separation :

Mini,j
|µi − µj|
(σi + σj)

.

How many standard deviations apart are the

means ?

Better Question : By how many standard de-

viations in the direction joining them are the

means separated ? - Cannot handle at present.
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Observation 1 If Separation is small, cannot

hope to break up the given samples into the

component k parts in a unique manner. So

must assume separation not too small.

Observation 2 For spherical Gaussians of the

same radius, at separation of o(1), the prob-

ability clouds are still “merged”; cannot sepa-

rate into components uniquely.

Observation 3 For k = 2 and two spherical

Gaussians of same radius, at Ω(1) separation,

the central hyper-plane separates the proba-

bility clouds; so if we find the direction of the

line joining the two µi, we are done.

Result 3 Same case. For separation in Ω(n1/4),

“samples nearest to a sample come from the

same Fi. So, distance based separation works.
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Basic Techniques

• Distance based clustering - Idea - classify

close-by points (or points close to one cen-

ter) into one cluster. Fails if distances blur.

• Random Projection. Project to a random

sub-space of low (perhaps k) dimensional

sub-space. Cluster the projection.

The centers and hence the clouds may come

closer in the projection.

• Project to the k−dimensional sub-space which

minimizes the sum of distances squared to

the sample points. (SVD sub-space) CAN
BE FOUND IN P-TIME !! For spher-

ical Gaussians, the SVD sub-space (of the

densities) passes exactly through the cen-

ters.
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Problem cases : Two large flat pancakes

on top of each other.



Previous Results

Authors Sep Assumptions Method

Dasgupta [?] n
1
2 Gaussians, bounded variances Random projection

and wi = Ω(1/k)

D-Schulman [?] n
1
4 Spherical Gaussians EM+distances

Arora-Kannan [?] n
1
4 Gaussians Distances

Vempala-Wang [?] k
1
4 Spherical Gaussians Spectral projection

This paper k
3
2

ε2
Logconcave distributions Spectral projection

To Come : Achlioptas and McSherry
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“For spherical Gaussians, the SVD sub-space

W passes thro’ the centers” - Simple to prove

conceptually :

Average distance squared of one Gaussian from

a sub-space M of dimension k (Pythogorous

Thm)

= Distance squared of µ from M + (n− k)σ2.

For general Gaussians, not necessarily exactly

true, but approximately.
∑

i

wi dist 2(W, µi) ≤ k
∑

wiσ
2
i .

Not sufficient.
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Theorem Let S = S1 ∪ S2 . . .∪ Sk be a sample

from a mixture F with k components such that

Si is from the ith component Fi and let W be

the SVD subspace of S. For each i, let µS
i be

the mean of Si and σ̂2
i,W (S) be the maximum

variance of Si along any direction in W . Then,

k∑

i=1

|Si|d(µS
i , W )2 ≤ k

k∑

i=1

|Si|σ̂2
i,W (S).

Main Difference from intuitive statement : (i)

Both means and variences are of the sample.

(ii) RHS has variances only in W .
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Idea of Proof :

Let M be the space spanned by the real means

- µi.

Upper bound a = sum of distances squared to

M .

Let b = sum of distances squared to W . Note

b ≤ a.
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So, in a weighted average sense, the SVD sub-

space is not far away from the means. Thus,

for “large” Fi, their µi must be close to the

sub-space. In fact, we show that no other

(large or small) Fj has its “cloud” “contami-

nating” the cloud of a large Fi in the projection

onto SVD sub-sapce W .

Gaussian Fi large if |Si|σ̂2
i ≥ ε3

100k maxj |Sj|σ̂2
j .

For i large and any other j,

|µ̂i − µ̂j| >
k3/2

ε2
(σi + σj).
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Find a large component - peel it off and repeat.

How does one find a large component ?

Assume each wi ≥ ε. For each projected sam-

ple point p, let T (p) be its nearest εN/4 neigh-

bors. (N total number of samples) Then, we

show that for large i, for every sample p picked

according to Fi, all samples in T (p) must be

from the same component.

Let T be a (large) set of i.i.d. samples picked

according to a Gaussian and T ′ be an arbitrary

subset of T with |T ′| = |T |/10 (T ′ is picked

from T by an adversary.) Then the maximum

varience of T ′ in any direction is within a con-

stant factor of the maximum variance of T in

any direction.
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So, far we have solved the clustering problem.

How can we actually find the densities (to com-

plete “learning the mixture”) ?

Log-concave densities generalize uniform dis-

tributions on convex sets and learning general

convex sets is not yet solved even under uni-

form densities. But, at least :

Lovász, Vempala : Given O∗(n lnn/ε4) i.i.d.

samples from a log-concave density in Rn, the

variance-covariance matrix of the density can

be estimated to relative error ε.

(Estimate matrix)−1 × (var-covar Matrix) has

all eigenvalues ∈ (1− ε,1 + ε).
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