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The notion of conductance introduced by Jerrum and Sinclair [8] has been widely
used to prove rapid mixing of Markov Chains. Here we introduce a bound that
extends this in two directions. First, instead of measuring the conductance of the
worst subset of states, we bound the mixing time by a formula that can be thought
of as a weighted average of the Jerrum-Sinclair bound (where the average is taken over
subsets of states with different sizes). Furthermore, instead of just the conductance,
which in graph theory terms measures edge expansion, we also take into account
node expansion. Our bound is related to the logarithmic Sobolev inequalities, but it
appears to be more flexible and easier to compute.

In the case of random walks in convex bodies, we show that this new bound is
better than the known bounds for the worst case. This saves a factor of O(n) in the
mixing time bound, which is incurred in all proofs as a “penalty” for a “bad start”.
We show that in a convex body in IR™, with diameter D, random walk with steps in
a ball with radius § mixes in O*(nD?/§2) time (if idle steps at the boundary are not
counted). This gives an O*(n?) sampling algorithm after appropriate preprocessing,
improving the previous bound of O*(n?).

The application of the general conductance bound in the geometric setting depends
on an improved isoperimetric inequality for convex bodies.

1. Introduction

One of the basic algorithmic problems is sampling: choosing a random element of a given
set, from a given distribution 7. Sampling algorithms are applied in statistics, simulation,
approximate combinatorial enumeration, volume computation, integration, optimization,
and many other areas.

Perhaps the most important method in sampling algorithms is the use of rapidly mixing
Markov chains. The general idea is to construct an ergodic Markov chain whose state
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space V is the set we want to sample from, whose stationary (steady state) distribution
is the given distribution 7, and whose transitions can be easily simulated. One then has
to show that the chain approaches the steady state after a reasonably small number of
steps (typically, we want polynomial in the “input size” of the problem). Of these, the
last part, which amounts to estimating the “mixing time”, is usually the hardest.

Let us define the mixing time. Roughly speaking, this is the smallest T' such that the
distribution o7 of the state after 7' steps will be close to stationary. There is a small
technical difficulty: it may be that the chain is periodic (an example is the random
walk on a bipartite graph), in which case the distribution of o7 does not even tend to
the stationary. For the purposes of sampling, this periodicity can be eliminated quite
easily by choosing the number of steps 7" at random from some simple distribution:
Poisson distribution (continuous time walk), binomial distribution (lazy walk) etc. For
the purposes of this paper, we choose T uniformly from the set {0, 1,...,t—1} for a given
t > 0. (This is not the best in practice, but it is best suited for our analysis.) Stopping
after a random number T of steps, we get a state from the distribution

1
pr=s(0"+ 4o (1.1)

The other issue to clarify is what we mean by “close”. For our purposes, it will be
sufficient to require that the total variation distance d(o?,7) < 1/4 (in other words,
loT(A) — w(A)| < 1/4 for every set A C V). We denote by 7 the smallest ¢ for which
this is true for every starting node. General results [1] imply that in k7 steps, the total
variation distance can be reduced to 27%.

(Our results would remain valid in the “stopping rule” framework for mixing time (see
[2, 17]), and in fact some of the formulas would turn out simpler; but we don’t want to
go into the measure theoretic technicalities needed in that framework.)

The most common tool used in the proof of rapid mixing is the notion of conductance
proposed by Sinclair and Jerrum [8] which they describe in the setting of finite-state
chains. We recall their notion in that setting now. For a set S of states, we define the
ergodic flow from S as Q(S) = > . ngzs miDij; this is the long-run fraction of moves
from S to its complement S¢. The conductance of a set S of states is defined by

Q)
*5) = 50— (®)

(the denominator is the long-run fraction of moves from S to its complement S¢ in
a sequence of independent samples from 7). The conductance ® of the chain is the
minimum conductance of nonempty proper subsets of V.

We denote by 7y the minimum stationary probability of any state. In a typical discrete
sampling problem, 7y is exponentially small.

The conductance is related to the mixing time through the following fundamental
inequality:

Theorem 1.1 (Jerrum and Sinclair).

1 1
> STS ln(l/ﬁo)@
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(Here a < b means that a < c¢b for some absolute constant ¢ > 0.) This bound has
been used very successfully both in combinatorial chains (e.g. to sample from perfect
matchings) as well as for random walks in convex bodies. Typically, the factor of In(1 /)
is polynomial in the input size, and then Theorem 1.1 says that the polynomiality of the
mixing time 7 is equivalent to the polynomiality of 1/®.

However, if we are interested in a finer analysis of the mixing time, the factor In(1/m)
is quite substantial. This factor, sometimes called the “start penalty”, accounts for get-
ting stuck in a small set close to the starting state. One way of saving this factor is not to
start at a fixed point, but at a random point from a distribution not concentrated on or
near a single point. (It is not trivial that we can generate such a random starting point,
but sometimes it is possible by bootstrapping or by re-using some previously generated
points.) Such an approach was taken, e.g., in [12]; however, the slight dependencies be-
tween different parts of the algorithm, introduced by this bootstrapping and recycling,
substantially increases the tediousness of the analysis.

Another possibility is to make use of the fact that small sets often have larger bound-
ary, and therefore the walk spreads faster at the beginning than predicted by conductance
alone. One way to formalize this analytically is through the use of logarithmic Sobolev in-
equalities, proposed by Diaconis and Saloff-Coste [4]. However, bounding the log-Sobolev
constant seems difficult. In the context of rapidly mixing Markov Chains used in count-
ing problems and volume computation, this has been successfully applied only to the
“king’s moves” [7] (which for other reasons is not efficient) and to the basis-exchange
walk for balanced matroids [9], although decomposition methods hold some hope for
future applications [10].

In [14] Lovész and Kannan introduced the method of average conductance. If we define

¢(z) = min{®(5) : 7(S) =z},

then they proved

Theorem 1.2.

12 4
T < .
~ /m) z¢(x)?

It was sketched how this theorem can be applied to get rid of the “start penalty” in
the case of the ball walk in a convex body.

There are other cases, where one would like to take into account that sets of different
sizes have different conductance. For example, small sets (of stationary measure at most
¢) may have very bad conductance, but one can ignore them: the walk quickly gets closer
to the stationary distribution than e, and the convergence only slows down after that.
This idea was exploited in [15], using the notion of “u-conductance”.

Another situation where the Jerrum—Sinclair bound is too pessimistic is the “dumbbell
graph”: two cliques on n/2 nodes joined by an edge. The conductance of this graph is
O(1/n?), and the mixing time ©(n?), less than the square root of the Jerrum-Sinclair
upper bound. An obvious heuristic explanation is that there is only one bad cut, and a
few small cuts nearby, but most of the cuts have conductance ©(1).
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A further improvement can be had by examining how large a neighborhood the Markov
chain expands into, i.e., the node-expansion. In the extreme case of the complete graph
K, a single step from any vertex can reach any other vertex and so the mixing time is
faster than predicted by conductance alone.

In this paper, we develop a new method for estimating the mixing time, taking into
account sets of various sizes, and also both edge-expansion and node-expansion. We note
that Morris and Peres [21] have developed a related method known as Evolving Sets in
which they bound the stronger relative pointwise distance. Results by these two methods
are closely related, although our results are stronger when it comes to mixing time [19].

The main motivation for our study was a problem in connection with the problem of
generating a uniformly distributed random point in a convex body K in IR™. One of the
most efficient methods for this is to do a random walk in the convex body, stepping from
a current point v to a uniformly distributed point in the ball v 4+ § B with a given radius
0 about v (if this point is not in K, then a new point is generated). This is called the
ball walk with §-steps. For a large enough integer T', stopping the walk after T steps, we
get an approximately uniform point in K. The main problem is to determine how large
T must be.

We try to summarize some previous results on this problem without going into too
much detail. Let us assume that K contains the unit ball B, and has diameter D. The
conductance of the ball walk in K is O(6/(y/nD)), but there is a “start penalty”, and
the best previous bound on the mixing time [12] was O*(n?D?/§2). With appropriate
preprocessing, one can achieve D = O*(y/n), and the best choice of § is ©*(1/+/n) (for
larger 0, the idle steps at the boundary become dominant), and so one gets a bound of
O*(n*) on the mixing time.

We apply the result to the ball walk in a convex body, and show that in this case it
effectively saves the “start penalty”: it is better by a factor of O*(n) than the above
mentioned bound. This application depends on a new geometric isoperimetric inequality,
showing that the conductance of small sets is actually better than the worst case bound.

Such a saving is also possible for certain combinatorial chains, as a recent work of
Benjamini and Mossel [3] shows.

In the conference version of this paper [14] a somewhat weaker result was stated, and
for finite Markov chains only. In this paper, we state and prove our main result in the
setting of continuous state Markov chains, which not only means greater generality, but
allows us to get stronger results, and give simpler arguments. For our main application to
random walks in convex bodies, this general setting is needed. In section 3.5 we indicate
how to derive from these similar bounds for finite Markov chains. The derivation is
straightforward but quite tedious, so we don’t give the details; the interested reader can
see [18] for a related argument.

We only consider time reversible chains, which are the most common in applications;
some of our techniques extend to non-reversible chains, but the elaboration of the details
is left for further work.

In section 2, we introduce the machinery from the theory of continuous state Markov
chains. Section 3 contains the statement of our main result and its corollaries, in the
setting of continuous state (atom-free) Markov chains. In section 4, we prove an isoperi-
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metric inequality for convex bodies, and combine it with our mixing results to give an
improved (and in a sense optimal) bound on the mixing time of the ball walk in convex
bodies. Sections 5 and 6 contain the proofs of our results.

2. Continuous state Markov chains

Recall the definition of a continuous state Markov chain. Let (K,.A) be a o-algebra.

For every u € K, let P, be a probability measure on (K, .A), and assume that for every

S € A, the value P, (S5) is a measurable function of u (P, (.S) denotes the 1-step transition

probability density out of w). Then the triple (K, A, {P, : u € K}) is a Markov chain.
For every measure p on (K, .A), we define another measure Ppu by

Pu(S) = /K P, (S) du(x).

We have to make some assumptions about the Markov chains we consider. We assume
that the Markov chain has a stationary distribution w. This distribution satisfies

Pr(S) =x(S)

for every S € A.
We assume that the chain is ergodic, i.e., it escapes from every set S € A, 0 < 7(5) < 1
with positive probability:

/ Py(K\ S)dr > 0.

s

We assume that the Markov chain is time-reversible, which means that
dP,(z)dn(y) = dPy(y) dm(z).

In an integrated form this means that for any two sets X,Y € A
/ Py(Y) dr(z) = / P,(X) dr(y).
X Y

We also assume that the probability space (K, A, ) is atom-free, i.e., every X € A
with 7(X) > 0 has a measurable subset Y C X, Y € A with 0 < 7(Y") < n(X). (This is
not an essential assumption but it is convenient; we’ll see in section 3.5 how atoms can
be replaced by atom-free sets without changing mixing properties.) It then follows that
X has a measurable subset Y with 7(Y") = ¢ for every 0 < t < w(X).

2.1. Conductance and other expansion measures
The ergodic flow @ is defined for X,Y € A by

QU.Y) = [ PuY)dn(o)

X
By the definition of 7, we have Q(S, K) = Q(K,S) = n(S); this implies that

Q(X,Y) <min{n(X),n(Y)}.
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Also note that by time reversibility, we have Q(X,Y) = Q(Y,X) (even in the non-
reversibile case Q(X,Y) = 7(Y) — QYY) = n(Y) — (n(Y) — Q(V, X)) = Q(Y, X)).
Ergodicity means that Q(S, K\ S) > 0 for all S € A with 0 < 7(5) < 1.
We define the conductance function as follows. For ¢ € (0, 1), let
U(t) = min Q(S5).

SCV,
7(S)=t

The conductance function considered in the introduction is
W(t)
(t)= ;
t(1—1)
the division by ¢(1 — ¢) will not be convenient in the more general setting.
It is clear that

U(z) =V(1—x) (2.1)
and
U(z) <min{z,1 — 2} <2z(1—z) <1/2. (2.2)

The conductance function has the Lipschitz property:

Lemma 2.1. For every 0 < z,y < 1,

[W(y) = ¥(2)| < |y -zl

Proof. We may assume that < y. By (2.1), it is enough to prove that

(y) — () <y
Let S C K satisfy 7(S) =« and Q(S) = ¥(z). Let S’ be any set with S C S’ C K with
7(S’) = y. Then we have

U(y) <QS) = Q(S, K\ S) +Q(\ S, K\ 5)
Q(S) +Q(S"\ 8, K)
1

() +y—=

IN A

Let A be a measurable subset of K. For every 0 <z < m(A), let
Uz, K\A) = mf{Q(C,K\A): CC A n(C)=ux}.
It will be convenient to extend the definition for x > w(A) by
U(x, K\ A)=9(1—2z,A).
For any x,y with 0 < z,y and x +y < 1, we define
V(z,y) = E{Q(A,C) : AN C = bim(4) = 2;7(C) = y}.

It is not hard to see that the “inf” in these definitions is attained, so we could write
“min” instead.
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We also use another quantity related to conductance. Define the spread of a measurable
subset A of K as

w(A)
P(A) = / U(x, K\ A)dz.
0
It is sometimes appropriate to consider the global spread or modified spread:

LWz, K\ A) "

o min{z,1 -z}

by (4) = / V(e K\ AVde,  Guoa(A) = 7(4)

These are related by 1¥(A4) < Ymea(A) < 494 (A). The first inequality follows easily.
For the second, ¥(z, K \ A)n(A)/z < 2¥(z,K \ A) when = € [n(4)/2,1/2]. When
x € (0,7(A)) then ¥(x, K \ A)/z is non-decreasing and so foﬂ(A)/Q U(r, K\ A)/xdx <
f:((:))m U(z, K\ A)/zdx. A similar argument holds for the case of z > 1/2.

Each quantity will have its uses: ¥(A) is the easiest to use and will prove to be the
most flexible of the three in Section 3.3, 14 (A) is best when there is very high node
expansion (e.g., K, ), while ¢,,,04(A) seems to behave similarly to a modified log-Sobolev
inequality.

The quantity ¥(A)/m(A) is the expected value of the ergodic flow into K \ A, origi-
nating in the worst B C A of size t = w(B) chosen uniformly in [0, 7(A)]. Another way
of saying this is to consider a measure preserving map f : A — [0,7(A)] such that

dre(f~1(t)) Py—1(4 (K \ A) is a monotone decreasing function of ¢. Then

b(A) = /A F(@)Po(K\ A) dr(z). (2.3)

Yet another way of defining 1(A) is to choose a random point y in K \ A from the
stationary distribution, and make one step from y to get a point g’. Then

(A) = E(f(y)) m(A°)

(where we take f(y') =0 for ¢y € K\ A).

Perhaps the most instructive way of looking at this new quantity is the following. If we
think of the Markov chain as a random walk on a graph, then Q(A) measures the edge
expansion of the set A. The quantity ¢ (A) can be viewed as a mixture of edge expansion
and node expansion. For a fixed ¢ € [0,7(A4)], let C be a subset of A with n(C) =t
minimizing Q(C, K \ A), and let B = A\ C. Since U(¢t, K \ A) is trivially monotone
increasing in t, we get

P(A) = (m(A) = )U(t, K\ A) = n(B)Q(C, K\ A). (2.4)

Part of the ergodic flow out of A goes from B, and for this part we measure the node-
expansion by m(B); the other part of the ergodic flow we measure directly, by Q(C, K\ A).

How does one define node expansion in a Markov chain? A first attempt would be to
consider, for a given A, the measure of all states in A that can be reached in one step.
But this would be too sensitive to transitions out of A with tiny probability. A more
reasonable choice is the following. Define 3(A) as the minimum stationary measure of a
set B C A such that Q(A\ B, K \ A) = £Q(A) (i.e., B captures half of the flow out of
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A). Then applying (2.4) with t = 7(A) — (A), we get

U(A) > SHAQA)

To relate the spread ¢ and the ergodic flow W, note that 8(A) > 1Q(A) (since a set
of stationary measure p can absorb an ergodic flow of at most p), and so

Y(4) > 1Q(AY. (25)

The ergodic flow out of a set measures the probability that we step out of the set,
starting from an average element of the set. For small sets, it is sometimes useful to
measure the probability that we step out of the set from every point of the set. To this
end, we introduce the “local spread”

E(A) =inf{P,(K\ A): ue A}, () =inf{¢(A): w(A) =t} (0<t<1),
and the quantity
m =inf{t: £(t) < 1/10}.
Note that when a > x then
U(z,1—a)>&(a)z.

The quantity 7 will replace the minimum stationary probability m in the continuous
setting.

3. General mixing results

Let M be a continuous state Markov chain with no atoms. Let ¢! be the distribution
after the ¢-th step of the random walk has just been executed, starting from distribution
0. We also consider the distribution p™ obtained as follows: we choose an integer Y €
{0,1,...,m — 1} randomly and uniformly, and stop after Y steps.

Suppose we walk for m steps and stop. If ¢© is absolutely continuous w.r.t. 7, then
it is easy to see by induction that so is o for all k > 0. Thus dp™/dr exists. Let
g=mdp™/dr = ZZ’:Ol do;/dm. Then for every measurable set S C K,

légdw—4n¢%s>—a%s>+~-+om%S)

is the expected number of times the set S is visited during the first m steps of the random

/ gdmr =m.
K

Suppose f : K — [0, 1], is a measure-preserving 1-1 map so that g(f~(-)) is a mono-
tone increasing function on [0, 1]. (It is easy to see by standard arguments that such an
f exists; intuitively, we have just ordered K into [0, 1] in increasing order of g.)

Set

walk. In particular,

a(z,y) = Q(f ([0, min(z, y))), f~ ([max(z,y), 1])).
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q(x,y) measures the flow “straddling” f~!([min(z,y), max(x,y)]); in other words it is
the flow when we “block” this set.

3.1. Mixing time estimates in terms of a parameter function

We start with a theorem that bounds the distance of p™ from the stationary distribution
in terms of a parameter function h. Let us call a function h : [0,1] — IRy a mizweight
function if

1
/ hy)a(e,y) dy = 22(1 - z)
0
holds for all z € (0, 1).

Theorem 3.1. If h is a mizweight function, then for every starting distribution that is
absolutely continuous with respect to m,
1 1
d(p™, ) < — h(z) dx.
(") < o [ i)

The ordering f is of course difficult to get a hold of in general. Instead, one can use :

Proposition 3.2. Ifh: [0,1] — IRy satisfies h(1 —y) = h(y) and

1
/0 B(y)W(y, K\ A)dy > 27(A)(1 — 7(A)) (3.1)

for all A with w(A) < 1/2, then h is a mizweight function.

This follows easily by using the comparison ¢(z,y) > ¥(y, K \ f~1([0,2])) when z <
1/2, while the case when x > 1/2 follows from ¢(z,y) > V(1 —y, K \ f~!([z,1])) and the
symmetry h(1 —y) = h(y).

It is not hard to see that there is always a mixweight function A with minimum integral
(thus giving the best possible bound), but in general it will not be expressible by a
formula. We'll return to the question of finding the “right” function h in section 3.3.
Roughly speaking, we can think of 1/h(x) as a measure of expansion of sets of stationary
measure approximately equal to x.

If we assume a stronger smoothness property of the starting distribution, we get a
better bound on the mixing time, where the (often troublesome) ends of the integration
can be omitted.

Theorem 3.3. Suppose that the starting distribution o satisfies 0 < Mmn for some
M >0.Let 0 < ¢ < 1/2 and let h: [0,1] — IRy satisfy

1—c
/ h(y)a(e,y) dy > 20(1 — )

for every x with ¢c < x <1 —c¢. Then for every m > 0,

1 -yM
d(p™,m) < 2cM + —/ h(z) dz.
m Ji/m
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The two results above are not quite satisfactory, since in many applications we are
interested in random walks starting from a fixed state. However, in this case we meet a
new difficulty. Even if the chain has a large conductance, it may happen that from the
starting state s (which has measure 0) there is no escape (Ps is concentrated on s). Even
if we assume that the Markov chain mixes from every starting point, we can adjust the
exit distribution for the starting state so that it takes arbitrarily long to escape, without
changing the conductance function. Thus in the case of continuous state Markov chains,
we also need to take into account the “very local” expansion, using the quantity £(0).
We generalize slightly by considering £(a), as this will prove useful later.

Theorem 3.4. Suppose that £(a) > 0 and for some c < aleth: [e,1—c] — IRy satisfy
h(1 —y) = h(y) and

/ R, K\ A)dy > 2m(A)(1 - 7(A))

for all A with a < w(A) < 1/2. Then for every m > 1 and every starting state,

1/2
d(p™,m) < %(Z; + %/ h(x) dx.

3.2. Faster convergence to stationarity

General results [1, 17] imply that if starting at any state, d(c™, ) < 1/4 for some m,
then d(o*™, ) < 1/2%. One might expect an exponential drop in the distance d(p™, ),
but since p™ includes the term o®/m (see definition (1.1)), a rate of 1/m is the best that
can be asserted. However, if we do a “better” averaging, then the exponential rate of
drop does hold. For example, the general results mentioned above imply the following.

Corollary 3.5. Under the conditions of Theorem 3.4, let

1 1 1/2 (@)

R=50—ln—+32/ h(x)dzx,
£00)  £(0) 0

and let'Y be a binomially distributed random integer with expectation 1000k R. From any

starting point, run the chain for Y steps and stop. Then the distribution p of the last

point satisfies

d(p,m) <27,

This corollary implies that doing O(R1n(1/0)) steps (where the exact number is a
random variable easily generated), we get closer to the stationary distribution than 4.

3.3. Constructing mixweight functions
In this section we describe constructions that provide functions satisfying (3.1). Recall
that for each of these, 1/h(x) is a measure of expansion of sets of size about x.
Considering (2.5) and Theorem 1.2, it would be natural to try something like
7(A)

M) = S, vy
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For technical reasons, we have to smooth out this function and consider

4m(A)
h =
) y<r(A) Smin{2y,1/2) $(A)
4m(A)
h =
at(y) 0<n(A)Smin{2y,1/2} Vg1 (A) (3.2)
4 (A)?
hmod(y) = ( )

max —_——
0<m(A)<min{2y,1/2} Y u}mod (A)

when y < 1/2, and h(y) = h(1 —y) for y > 1/2. To show, for instance, that hg(y) is
a valid mixweight function we wish to apply Proposition 3.2. To this end, let A be a
measurable set with m(A) = z and < 1/2. Then

1 z 1—z/2
/ Uiy, K\ A) hoi(y) dy > / + / Uiy, K\ A) hgi(y) dy
0 /2

Z%z ))(/m/z /1 h y7K\A)dy>
> v ([ [ v o)

—2x>2z(1—x

The same proof, but with only the [* terms implies that the h(y) of (3.2) is also a
mixweight function. A similar proof applies to hmeq(y), but with the added observa-
tion that because U(y, K \ A)/y is increasing for y < m(A) then f01/2 W dy <

r U(y,K\A
[, M) g,

Each quantity is appropriate in different mrcumstances Indeed, by an argument sim-
ilar to (3.8) below, h(y ) < 17 MaXge[y,2y] \P( B while hpmod(y) < % mMaXy<2y @(I)Q and
hgi(y) < 8 maxz<ay T2z The ability to restrict the domain of = makes h(y) and he(y)
(see below) best when there are bottlenecks, i.e. tight constrictions that it is hard to pass
through, as in the dumbbell graph discussed in the introduction. Experience shows that
U (z)? is typically of order 22 polylog(1/z), which suggests that when node-expansion is
moderate then h,,.q(y) will be the better of the global quantities, although hg(y) can
be best when there is very high node-expansion. For example, the quantity h(y) in (3.2)
implies mixing in time O(logn) for the lazy random walk on the complete graph K,,
while hmoea(y) gives O(loglogn) and hg(y) yields O(1), the first isoperimetric proof of
the correct mixing time bound.

Since the formulas in (3.2) are still pretty complicated, further specialization is in order.
Using the lower bounds on 1(A) given in section 2, we get that each of the following
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functions can serve as h:
47(A)

M) = B, 1 M ) D R A 33
= max _8mid) m(A)

hy) = y<m(A)<min{2y,1/2} B(A)Q(A) 64

h(y) _ M (3.5)

= max
y<m(A)<min{2y,1/2} Q(A)?

We can make one more refinement of these bounds which is sometimes useful. Let
£:[0,1/2] — IR be any function satisfying

0<{l(x) <z Vo, 0 <z <1/2, (3.6)
and the following semi-Lipschitz condition:
lx)—Ly) <x—y Ve,y, 0 <y <z <1/2. (3.7)
Then for 0 <y < 1/2,

47(A)
helw) = up
‘ m(A)€(ymin{y+€(y),3}) ve(4)

m(A)
where Py(A) = / U(t, K\ A)dt
m(A)—L(m(A))
and he(1—y) = he(y), is a valid choice for h (h(y) of (3.2) is just the case when ¢(x) = x).
To see this, we proceed on the same lines as the proof for (3.2) :

1 T
| vy = [ h) v K\ Ay
0 o L@

2

> 2z >2x(1—x),

using the fact that when y € [z — @, x], we have y < x < y + £(y) using the Lipschitz
condition and so, hy(y) > 47 (A)/1e(A).
The same argument holds for h,(y) and e(A) given by 1e(A) = 1e(A) + (K \ A),

with hy(y) the supremum over 7(A) € [y — £(y),y + £(y)].

Corollary 3.6. For every function £ satisfying (3.6) and (3.7), for every m > 0, and
every starting distribution that is absolutely continuous with respect to w, we have

o 12 _
d(p™,m) < — he(z) dx.

=
The function ¢ is nicer to have as a parameter than the function h, because the con-
ditions on it do not depend on the Markov chain; but one would like to see further
specialization.
One special choice of £ is ¢(x) = U(x)/4 (which is legal by (2.2) and lemma 2.1). We
have

Ye(A) > z)V(z —L(x),1 —z) +L(x)U(z,1 —z—L(z)) > =T(x)? (3.8)

ool w
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Indeed, let A,C € A, m(A) =z, n(C) = © — ¥(x)/4. Then Q(A4,K \ A) > ¥(z). But
QAN\NC, K\ A) <7w(A\C) = ¥(x)/4, and hence Q(C, K \ A) > 3¥(x)/4. Moreover,
U(y) > 3W(z)/4 and y < 5z/4 in the range of y. It follows that he(z) < 24x/¥(x)? is
a mixweight function. Applying Theorem 3.4, we get a continuous version of the main
result of [14]:

Corollary 3.7. Suppose that my > 0. Then for every m > 1 and every starting state
we have

425Imm 100 [V =z
BN R TOE

d(p™,m) <

m m o

We can get a slightly sharper, but less explicit bound by considering a function h that
satisfies the following condition for every measurable set A with m(A) < 1/2:

. 4r(A) 1
cither ) = Jr N (e, K\ A) dt forall y € [ n(4), n(A)}
or Ar(4) or a s 3n
h(y) = GETIRNL for all y € [x(A), 5 w(A)].

3.4. Explicit conductance bounds

The integral in the estimate in Theorem 3.1 may be difficult to evaluate (even if we use
the simpler expressions in its corollaries). The following corollaries of Theorem 3.4 may
be easier to apply. Each of these is derived by straightforward integration. First, let us
note that by knowing a lower bound on the conductance, we get the following bound
on the mixing time (which is closely related to the theorem of Jerrum and Sinclair, see
section 3.5):

Corollary 3.8. Suppose that for some a, A > 0, £(a) > 0, and an inequality of the
form

U(z) > Az (3.9)
holds for all a < x < 1/2. Then for every starting distribution,

d(p™, 7)< 8lnm n 32 1 1
)< ——+—=1In-.
P = mé(a)  mA2  a

If we have a stronger bound, which expresses that smaller sets have better conductance,
then we can save the logarithmic factor:

Corollary 3.9. Consider a Markov chain such that £(a) > 0 for some a > 0. Suppose
that for some B > 0, an inequality of the form

U(z) > BzxIn(1/x) (3.10)
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holds for all a < x < 1/2. Then

< 8lnm n 100
mé(a)  mB2’

We get a stronger inequality (which in fact will be needed later on) if we can combine
(3.9) and (3.10):

Corollary 3.10. Consider a Markov chain with £(a) > 0. Suppose that for some A, B >
0, an inequality of the form
U(z) > min{ Az, BxIn(1/x)}
holds for all a < x < 1/2. Then
8lnm 1 <32 1 100>

dpm. oy < omm 4o s, 1 199
% ’ﬂ-)_mﬁ(a)—i_m FERPR>

Finally, we formulate another corollary, which can be considered as a continuous version
of an inequality proved by Ledoux [13], using log-Sobolev inequalities:

Corollary 3.11. Consider a Markov chain such that for some a, B > 0 we have £(a) >
0, and

U(z) > Bx/In(1/x)
for every a < x < 1/2. Then

3.5. Finite chains

In the studies above, we made use of the atom-free nature of the Markov chain. If we
want to extend our results to discrete Markov chains, we could reproduce the arguments,
with some loss for “rounding” (since not all sizes occur as sizes of sets). A related, but
somewhat weaker, argument is carried out in [18].

Here we sketch another possibility for obtaining analogous results for finite chains: One
can replace each atom by an atom-free set of equivalent states. Consider a finite Markov
chain M with state space V' = {1,...,n}, transition probabilities p;;, and stationary
distribution 7. Let S; to be the interval [mq + -+ + mi—1,71 + -+ + 7;). We define a
Markov chain M on the unit interval [0,1) as follows: if we are at a point z € S;, then
we choose an interval S; with probability p;;, choose a random point y € \S; uniformly,
and move to y. Clearly this way we get a Markov chain whose stationary distribution is
the Lebesgue measure on [0,1).

It is clear that no matter where we start, after the first step of M, the distribution
of the current state will be uniform on each 5;, and the probability of being in S; is the
same as the probability of being at ¢ in M. Hence the mixing time of M’ is the same as
the mixing time of M, and we can apply the previous bounds.

The difficulty with this method is that various expansion measures for the new chain
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M are only implicitly defined, and even though one can express them in terms of the
original chain M, these expressions will look quite artificial. As an example, consider the
conductance function ¥(z) of the new chain. It is easy to see that we have

\i/(CC) = mln{z Q’thl(l - tj) : 0 S ti S 1, Z?Titi = I},
%7 i

but the minimum of this quadratic function is not easy to compute. (This is not surprising
from the complexity point of view, since the standard conductance itself is NP-hard.)
However, one can usually show that this conductance function is close to the conductance
function of the finite chain. Since the details are cumbersome, we leave the detailed
discussion of the finite case for another paper.

3.6. Further examples
As an illustration, we analyze the random walk on the dumbbell graph; this consists of
two complete graphs of the same size n/2, connected by an edge. It is not hard to see that
the mixing time is ©(n?). The conductance is ©(1/n?), so the Jerrum-Sinclair bound of
O(n*logn), is way off.

The reason why we can gain by applying Corollary 3.7 is that the only cut with really
small conductance is the one separating the two complete graphs. Let x < 1/2, then it

is not hard to see that
. 1 1
U(z) > max{ﬁ, x (5 —:c)},

whence integration gives the bound of ©(n?). This shows that we not only get rid of the
start penalty, but also save the squaring of the conductance!

Benjamini and Mossel [3] considered a more interesting example, a Markov chain on
the giant component of a super-critical percolation on the grid {—n,...,n}?. This is a
random walk on the graph in which each edge in {—n, ...,n}? is retained with probability
p. As n — oo it is known that if p is greater than some threshold pc(Zd), then this graph
will have a single “giant component” and many small components. They found that for
every set A C V(G) with x = w(A) < 1/2 that the walk on the giant component has
U(A) > cpqx'~ 1 /n, where ¢, 4 is a constant which depends on p and d. This is large
enough to deal with the start penalty, and therefore, ignoring factors of d, a discretized
version of our results would imply mixing in time 7 = ©(n?), the correct bound. Previous
isoperimetric proofs could only show 7 = O(n? logn).

A problem in which the node-expansion (via spread 1) proves useful is the lazy random
walk on the cube {0,1}%. In this walk, at each step a coordinate i € {1...d} is chosen
uniformly at random and the value in this coordinate is set to 0 or 1 with probability
1/2 each. It is well known that 7 = ©(d logd), but isoperimetric proofs are typically far
from this. For instance, the conductance ® = 1/d (take a half-cube by fixing coordinate
d at x4 = 0), whereas Corollary 4.4 can be used to show that ¥(z) = Q(z log(1 + 1/x)).
By Corollary 3.7 these imply mixing times of 7 = O(d®) or 7 = O(d?) respectively. Once
again, high expansion on small sets suffices to deal with the start penalty.

However, observe that every subset A C {0, 1}? will have a large fraction of its vertices
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on the boundary. In fact when 7(A) is small then almost all vertices in A are boundary

vertices (consider Hamming balls).
Given a set A C {0,1}¢ we lower bound (A) by using 1(A) = f[o a(an tPr1) (K \
A)dt, as in (2.3). Then

Q(4) = /A Py \ A) dr(y)

0

QQ(A)/2+\// tPf—l(t)(K\A)dt/ —
Q2(4)/2 Qa(4)/2 1

< Q(A)/2+ Vi(4) log(22/Q2(4))
where the first inequality follows from Cauchy-Schwartz. Solving for 1(A) gives
1 Q2 (A)?
A)> - ——————— .
v(4) 2 4 log(22/Q2(A4))
Talagrand [22] showed that for this Markov chain the quantity
1 log(2/m(A
Qu(4) 2 ()2
4 d
It follows from a discretized version of (3.2) that the Markov chain mixes in 7 =
O(d log® d), very near the correct bound.
This method of “discrete gradients” is explored further in [19]. The quantity Q2(A) is
connected to concentration inequalities and the logarithmic Sobolev constant, the study
of which was the goal of Talagrand’s work.

IN

4. Random walks in convex bodies

4.1. A logarithmic Cheeger inequality

A crucial ingredient of the proofs of rapid convergence for convex bodies is an isoperimet-
ric inequality which asserts a lower bound on the surface area of a hypersurface dividing
a convex body into two parts in terms of the product of the volumes of the two parts.
Since it is technically more cumbersome to work with surface areas, a version of the
isoperimetric inequality expands this hypersurface into a full-dimensional set. We use
the notation that for any two sets Si,S2, d(S1,52), the distance between S; and S is
the infinum of distances between pairs of points one in S; and the other in S,.

The following theorem was proved in [5] (improving results of [6, 15]):

Theorem 4.1. Let K C R™ be a convez body of diameter D, and let K = S1U So U S3
be a partition into three measurable sets. Let € = d(S1,S2). Then

4e vol(S1)vol(Sz)
> - WU
vollSs) =2 5 ——1%

Letting € — 0 yields the following:
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Theorem 4.2. Let K C IR" be a convex body of diameter D, and let K be separated
into two parts S1 and Sa by a hypersurface F. Then

4 VOl(Sl)VOI(Sg)
> /2
volo1(F) 2 5=

A narrow cylinder of length D shows that the bound is sharp (at least in terms of
these parameters): we take F' the plane cut bisecting, and orthogonal to, the axis of the
cylinder. Our main geometric tool is the following theorem, which gives a sharper bound
in the case when S; or Sy is small in volume relative to K.

Theorem 4.3. Let K C R™ be a convez body of diameter D, and let K = S1U So U S3
be a partition into three measurable sets. Let € = d(S1,S52). Then

£ vol(S1)vol(Ss) vol’ K

1(S3) > =————————In(l+ ——————F+—
vollSs) =2 50— U s volsy)

Again, applying this inequality to the e-neighborhood of a surface cutting K into two
parts, we get:

Corollary 4.4. Let K C IR" be a convexr body of diameter D, and let K be separated
into two parts S1 and Sy by a hypersurface F. Then

1 vol(S7)vol(Ss) vol’ K
(F) > =22 ol(SvolS) ) -
vol,—1(F) > D volK (1 vol(S1)vol(S2)

We remark that this version is sharp as vol(S7)/vol(K) — 0 (up to a factor of 1+ o(1)
as n — 00). This is a consequence of a result of [20].

Fix constants ¢, A > 0 and let K be the n-dimensional truncated cone given as the
solid of revolution of f,,(¢t) = A (14 ct/n) around the interval ¢ € [0, 1]. Then as n — oo
the cross sectional area of this solid becomes proportional to (1 4 ct/n)?~1 2225 ect,
If s = ¢ ! logc and S is the region of the solid of revolution around the interval [0, s],
then

vol,_1(0S1) nooo vol,(S1) nooo c—1
volK ec—1 and x = volK ec—1"
As A — 0% then diameter D — 1, and as ¢ — oo then z — 07 and the ratio of

vol,,—1(951)/vol, (K) to the lower bound in Corollary 4.4 goes to 1.

4.2. Mixing of the ball walk

Suppose that K is a convex set in R™ with diameter at most D, containing the unit ball
B = B(0,1). We consider the ball walk in K with step size §: in this walk, at every step,
we go from the current point = € K to a random point in B(z,d)N K where B(z, d) is the
ball of radius ¢ with center x. This is called a “proper move”. (In practice, to implement
a proper move, one has to pick a random point from B(z, d) and reject if it is not in K.)
We assume that 6 < D/100. We call this walk the proper move walk. The distribution of
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a step of the proper walk from z € K is given by

vol(S N B(z,9))

FelS) = Sk A B,0))

The steady state distribution of the proper move walk is not uniform, but is close
enough to it that it helps us sample from the uniform (see [12] for details). To be more
precise, we define the local conductance by

£(x) = vol(K N B(x,4))/vol(B(x,d))
for x € K, and

E= /K (z) dz.

Then the stationary distribution 7 of the proper move walk has density function ¢/FE.
To be able to apply Theorem 3.1 (or, in fact, Corollary 3.10) to this walk, we will have
to estimate its local spread £(a) (or m1) and its conductance function V.

Theorem 4.5. The local spread of the proper move walk satisfies w1 > % (6/D)*.

Theorem 4.6. For 0 < x < 1/2, we have

U(x) > min{%;\/ﬁx, 81\§ED£EID(1+1/$)}'

4.3. Sampling from a convex body

Putting the results and methods of the previous two sections together, we obtain a better
analysis of sampling algorithms in convex sets. Suppose K is a convex set in R™ with
diameter at most D. Consider the ball walk in K as discussed in the previous section.
In [12] it is shown that O*(n?(£)?In(2)) proper moves are sufficient to get within a
total variation distance of € of the steady state distribution starting from any state. The
results of the last section plugged into this machinery immediately yield an improvement
of this bound to O((n(£)? + n?In(D/d))In(L)), a savings of O*(n) when 6 = O(1/y/n).

Further, [12] shows that after appropriate preprocessing, any convex body can be put
into “isotropic” position where we have that the unit ball is contained in the body and
most of the volume of the body is contained in a ball of radius O(y/n). It was shown
also in that paper that if we start already in the uniform distribution, then we may use
d = 1/4/n and each proper move can be implemented in O(1) amortized time as above.
Thus in this case, it was known that if we start in the steady state in a body in isotropic
position, after O(n?) steps, we get an almost uncorrelated sample. The results of this
paper imply that we do not need the assumption about starting in the steady state;
starting from any state, O*(n®) steps suffice.

One remaining bottleneck in our algorithm is that it takes O(n®) steps to put a convex
body in isotropic position. In a recent paper Lovasz and Vempala [16] studied a volume
algorithm based on a simulated annealing approach. Their Markov chain also requires
O(n?) to obtain a sample, but only requires O(n?) steps to reach an approximation
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to the isotropic position sufficient for their purposes. This leads to an aggregate O(n*)
algorithm for approximating the volume.

5. Proofs I: Markov Chains

5.1. Proof of Theorem 3.1

Recall the ordering f and the function ¢(-, ) defined in Section 3. We will identify A with
f(A) here, so that for example we will write P, ((y,1]) for P15y (f*((y,1])) etc. With
this notation we have:

%ﬂ%):{a«%m, it <y, )

—P,([0,y]), ifz>uy.

For two measurable sets S, T (not necessarily disjoint), we denote by F(S,T) the
expected number of times we step from a state in S to a state in T during steps 1,2,...t.
Clearly

F(S,T) = /Sg(u)Pu(T)dﬂ(u).
Lemma 5.1. For any 0 <t <1, we have
/0 q(z,t) dg(z) = o™ ([0,1]) — o°([0,1]) = o°([t,1]) — o™ ([t, 1))

The inequality

lg(b) — g(a)| <

follows easily, but we don’t need it.

q(b, a)

Proof. Clearly

P00, (1) = [ a(@)P(1) de

Using (5.1) for « < ¢, we can integrate by parts and get

—Aq@w@mzmmww—ﬁq@w@m.

t

F([0,1], (1, 1)) = [g(@)a(, )]

Similarly, we get

x=0

1
Fi(6,1),0.6) = s(0alt.0) + | a6 dg(o).
t
Using the equation
F((t7 1]7 [07t]) - F([O7t]7 (t> 1]) = Um([0=t]) - JO([OJt])
(which can be derived by simple counting), the lemma follows. ]

Let to = inf{¢ : g(t) > m}. We may assume that g(to) = m (since g can be changed on
a set of w-measure 0).



20 R. Kannan, L. Lovdsz and R. Montenegro

m/tOtdg /(1—t>dg<>

Lemma 5.2.

Proof. We have

d(o™ ) = 0™ ([t0, 1)) — ([t 1)) = / (4~ 1) au

m

By partial integration we get

amm = (22 1) - 1)]1 B t:u—l)dg(t).

m to m

Here the first term vanishes, whence we get the second expression in the lemma. The
first follows similarly. ]

Now we are ready to prove Theorem 3.1. By Lemma 5.1, we have for every 0 < y < 1

/0 g(z,y) dg(x) = ([, 1)) — o™([y, 1)) < 1.

Multiplying both sides by h(y) and integrating, we get

/01 h(y) /01 q(z,y) dg(z) dy < /01 h(y) dy.

On the left hand side we have

[ 0w [ atwas@ras= [ [ nute.v)av) agte.

Here the expression in parenthesis is at least 22:(1 — ) by the assumption on h. Thus we

obtain that
1 1
/ 2z(1 — x)dg(x) < / h(z) dz.
0 0

By Lemma 5.2
d(p™,m x dg( —_— 2z(1 —z)d
(o™, m/ 9( )_2(1—t0m/ ) dg(w)

l—to m/

d(pmm:m/ (1 - 2)dg(z) <

Similarly,

/ 22(1 — z) dg(x)

- 2t0m

IN

2t0m

Since either tg or 1 — tq is at least 1 / 2, the theorem follows.
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5.2. Proof of Theorem 3.3

We have to modify the proof of Theorem 3.1. We define ¢,typ and ¢ as before. The
assumption on the density of ¢° implies that the density of p* is at most M, so we get
that

g(t) <mM (5.2)
for almost all ¢. Since we can change g on a set of measure 0, we may assume that (5.2)

holds for all ¢.
We can easily dispose of the case when ty > 1 — ¢

d(p™, ) = p™ ([to, 1]) — w([to, 1]) < M(1 — to) — (1 — t) < (M —1)e.

The case when ty < c is similarly easy. So suppose that ¢ <ty <1 —c.
Lemmas 5.1 and 5.2 remain valid, but we need the following variant of Lemma 5.2:

Lemma 5.3. We have
1 [t
d(p™,m) < 2Mc+ —/ tdg(t)
m C

and

d(p™, 7)< 2Mc+ %/16(1 —t)dg(t).

to

Proof. Similarly as in the proof of lemma 5.2,

d(o™ ) = 0™ ([t0, 1]) — ([t 1)) = / (4 -1} au

m

/t: (% _1) du = /t:_c+/ll_c. (5.3)

For the first term we get by partial integration:

/t:_c (% - 1) du = K% - 1) (t— 1)IOC + % t:_cu —t)dg(t).

Here the first term can be estimated as follows:

(89 o< e

m

This integral we split as

The second integral in (5.3) can be estimated easily:
1
/ (M—l) du < (M —1)e.
l1—c m
This proves the second part of the lemma; the first is similar. ]

By Lemma 5.1, we have for every 0 < y < 1

/0 a(z,y) dg(z) = o[y, 1]) — o™([y, 1) < 1.
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Multiplying both sides by h(y) and integrating, we get

/cl_ch(y) /cl_ch(%y) dg(x)dy < /cl_ch(y) dy.

On the left hand side we have

/cl_ch(y) /CI_CQ(:c,y) dg(x) dy = /cl_c (/cl_ch(y)q(sc,y) dy) dg(z).

Here the expression in parenthesis is at least 22(1 — ) by the assumption on h. Thus we
obtain that

1-c 1-c
/ 2z(1 — x)dg(x) < / h(zx)dz.
By Lemma 5.3

1 1 fo
d(pm,ﬂ')§2Mc—|—E/c xdg(z)SQMC—Fm/C 2z(1 — ) dg(x)

1 1—c
< _— .
_2Mc+2(1—t0)m/c h(z)dx

Similarly,

1—c

2x(1 — z) dg(x)

1 l1—c
d(pm,w)§2Mc—|——/ (1—2)dg(z) <2Mc+
m

to tom to

1 1—c
<2M h(z) dx.
- C4_2t0ﬂl][ ($) *

Since either to or 1 — ¢ is at least 1/2, the theorem follows.

5.3. Proof of Theorem 3.4
Let
- an-‘
£(0) |
Consider the distribution ¢™. This is not absolutely continuous with respect to 7 in
general, but we may decompose it as 6™ = ¢’ + ¢”, where ¢’ is absolutely continuous

with respect to m and ¢” is concentrated on a set Ky with stationary measure 0. We may
assume that

P.(Ko) =0 (5.4)

for every z ¢ Kj. Indeed, define the sets Ki, Ko, ... recursively by K; = K;_ 1 U {x €
K : P,(K;_1) > 0}. Then it follows by induction that 7w(K;) = 0: if this is true for i,
then it follows for 7 4+ 1 by the equation

0=m(K;)= /K P,(K;)dn(z).

Hence Ko = U; K; has stationary measure 0, and we have P,(Ky) = 0 for = ¢ K,. So we
can replace Ko by K.
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We claim that

1
(K —.
o ( 0) < m
Indeed, for k > 0, we have
F(Ky) = / Py (Ko) do* ()
K
= / P,(Ky) do*1(x) —|—/ P.(Ko) do*~ 1 (x).
Ko K\Ko

Here the second integral is 0 by (5.4), while the first one can be estimated, by the
definition of £(0), by

/K Py (Ko) do* () < (1 — £(0))0* 1 (Ko).

Hence it follows by induction that o*(Ky) < (1 — £(0))*. In particular,

n 1
0" (Ko) < (1 - £(0)" < ™0 < —.
Consider a walk (v%,v1,... v™1) and choose an integer Y € {0, ..., m—1} uniformly.

Call this trial bad, if either v™ € Ky or Y < n. The probability that this happens is at
most (1/m) + (n/m). If the trial is not bad, then its result v¥ can be considered as the
result of starting from the distribution ¢’/o’(K) (which is absolutely continuous with
respect to 7) and going for Y — n steps (which is an integer uniformly distributed in
{0,...,m —n —1}). By Theorem 3.1, this proves that

d(p™,m) < nt + / h(z)dx .
0

m m—-n

When z < a then h(-) given in the Theorem can be extended to [0,1] by setting h(z) =
4/a&(a)+h(z) d(z > c). It is easily verified that whenever m(A) < a then [ h(y) ¥(y, K\
A)dy > 2m(A)(1 — 7(A)). Then [ h(z)dz =4/&(a) + [ h(z) da.

6. Proofs II: geometry

6.1. Lemmas
We need the following “elementary” inequality.

Lemma 6.1. Leta <b<c<d. Then
_ b_ La d_ ,c d _ ,a\2
d az(e e*)(e e)ln L+ (e® —e%)
c—b — (ec —eb)(ed — e2) (eb — ea)(e? — ec)

Proof. The inequality is invariant under shifting all variables, so we may assume that
b= 0. Then we can write the inequality as

(d—a) e —1 1
Y
(e —e®) ¢ sumtty )
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where
(L e")(e? — )
(e — e%)2 :

Now the left hand side is a monotone increasing function of ¢. The right hand side is

monotone increasing as a function of u, but u is a monotone decreasing function of c.
Thus the right hand side is a monotone decreasing function of c. It follows that it suffices
to prove the inequality in the limiting case when ¢ — 0, in which case we get

(1—e?)(e? —1) (ed —e2)? >

d—a > n(l+ ————"+——
@= ed — ea n(+(1—e“)(ed—1)

Substituting = e? — 1 and y = 1 — e®, we have to prove that for x,3 > 0,

1 2
mite . 2y ln(l—I—M),
-y " z+y xy

Here y € (0,1) and so

1
A A )
1-y 1-y

It suffices to prove that

2
In(l+z+y) > il ln(l—l—M),

T+y zy
or
z+y x +1y)2
(taty) ™ >14 ET0
zry
which is clear as (1 + A)” > 1+ BA when A >0and B > 1. O

This inequality generalizes to integrals of log-concave functions as follows.

Corollary 6.2. Leta <b<c<d, and let F' be a log-concave function on the interval
[a,d]. Let v(a,b) = f; F(t)dt. Then

d—a _ v(a,bv(c,d) M
c—bszmwm@f“0+uwwwm®) (6.1)

Proof. There is a (unique) exponential function h(t) = ae?* such that F(b) = h(b) and
F(¢) = h(c). Let p(a,b) = [ h(t) dt. Then
p(a,b) > v(a,b), ple,d) > vie,d), but p(b,e) < w(b,o).

Hence elementary arithmetic gives that

v(a,b)v(c,d)
v(a,d)

<

and




Blocking conductance and mizing in random walks 25

If v(a,d) < u(a,d) then by applying (6.2) and that the function xIn(1 + (1/x)) is
monotone increasing, we see that by replacing F' by h we get a stronger inequality.

When v(a,d) > u(a,d) then the same result holds, but this time write the right hand
side of (6.1) as

v(a,d) v(a,b)v(c,d) N v(a,d)?
v(b,e) wv(a,d)? : (1 + v(a,b)v(c, d))

apply a modification of (6.2) with squares v(a,d)? and u(a,d)? in the denominators, and
finish with (6.3).
But (6.1) for an exponential function is just lemma 6.1. O

We quote a similar lemma (Lemma 3.8) from [11]:
Corollary 6.3. Leta <b<c<d,let F be a log- concave functzon on the interval [a, d],
and let g be a linear function on [a,d]. Let u(a,b) f F(t)g(t)"~tdt. Then

1 |F(b) — F(C)‘
#b.C) 2 e e F(0), F(c

T min{x(a,b), u(c, d)}.
Finally, we need the following lemma, which easily follows from lemma 3.5 in [12]:

Lemma 6.4. Let z,y € K with ||z — y|| < §/v/n. Then

min{¢(z),(y)}
d(Py, Py) <1 - 4max{l(x),l(y)}

6.2. Proof of theorem 4.5
Blowing up K N B(z,d) by a factor of (§/D)™ we get a set covering K, whence
o) = vol(K N B(z,4)) > g vol(K) .
vol(B(z, 9)) D) vol(B(z,9))

Let S be a set with stationary measure 7(S) < 3 (6/D)*", and let € K. Then (using
(6.4) in the numerator and ¢(z) < 1 in the denominator) we get

(6.4)

w(S) = <z ) da / /
> ( Vovol
Thus
P.(S) = vol(S N B(x,9)) _ vol(S)

vol(K N B(xz,d)) — £(x)vol(B(x,d))

(5 o=
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6.3. Proof of theorem 4.6
The proof follows the lines of the proof of Theorem 3.1 in [12]. Let

. T 1)
A= A(zx) = mln{m,mxln(l + (l/x))}

(this is the lower bound on ¥(x) we claim). It is easy to check that A(z) is a monotone
increasing concave function of z.

Let K = S1USs be a partition of K into two non-empty parts, with 0 < 2 = 7(57) <
1/2. We want to show that

Q(Sl, SQ) > A.
Define, for y € K,

Py(SQ) if Yy € Sl,

(the probability that a random step from y crosses over). Since

hy) = {Py(Sl) if y € 5o,

/ h(y) dry) = Q(S1, S2) = Q(Sa, S1) = / h(y) dn(y),
S1

Sa

it suffices to show that
/ h(y) dm(y) = 2A.
K

Suppose this is false. Let y; denote the incidence function of S;. Then, changing the
integration measure to the Lebesgue measure, we have

/ h(y)e(y) dy < 2A/ ((y) dy.
K K

The definition of x gives

/le(y)f(y) dy =x/K€(y) dy

By the Localization Lemma (2.5 in [11]), there exist points a,b and a linear function
g(t) > 0 for t € [0, 1] such that setting y(t) = (1 — t)a + tb, we have

1 1
/0 g ()" By (£) (1)) di < 24 / o) My () dt (6.5)
and

1
/ o ()" Uy (t)) dt = = / oty ey (1)) dt, (6.6)
J1 0

where J; = {t € [0,1] : y(t) € S;} for i = 1,2. We abuse the notation by writing h(t)
and £(t) for h(y(t)) and £(y(t)).
For i = 1,2, define
Jl={te J;:h(t) <1/16},
and let
B=1[0,1]\ (J] U J3).
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It is easy to see that J! and B are all measurable sets.
Define a measure p on I = [0, 1] by

W(T) = /T o(t)"L0(t) dt

for any measurable subset T. We have u(J1) = zu(I) by (6.6). Furthermore,

1
[ s thenewend > g [ o = goum).
and hence (6.5) implies that
w(B) < 32Au(I). (6.7)
I. First we consider the crucial case when J| = [0,7), B = [r,s] and J} = (s, 1] are

intervals. Then Corollary 6.2, applied to the log-concave function g”~1¢, implies that

> %ln(l—k%)
> W) - “,%))%‘f) ~u(B)) <1 + %)
G 32A):()’12;:c —324) (1 . ﬁ)
> égliAln(uré) N Dg/ﬁ'

So it follows that s —r < (§/y/nD), and hence
) §
- % b—a| < —.
(6) = 9lr)] < ol —al <

Choose u < r and v > s such that v —u < 6/(D+/n). Then h(u),h(v) < 1/16. On the
other hand,

h(u) + h(v) = P,(S2) + P,(S1) =1 — P,(S1) + P,(S1) > 1 —d(Py, B,),
and hence d(P,, P,) > 7/8. By Lemma 6.4, this implies that
max{f(u),f(v)} > 2min{l(u), {(v)}.

Letting u tend to r and v to s, then max{¢(r), ¢(s)} > 2 min{(r), £(s)} by the continuity
of the function ¢.

Now we can invoke Corollary 6.3, and get that

u(B) > # min{p(J]), ju(J3)}-

Since

this implies that
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which contradicts (6.7).

II. The general case can be reduced to the case of three intervals similarly as in [12].
Let [z;,y;] be all maximal intervals contained in B. By the special case settled above, we
have

w(lzis yi]) = A((Ty)),
where T; is either [a, z;] or [y;,b]. Summing over all 7, we get

w(B) > ZA(/L(Ti)) > A(p(UiTs))

(since A is sub-additive). To conclude, it suffices to notice that either J{ or Jj is contained
in U;T;. Indeed, for any u € J; and v € J} there is an interval [x;,y;] separating them,
and then either u or v is contained in T;. O

6.4. Proof of Theorem 4.3
Suppose, by way of contradiction, that

e vol(S1)vol(S2) vol’ K
vol(Ss) < 50— (M SoiEvolrsy)

Let v > 0 be a sufficiently small real number (which we will let go to zero later).
Consider the functions

1 if z € 5y,

1
f(d?) — {vol(S’ll)—u  Vol(K)?

— m s OtheI'VVise7

and

1 if x € S,

1
) = vol(Sz)—v ~ vol(K)
g( ) {—m, lf.IESlUSg

Then clearly

f>0, / g>0.
R™ IR™

By the Localization Lemma, there exist two points u,v € IR™ and a real number 7 such
that

/1 fltu+ (1 —tw)edt > 0, and (6.8)

0

/1 g(tu+ (1 —t)w)e?dt > 0. (6.9)
0

We may assume that u,v € K (else, we replace u and v by the endpoints of the intersec-
tion of the segment [u,v] with K, which is trivially non-empty). Let

Ji={tel0,1]: ta+ (1 —-1t)be S;},

1
H(J)—/e'ytdt// etdt.
J 0

and
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Then (6.8) can be written as
vol(S1) —v
/L(Jl) > VOI(K) )
and (6.9), as
vol(S2) — v
i) > =

It follows that
vol(S3) + 2v
= 1 — — . A

We claim that

€ 1
J3) < =p(J1)p(J2) In 1—|—7>. 6.10
() < St n (14—t (6.10)
Indeed, by the monotonicity of the function xIn(1 + 1/z), we have
S (14 s ) ()
—p(J1)p(J2) In ———— | — 1u(Js
D u(J1)p(J2)
S £ (vol(S1) — v)(vol(S2) — v) (14 vol(K)? _ vol(S3) 4 2v
- D vol(K')? (vol(Sy) — v)(vol(Ss2) — v) vol(K)
Choosing v sufficiently small, this will be positive by the indirect hypothesis. This proves
(6.10).
In the intuitively hardest case when J; = [0,8], Jo = [¢,1] and J3 = [b,¢| for some
0 < b < ¢ < 1, this inequality directly contradicts lemma 6.1. The general case can be
reduced to this case just like in [12]. O
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