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Abstract

We presert a number of streaming algorithms for a basic clustering problem for massiwe data
sets. In this problem, we are given a set of n points drawn randomly accordingto a mixture of k
uniform distributions, and wish to approximate the density function of the mixture. The points
are placedin a datastream (possiblyin adversarial order), which may only beread sequettially by
the algorithm. We arguethat this realistically models, among others, the datastream produced
by a national censusof the incomesof all citizens. Our algorithms conform to the pass-e cient
model of computation; thus one of them has the novelty that it may make seweral passesover
the data. The power of this approac is made apparert by the following property of our main
algorithm: If the algorithm is allotted 2| passesijt will produce an approximation with error at
most !, using at most O (k3= 2) read-write memory, the most critical resourcefor streaming
computation. Thus, we demonstrate that more passesallow much sharper approximations,
holding the amount of RAM used constart.

1 Intro duction

The streaming model of computation has received much attention in the recen literature. In this
model, the input to an algorithm may only be read in a single, sequetial passover the data; no
random accessof the input is allowed. Furthermore, the amount of RAM used by the algorithm
must be small (typically o(n), wheren is the sizeof the datastream). The streaming model ts well
with the constraints of computation with massiwe data sets, where the size of the input is much
too largeto t into main memory. The data must be placed in secondarystorage (for instance a
tape, or disk that must be read in entire blocks), which may only be accessedequetially .

The pass-e cient model hasbeenproposedby Drineas and Kannan [7] asa more exible version
of the streaming model. Intuitiv ely, the rigid restriction of the streaming model to a single pass
over the data unnecessarilylimits its potential utilit y. The pass-e cient model allows for multiple
sequetial passesover the input (ideally a small, perhapsconstart, number of passes),and a small
amourt of extra space. While processingead elemert of the datastream, the algorithm may only
use computing time that is independert of n, but after ead pass,it is allowed more computing
time (typically o(n)). In this model of computation, we are most concernedwith two resources:the
numkber of passesand additional storage space (RAM) . The model has beenapplied to a two pass
algorithm for computing a succinct, approximate represenation of a matrix [7].

In this paper, we consider a new clustering problem. Our problem, learning a mixture of k
uniform distributions, is roughly stated as follows: Given a set of points drawn from a mixture
of distributions (to be de ned precisely below), compute the clusters (i.e. density function of the
mixture) from which the points were drawn. The main motivation for our problem arisesfrom
considerationsin the analysis of censusdata. Censusdata can naturally be modeled as a mixture
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of uniform distributions. Consider for instance the data set consisting of the personalincomes of
a sampled set of citizens or, asin the caseof the United States census,in principle all citizens.
The incomes of individuals engagedin any single professionare certainly not exactly the same,
but rather are distributed over somerange of incomes. A reasonable rst step in modeling sud
distributions is to assumethat the incomesin a given professionare uniformly distributed over some
interval. Thus, suppose professioni corresponds to the range of incomes(a;j; k), and represerts
w; proportion of the population. A sample drawn for the censuscan be viewed as distributed
according to a mixture of uniform distributions in the following way: with probability w;, the
individual sampled belongsto professioni, in which casethe individual's income will fall in the
interval (a;; ). The whole of the censusdata may be adversarily ordered.

An interesting questionto askis: assumingthe censusdata is distributed as a mixture of uniform
distributions, can we compute the distribution of incomes? Sincethe amourt of data in a census
is, in principle, very large, the pass-e cient/streaming model of computation is appropriate.

More formally, a mixture of k uniform distributions is de ned by k possiblyintersectingintervals
{;ai;h) for i = 1;:::;k and a correspnding mixing weight w; 0 for ead interval, suc that

w; = 1. We assumethat the mixture is not degenerate: 1 < aj <l < 1, foralli. A mixture
of k uniform distributions is a probability distribution on R de ned by choosing the i'th interval
with probability w;, and then picking a point uniformly at random from the choseninterval.

Supposethat X is a set of n points randomly chosenfrom R according to a mixture of k-
uniform distributions with density function F. X can be ordered (possibly adversarily) to produce
a sequencevhich constitutes the datastream. Our problemis then: Designa pass-e cient algorithm
that approximates F from the datastream X ..

Standard methods including Vapnik-Cervonenkis argumerts can be usedto show that from a
random sampleof O (k%= 2) points from X, we can learn the mixture within error (seeSection3
for precise statemerts). The main result of our paper is that with multiple passes,we can gain
signi cant accuracywithout increasingthe amount of RAM. Alternativ ely, the bene t of multiple
passescan be viewed as holding approximation quality constart while decreasingthe necessary
amount of RAM; increasingthe number of passessigni cantly decreaseshe RAM needed.

We now describe the general technique for our multiple passalgorithm. In a single pass, we
partition the domain into a set of intervals, basedon samplesof the datastream. We estimate the
density function F on ead interval as follows. In a secondpass,we cournt the number of points in
X that lie in ead interval, and run subroutine Constan t? , which determineswhether or not F is
(approximately) constart on ead interval. If F is constart on an interval |, then the density of F
can be estimated easily by the number of points of X that fall in the interval. If F is not constart on
I, the algorithm recursively estimatesthe density in the interval using subsequen passesjn e ect
\zooming in" on these more troublesome intervals until we are satis ed with our approximation.

A crucial part of the algorithm is subroutine Constan t? , which solvesa problem of indepen-
dent interest: determining in a single passover X whether or not F is approximately constart on
someinterval. Forany > 0, Constan t? usesonly O(k) RAM and determineswhether F is within

in L distanceof the uniform distribution, provided n is large enough(  ((5k)8*3= 8 4)). Note
that the spacerequired is independert of . For technical reasons,it is necessaryto slightly per-
turb the data in X sothat ead point is drawn from an -smaotheal distribution, H, which is very
closeto F in variational distance. In a single pass,we can estimate the rst 4k 3 raw momerts
of the perturbed distribution. If any of these momerts deviate signi cantly from what we would
expect if H were constart, then we know that F is not constart. Otherwise, we know that F is
approximately constart; this will follow from our critical result: namely that the conditioning of
the matrix of momerts of an -smoothed distribution is well-behaved.



1.1 Our Results

The L! distancgwith respect to the usual Lebesguemeasurebetweenmeasurablefunctions f and
gisdened as Ljf g. Given > Oand > 0, we describe various randomized pass-e cient
algorithms that nd with probabilitygat least 1 a function G that is an approximation to F,
with error measuredby L? distance: rIF  Gj. Specically, we presern the following results:

1. In Section 3, a one passalgorithm with error at most that requiresO (k%= 2) RAM.

2. In Section 4, a 2| passalgorithm with error at most ' that usesO (k3= 2) RAM, for any
integer| > 0.

3. In Section 5, a four passalgorithm with error at most 2 that usesO (k3= 2) RAM, but has
a better sample complexity than the algorithm above when| = 2.

These results can alternatively be viewed as showing that making more passesover the data
allows our algorithms to use lessspace,thus trading one resourcein the pass-e cient model for
the other. Viewed in this manner, the 2| passalgorithm will have an error of at most using
O (k3= %) space. This feature demonstrates the potential for multiple passesin designing a
streaming algorithm with exible performance guarartees on spaceneededand passesused; the
algorithm can be tailored to the speci ¢ needsand limitations of a given application and system
con guration.

1.2 Related Work

One passstreaming algorithms have beendesignedfor a wide array of problems, including cluster-
ing. In cortrast to our approximation schemes,these algorithms give constart factor (or weaker)
approximations; for our purp osesand motivations, such coarseapproximations may not be accept-
able. Charikar et al. [4] gave a streaming algorithm that achieved a constart factor approximation
to the k-certer problem, using O(k) extra space. Guha et al. [14] designeda streaming algorithm
that gave a factor 2°1=) approximation to the k-median problem that usesat most O(n ) ex-
tra space,which is sublinear. Charikar et al. [5] improved this result, giving a constart factor
approximation algorithm that usesonly a poly-logarithmic amourt of extra space.

Another related problem that has beenheavily studied in the theory and databaseliterature is
the problem of histogram construction [1,9,12,15,16]. In the datastream versionof this problem[13],
one is given a stream of n real numbers as;:::;ay in th'& order, and the aim is to construct
a piecewiseconstart function F with k piecessuch that  jF(i) &j? is minimized. Guha et
al. [13] give a onepass1+ factor approximation algorithm using spaceO(k?= logn). A variant
of the problem is that of histogram maintenance [10,11] in which the a;j's are presened as a
stream of updates of the form \add 7 to az", and the algorithm must always be able to output a
histogram for the current state of the a;'s. Gilbert et al. [11] provide a onepassl+ approximation
algorithm that usestime per update and total spacepolynomial in (k;1=;jjajj1 or jjajj2;logn).
Although theseproblemsare similar to ours, there are somemajor distinctions. In the construction
problem, elemerts in the datastream are preseried in sorted order, whereasour datastream may
be adversarily ordered. Furthermore for both the construction and maintenance problems, the
function de ned by the a;'s is presened to the algorithm explicitly by its valuesor by sums of
explicitly given values,whereasin our casethe density function must be implicitly inferred from a
sample drawn according to the mixture. Lastly, the algorithm of [11] usesmuch time per update
and space(both polynomial in (1= k;logn)), whereasour algorithm usesonly O(k logk log(1=))
time to processeat elemert in the datastream, and signi cantly lessspace(in fact O (k3= 27) for
an approximation if allowed 2| passes).
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Figure 1. A mixture of 3 uniform distributions, labeledas a step function with 4 steps. Note that
h, = 0 is not labeled; it is the density of the third step.

Algorithms for learning mixtures of Gaussiandistributions in high dimensionhave beenstudied
extensively. A mixture of Gaussiansis the sameas our mixture of uniform distributions, except
ead distribution in the mixture is a high dimensional Gaussianrather than a one dimensional
uniform distribution. The objective is generally to learn the mean, covariance matrix, and mixing
weight of eadr Gaussianin the mixture. Known algorithms make various assumptionsregarding
the Gaussians:DasGupta [6] assumeghat the Gaussiansare \w ell-separated” and spherical, Arora
and Kannan [2] generalizedthis to non-spherical Gaussians,and Vempala and Wang [19] assume
that they are spherical,in addition to their satisfying a weak separationcriterion. Thesealgorithms
assumethat the samplesare ordered randomly, in contrast to our algorithm in which samplesare
ordered adversarily.

2 Preliminaries

We rst give an alternate description of the structure of the probability density function induced
by a mixture of uniform distributions.

Lemma 1 Given a mixture of k uniform distributions (a;;);w;, let F be the induced prokability
density function on R. F (except possibly at at most 2k points) can be representel as a collection
of at most 2k 1 disjoint open intervals, with a constant value on each interval.

Sincethe above characterization of F holds except on a set of measurezero, it will suce for
our algorithm to learn F with this represenation. We will be somewhatlax in our language,and
sa&y that a set of intervals partitions somelarger interval 1, even if there are a nite number of
points of | that are not included in any interval of the partition.

De nition 1 The representation of a mixture of k uniform intervals as a set of at most 2k 1
pairs, (Xi;Xj+1);hij, fori = 0;:::;m 1 2k suchthat the density of the mixture is a constant
h; on the interval (X;;Xj+1) will be called the step function represenation of the mixture. We call
each interval (X;;Xj+1) a step of the mixture.

Implicit in this de nition is the fact that the m stepsform a partition of the interval (Xg;Xm).

De nition 2 The support of a mixture of uniform intervals given by step function representation
(Xi;Xij+1); hj consisting of m stepsis the interval (Xg;Xxm). If F is the density function of the
mixture, we denoteits supprt by Supprt(F).

Denition 3 A jump of a step function is a point x where the density changes(i.e. an endpmint
shared by two di er ent stepsof the mixture).

SeeFigure 1. We will work exclusively with the Step function represenation of the mixture.
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3 A Single Pass Algorithm

In this section, we presen a single passalgorithm that with probability 1 will learn the density
function of a mixture of k uniform intervals within L! distance using RAM spaceO (k2= ?)

OneP ass is a divide and conquer algorithm, reminiscert of merge sort. Given a uniform
random sampleof m = O (k?= 2) points drawn from the datastream, OneP ass rst initializes the
computation, then sorts the m points. It calls subroutine Cluster , which divides the sampleinto
two halvesand recursively approximates the density function F in ead half. Cluster then applies
a merging procedurethat decideswhether or not the last interval of one half can be mergedwith
the rst interval of the other half.

The exact statemert of the algorithm can be found in the appendix. The analysisof OneP ass
views the algorithm from a bottom-up perspective. The basic idea of OneP ass is that the base
caseconsistsof a partition of Support(F) into small intervals containing only two sample points.
Adjacent intervals are then repeatedly mergedtogether if the empirical densitiesof the two intervals
are su cien tly close. The density of a mergedinterval is then closeto the densities of the original
intervals, with an error on the order of O( =(klogm)). After all mergers,the resulting intervals
de ne the stepsof the output function, G. Care must betaken in choosingwhich adjacen intervals
to consider for merging; if we consider merging indiscriminately, then we can potentially induce
a large aggregateerror if an interval participates in too many mergers. The recursion de ned by
Cluster givesa structure for choosing the mergers,suc that no interval is involved in more than
logm mergers. This fact is crucial for establishing the correctnessof the following theorem, whose
proof has beenomitted from this preliminary version. Many of the omitted proofsin this paper
make use of a powerful statistical tool called the Vapnik-Cervonenkis(V C) Dimension. See[17,18]
for theseresults, and [3] for the classicapplication of thesetoolsto PAC learning.

Theorem 2 With prokability at least1 , one passalgorithm OnePass will learn a mixture of
k uniform intervals to within L! distance using RAM memory at most
k2

log 5+Iog} =0 —

kZlog?(k=) + log? log(1=)

O 2

4 Multiple Passes

In the previous section, we shaved that a single passalgorithm can approximate a mixture of k
uniform intervals to within L! distance using O (k?=2) RAM. In this section, we show that
using additional passescan signi cantly improve the quality of the approximation, while holding
the amount of RAM neededroughly constart.

Given a mixture of k uniform distributions with density function F and an integer |, algorithm
SmallRam can approximate F to within L distance ! with 2| passes,using at most O (k3= 2)
RAM.

In order to achieve the ' approximation, SmallRam requiresthat n = ((5k)8*4=( )& 2),
This large samplecomplexity may seemlike a drawbadk. However, the main application of Small-
Ram isto massiw data sets;in suc instances,the input in the datastreamis generally considered
to be very large relative to available computational resources.

SmallRam makesuse of a subroutine called Constan t? . Constan t? is a single passalgo-
rithm that will determine whether or not a datastream corntains points drawn from a distribution
with a constart density function. In Section 4.2, we describe the algorithm and sketch the proof of
the following theorem about its performance:



Theorem 3 Given a datastream X consisting of su ciently many samplesdrawn according to a
mixture of k uniform distributions with density function H, with prokability at least1 ~ =(10k?l),
single pass algorithm Constant?  will accept if H is a constant function and reject if H is more
than '=2k in L! distance from a constant function. It usesO(k) RAM space.

4.1 The Algorithm

Subroutine Estimate draws a random sample S of sizejSj = O (k?= 2) from the input stream.
It sorts S and partitions it into O(k=) intervals. Estimate then calls Constan t? on ead of
the intervals; Constan t? usesthe ertire datastream X to compute with great accuracy certain
momerts in the interval to determine if the distribution is constart on the interval. If F is close
to constart on an interval, we can output the interval as a step of the nal output G with a very
accurateconstart density estimate, againusing the large setof samples, X , readvia the datastream.
Howeer, if F is far away from constart on the interval, then estimating its density by a constart
is too coarse;thus we repeat the processby recursively calling Estimate . This recursive call can
be thought of as\zooming in on the jumps." SeeFigure 2.

Given a sequenceof points X and an interval J, we de ne Xj; to bethe subsequencef X that
consistsof points that fall in J. Xj; can be considereda datastream; a passover X can simulate
a passover Xjj.

Algorithm SmallRam input: datastream X of samplesfrom distribution with density F.

- Bk)8k+4 ki
n=ixj= S0 1og X ®

output: step function G.
1. initialize p 1,3  Support(F) (Note that J canbefound in the rst passofthe algorithm).
2. Call Estimate onp, J.

Subroutine Estimate : input: interval J, and level p.

1. Make a fresh pass,extracting a set S of sizem = % log ¥ from Xj;, and store it into

RAM.
2. Sort the samplesin S in ascendingorder. If p= 1,let g 2,"Wm; otherwiseletq (9=10) m.
3. Partition J into m=q= 20k=(9 ) or 109 ) disjoint intervals J°, such that jS\ J°j = q.

4. Make an additional passto court the exact number of points of X, the entire datastream,
that fall in ead of the JP's.

5. Also in this pass,call subroutine Constan t? on XjJip, for ead of the m=q intervals Jip in

parallel. Mark those intervals Jip that Constan t? rejects. Let M P be the set of marked
intervals.

6. If interval Jip is not marked in the previous step, output it as a step of G with density
X'\ IPj=(nlength(3P)).

7. 1f p< |, for eah J° 2 MP, run Estimate onJ J°, p p+ 1,in parallel with all other
level p+ 1 copiesof Estimate

If p= 1, output ead interval Jip 2 MP asa step of G with density O.
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Figure 2: Zooming. (A) A stepdistribution. (B) Intervals have beencreatedin Step 3 of somecall
to Estimate . Note that one of them contains a jump and has beenmarked. (C) Estimate is
recursively called on the marked interval, and the processrepeats.

Remark 1 The order in which this recursive algorithm computes each call to Estimate has a
natural structure de ned by the level of the call (de ned by its parameter p). All level p copies of
Estimate arerun in parallel, then all levelp+ 1 copiesare run in parallel, and so forth. All copies
of Estimate running in parallel may read the datastream simultaneously, thus limiting the total
number of passesper levelto two. The total numker of passesis therefore 2I.

The following two Lemmasare crucial to establishingthe main result, Theorem 6. Proofs have
beenomitted from this preliminary version, and make use of VC-bounds and Cherno bounds.

Lemma 4 Let Jip be an interval created in Step3 of a level p call to Estimate . With probkability

at least 1 =(25k2), Jip contains at most P=2k proportion of the total weight of F, and at least
(8=10)P P=2k proportion of the total weight. That is,
z
g P p p

0 & g &

Lemma 5 With probability 1 =2, the following is true for all levelsp: the aggegate number of
intervals marked in level p calls to Estimate is at most2k 1.

The idea behind this Lemma is that an interval may only be marked if it contains a jump in
the distribution, and there are at most 2k 1 jumps.

Theorem 6 With prokability at least1l , Smal IRam will computean approximation to F within
L distance ' of F, using at most 2| passesand O(k3= 2(log(lk= ))) RAM.

The intuition betweenTheorem 6 was sketched at the beginning of the section, but its technical
proof involves many applications of various sampling principles.

4.2 Testing interv als for uniformit y

We now describe the single passsubroutine Constan t? usedby SmallRam . Given a datastream
of n samplesfrom a mixture of k uniform distributions, with H asits density function, Constan t?
will acceptH if it is constart, and reject if it is not within '=2k in L distance of constart.

By suitably scalingand translating the input, we may assumewithout Iossofgenerqﬂ}y that the
support of H is exactly the interval [0; 1]. Thus, our subroutine will determine whether JjH 1]

'=2k or not.

The high-level description of Constan t? is that it computes estimates for the rst 4k 3
momerts of a slightly modi ed version of the probability distribution H. If these momerts dier
signi cantly from the momerts that we would encourter from a uniform distribution, then we will
know H is not uniform and will reject.



421 The -smoothed distribution of H.

For technical reasons,our algorithm doesnot estimate the momerts of H, but rather it estimates
the raw momens of a probability distribution derived from H, which we call the -smoothed
distribution of H.

De nition 4 Given a mixture of k uniform distributions that de nes a probability density H and a

numkber 0 < 1, de ne the -smoothed distribution to be the following distribution, with density
H . Leti 1= 1 betheintegersuchthat x 2 (i ;(i + 1) ]. Then
Z (i+1)
H(x)=- H (y)dy:

H satis es the following useful properties.

Lemma 7 Given a random sample x 2 [0;1] drawn according to H, we can derive a sample
x%2 [0; 1], drawn aacording to H in constant time.

Lemma 8 If H is a mixture of k uniform distributions, H is a mixture of uniform distributions,
whosestep function representation has at most 4k 3 steps, each of which haslength at least

Lemma 9 If H is uniform, then H is also uniform.

Theorem 10 If =5k and jH (x) 1j '=2k for all x 2 [0;1], then H is within L! distance
'=2k of the uniform distribution.

The above theorem establishesthe connectionbetweenH and H. Our algorithm will acceptonly
if jH 1j  '=2k, and thuswill only acceptif H is within '=2k of uniform. The key point about
the -smoothed distribution is that its constituent steps/intervals all have length at least . The
proof of Theorem 3 in Section4.2.3will exploit this fact, speci cally in its application of Lemma11.

4.2.2 Description of Constan t?

We are now ready to fully describe our subroutine for determining whether or not a given mixture
is near uniform. The algorithm will acceptif H is uniform, and reject if H is not within L ! distance
'=2k from uniform. The following de nition is standard:

De nition RS If j is an integer, the j'th raw moment of a distribution with density function is
de ned as 01 X! (x)dx.

The generalidea of the algorithm is as follows. The jth momert of the uniform distribution
is1=(j + 1). If H is uniform, its estimate should be closeto 1=(j + 1). Thus if the estimated
momerts deviate substartially, then we know that H is not closeto uniform and reject. We are
now able to preser the algorithm:



Constan t? input: datastream X with samplesdrawn accordingto mixture with density H, suc

that
(5k)8k+3 kl

jXj= i@k 4y log —

Let bethe function that, given a samplefrom H, returns a samplefrom H (seeLemma?7).
1. Set = '=(5k).

2. In a single pass,estpnate the rst 4k 3 raw momerts of H , wherethe j'th raw momert is
estimated by my = (xi) 59X 7j:

3. If there existsaj sud that

I(4k 2)

ig+om B(5k) 12

reject . Otherwise, accept .

4.2.3 Sketch of Pro of of Theorem 3

Let M; be the j'th raw momert of H (distinct from rh;, our estimate of Mj). By applying
Hoe ding's bound, it can be shavn that if m; is su cien tly closeto 1=(j + 1) then the di erence
between M; and 1=(j + 1) is small (call this dierence ; = (j + 1)M; 1), and if somer; is
far from 1=(j + 1), then H , and henceH, is not uniform. More precisely it can be shawn that if
i+ Dy 4 Gk Ig(sk)**1=2) thenj ;j 4k Al2(5k)**1=2). If this is the casefor
all j, Constan t? will accept. If somerh; doesnot satisfy the inequality, then H is not uniform
and Constan t? will reject.

Thus, the proof of correctnessof the algorithm reducesto proving that if j jj  #k 2I=(2(5k)**1=2)
for all j, then H is su cien tly closeto uniform. The general approac of our argumern is as fol-
lows. SupposeH consistsoft 4k 3 steps,de ned by the points 0= xg X1 ::: X¢ =1,
and heights h;._That is, (Xi;Xj+1);h; is a step. The j'th raw moment of H is then given by
Mj =1 + 1) § 'hieds ™.

Consider the following problem: We are given the x;js and the rst t momerts of H , and want
to nd the densitiesof the stepsof H . This problem can be formulated asthe following system of
t linear equationsin t variables, the h;s:

X1 . .
hdi ™y =G +oMm; j=000t L 2)
i=0

Dene A = fg; git;j io to bethet t matrix (notethat A'sindicesrun from Otot 1) correspondingto

the linear system(2). More explicitly, aj = x{fll x{ 1 Linear system(2) canthen berepreserted

asAfn = 1+ ~, from which it follows that jh; 1j jjA 1jjo j~j, sinceA 1= 1.

Of critical importance to our proof is the inequality jjA 1jj,  t3%2=4 ' (which we prove in
Lemma 11). Thus,
32 4k 32
FJ”’J W I~k
Since j~j 4k 2l=2(5k)* 172 then jh; 1j < '=2k for all i. Recalling that the h;s are the
densitiesof the stepsof H , Theorem 10then implies that H is within L distance '=2k of uniform.

jhi 1]
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The last pieceof the proof is the following lemma. Herein lies the importance of the -smoothed

distribution, becausesud distributions have the property that x1 and jxi  Xjj 18I .
Lemma 11 If x4 and jxi  Xj]j for all i andj, then

A iz F:
Proof sketch: Let V = fy; git;j 1, be the Vandermonde matrix with vj = x{,,l. It can be

showvn with matrix algebraand manipulations of matrix norms that jjA Yjj» t32=x; jjV 1jj1 .
Gautschi [8] proved upper boundson jjV 1jj; , which for our purposesyield:

T o Yo o1+jxij 32
Al — max =
PR S T R
i8]
The secondinequality follows partially from the hypothesisof the Lemmathat jx; X;j ;815 .

2

Note that if we had just usedthe momerts of H rather than H , x; and x; could be arbitrarily
closeto ead other, in which caseA * would be prohibitiv ely ill-conditioned.

5 Better Algorithm for Four Passes

As we saw in the previous section, SmallRam requires a large number of samplesin its datas-
tream. For the special casewhere we only wish to make four passeswe can signi cantly improve
the sample complexity of the algorithm. The sample complexity is reduced by introducing sub-
routine Constan tV2 , which is an analogueof Constan t? , whoseanalysis avoids inverting a
Vandermondematrix. Thus, Constan tV2 needsrelatively few samples,but is only su cien t for
a four passalgorithm. It can be found in the appendix. The proof of the following theorem follows
closelythat of Theorem 6.

Theorem 12 Given a datastream X of size jXj = ( kb=7 log(k= )) that contains samples
drawn from a mixture of k uniform distributions with density function F, there exists a four pass
algorithm that, with probability at least 1 , will approximate F within L1 distance ? using at
most O(k?=? log(k= )) RAM.

6 Conclusions

We have preseried pass-e cient algorithms for the massiwe data set problem of approximately
learning a mixture of k uniform distributions. The most striking feature of our work is the fact
that our multiple passalgorithm has exible performanceguaranees: the number of passesllotted
to the algorithm is an input parameter, suc that ead increasein this parameter will substartially
decreasehe error of the computation while holding memory requiremerts constart. Thus, we have
demonstrated that allowing a streaming algorithm to make more than one passover the data can
substartially enhanceits performance.

Possibleextensionsof this work include designingmultiple passalgorithms for learning mixtures
of multidimensional uniform distributions, or for learning mixtures of Gaussiandistributions in low
or high dimension.

Lastly, much future work lies in designing multiple passalgorithms for massiwe data set prob-
lems, with exible performanceguaranteestrading number of passesfor RAM used. Potentially,
such algorithms may use far lessRAM than known single pass algorithms and may even break
lower bounds on RAM usedfor single passalgorithms.
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App endix
Description of Algorithm OneP ass :

Before describing the algorithm, we make the following de nition.

De nition 6 Supmwse we have a set of points S and two intervals J and J° We say that the
empirical density of J is consistert with J%on S, or simply J is consistert with J%on S, if

I\ Sj jJ%\ Sj 1 .
jSjlength(J)  jSjlength(J9 97k logm length(J)’

OneP ass input: datastream X of samplesfrom mixture of k uniform distributions with density
function F, such that jXj m (de ned below).
output: approximate density function G.

1. In one pass,sample

kZlog?(k=) + log? log(1=)

m= 0 > IogE + Iog} 3)

points from X, where m is a power of 2. Sort the samples,and call the sorted samplesS.

2. Call Cluster on S, and let the resulting intervals be Ji;:::;Jy.

1. SetTy1= sS1;:::;Sk= and To = Sg—41;:::;Sk

2. Call Cluster on Ty, and let the resulting intervalsbe I 1;:::; 1, .

3. Call Cluster on T, and let the resulting intervals be Jq;:::; J,.

4. SetK = Iy, [ 1

5. If the empirical densitiesof both I, and J; are consistert with K on T, then output the set
ofintervalsflq;:::; 1y, 1;K;J2;::15 3k, 0.
Otherwise, output the setof intervalsfl4;:::;1y,;Jd1;::1; Ik, 0
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Description of Algorithm Constan tV2

Constan tV2 : input: interval J, datastream X of samplesfrom F sud that

K® k
— log —

Xj=
1. Partition J into 16k= intervals of equal length call theseintervals the Jji's.
2. In a single pass,count the number of points of X that fall in ead of the J;'s.
3. If all the J;'s satisfy:
X\ Jij X\ Jj _2 X\ Jj
nlength(J;) nlength(J) 8k2 nlength(J)

then accept. Otherwise, reject .

(4)

13




