Clustering Large Graphsvia the Singular Value Decomjysition

P. Drineas?, A. Frieze?, R. Kannan*, S.Vempala! andV. Vinay ¥

Abstract.  We consider the problem of partitioning a set of m points in the n-dimensional Euclidean
spaceinto k clusters (usually m and n are variable, while k is xed), so asto minimize the sum
of squared distances between each point and its cluster center. This formulation is usually called k-
means clustering (KMN * 00). We prove that this problem in NP-hard even for k = 2, and we consider
a contin uous relaxation of this discrete problem: nd the k-dimensional subspaceV that minimizes
the sum of squared distancesto V of the m points. This relaxation can be solved by computing the
Singular Value Decomposition (SVD) of the m n matrix A that represens the m points; this solution
can be usedto get a 2-approximation algorithm for the original problem. We then argue that in fact
the relaxation provides a generalized clustering which is useful in its own right.

Finally , we show that the SVD of a random submatrix { chosenaccording to a suitable probabilit y
distribution { of a given matrix provides an approximation to the SVD of the whole matrix, thus
yielding a very fast randomized algorithm. We expect this algorithm to be the main contribution
of this paper, sinceit can be applied to problems of very large size which typically arise in modern
applications.

1. Intro duction

In this paper we addressthe problem of clustering the rows of a given m  n matrix
A { i.e., the problem of dividing up the set of rows into k clusters where ead cluster
has \similar* rows. Our notion of similarity of two rows (to be discussedin detail
below) will be a function of the length of the vector di erence of the two rows. So,
equivalently, we may view the problem geometrically{ i.e., we are givenm points in the
n-dimensional Euclidean spaceand we wish to divide them up into k clusters, where
ead cluster contains points which are \close to ead other". This problem includes as
a special casethe problem of clustering the verticesof a (directed or undirected) graph,
where the matrix is just the adjacency matrix of the graph. Here the dissimilarity of
two vertices dependson the number of neighbors that are not in common.

There are many notions of similarity and many notions of what a\good" clustering
is in the literature. In general, clustering problems turn out to be NP-hard; in some
cases,there are polynomial-time approximation algorithms. Our aim here is to deal
with very large matrices (with more than 10° rows and columns and more than 10°
non-zero ertries), where a polynomial time bound on the algorithm is not useful in
practice. Formally, we deal with the casewhere m and n vary and k (the number of
clusters)is xed; we seeklinear time algorithms (with small constarts) to cluster suc
data sets.
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We will argue that the basic Singular Value Decomposition (SVD) of matrices
provides us with an excellert tool. We will rst shaw that SVD helpsus approximately
solve the clustering problem described in the abstract (section 3); unfortunately, the
running time of this algorithm is a polynomial of high degree.Howewer, we then argue
that the SVD itself directly solvesthe relaxation of the clustering problem, asdescribed
in the abstract, and that it gives us what we call a \generalized clustering", where
eath point will belongto a cluster with a certain \in tensity" and clusters are not
necessarilydisjoint. Using basic Linear Algebra, we shav somenatural properties of
sudh generalizedclusterings (section 4).

Finally, we dewelop a linear time randomized algorithm for approximate SVD, and
thus for approximate \generalized clusterings”, which makes the procedure feasible
for the very large matrices (section 5). Our algorithm is inspired by the work of
(FKV98) and essetially approximates the top few left! singular vectors (as well asthe
corresponding singular values) of a matrix A. We expect this algorithm to be useful
in a variety of settings (e.g. data clustering, information retrieval, property testing of
graphs, image processing,etc.).

1.1. The Discrete Clustering Pr oblem

Consider the following k-means clustering problem: we are given m points A =
fA@); ApR;: Amg in an n-dimensional Euclidean spaceand a positive integer k
where k will be consideredto be xed asm and n vary. The problem is to nd k

xn
fa(B)=  (dist%(As;B))

i=1
is minimized. Heredist (A(;y; B) is the (Euclidean) distance of Ay to its nearestpoint
in B. Thus, in this problem we wish to minimize the sum of squareddistancesto the
nearest\cluster certer". This measureof clustering quality is also called the squared
error distortion (JD88; GG91) and comesunder the category of variance-baseccluster-
ing (we will highlight the connection preserily). We call this the \Discrete Clustering
Problem" (DCP), to cortrast it from an analogouscortinuous problem. The DCP is
NP-hard even for k = 2 (via a reduction from minimum bisection, seesection 3.1).

Note that a solution to the DCP de nes k clusters Sj, j = 1;:::k. The cluster
certer BU) will bethe certroid of the points in Sj. This is seen{ the proofis a simple
exercise{ from the fact that for any set of points S = fX1);X2);:::;X()g and any
point B we have

X _ X .
kx D Bk2=  kx® XK+ rkB XK 1)
i=1 i=1
wherekX ) Bk denotesthe Euclidean distance betweenpoints X () and B (which,
of course, is equal to the 2-norm of the vector X ) B), and X is the certroid

x=l xOix@s +xO
.

of S. Thus, the DCP is the problem of partitioning a set of points into clusters sothat
the sum of the variances of the clustersis minimized.

1A simple modi cation of our algorithm may be usedto approximate right singular vectors aswell.
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We de ne a relaxation which we call the \Continuous Clustering Problem" (CCP):
nd the subspaceV of R", of dimension at most k, which minimizes

X 5
oa (V) = dist “(Ay; V):
i=1
It is easyto seethat the optimal value of DCP is an upper bound for the optimal
value of the CCP. Indeed for any set B of k points,

fa(B) ga(Ve) 2)

where V3 is the subspacegeneratedby the points in B.

It will follow from standard Linear Algebra that the cortinuous clustering prob-
lem can be exactly solved in polynomial time, since the optimal subspacecan be
read o from the Singular Value Decomposition (SVD) of the matrix A cortaining

solve CCP to nd a k-dimensional subspaceV; then project the problem to V and
solve the discrete clustering problem in the k-dimensional space(we emphasizethat
k is now xed). In section 3.2 we will shav that the k-dimensional problem can be
solved exactly in polynomial time (actually, the running time is exponertial in k, but
k isa xed constart) and this will give us a 2-appraximation algorithm for DCP.

1.2. Generalized Clustering

In section4, we will arguethat the optimal subspacethat is returned from the \Con-
tinuous Clustering Problem" (CCP) yields a \generalized clustering" of the matrix A.
A \generalized clustering" di ers in two respects from a normal clustering: rst , eah
cluster instead of being a subsetof the rows of A (or equivalertly an m-vector whose
entries are all 0 or 1), is an m-vector of reals where the i th componert gives the
\in tensity" with which the i th point belongsto the cluster. Secondly, the requiremert
that the clustersbe disjoint in the discrete clustering is replacedby a requiremert that
the vectors corresponding to the di erent clusters be orthogonal. We will argue that
this notion of clustering is quite natural and that it has certain desirablefeatures not
allowed by discrete clustering; for example, it allows having overlapping clusters.

1.3. A fast Monte Carlo algorithm for Singular Value Decomposition

Givenan m n matrix A, we dewelop a linear time randomized algorithm that ap-
proximates a few of the top singular vectorsand singular valuesof A (seesection 2 for
badground). This algorithms rendersthe computation of singular valuesand singular
vectors feasiblefor the very large matrices in modern applications.

Recall that for any m n matrix X,

X
kXk¢ = A% and kXkz= _max kXxk:
i X2R " :kxk=1

Our goalis to nd an approximation P to A, such that the rank of P is at most Kk,
satisfying (with high probabilit y)

kA PkZ kA Ak + kAkZ (3)
kA Pk3 KA Acki+ KkAKZ 4)

svdjournal2.tex; 9/12/2003; 12:08; p.3



4

where A is the \optimal" rank k approximation to A and > 0 a given error param-
eter. More speci cally, Ag is a matrix of rank k sud that for all matrices D of rank
at most k (seesection 2),

kA Axke kA Dkg and kA  Axko kA Dk;y:

Thus, the matrix P found is almost the best rank k approximation to A in the sense
described above. The matrix P returned by our algorithm is equal to the product

HHTA, where H is an m k matrix containing approximations to the top k left

singular vectors of A. We remind the readerthat Ay can be written asAyx = UcU/ A,

whereUg isanm k matrix corntaining the exacttop k left singular vectorsof A. Thus,

our algorithm approximates A by approximating the matrix Ux by H, or, equivalertly,

by approximating the top k left singular vectors of A.

There are many algorithms that either exactly compute the SVD of a matrix in
O(mn? + m?n) time (an excelleri referenceis (GL89)) or iterativ ely approximate a
few of the top singular vectors and the corresponding singular values (e.g. Lanczos
methods). We should note here that Lanczosmethods are iterativ e techniques which
{ given enoughrunning time { corvergeto the exact solution (except for somespecial
cases);however, the speed of convergencedepends on various factors. We will not
elaborate on this topic here;instead we refer the readerto (Par97) and the references
therein.

In this paper, we proposea simple, randomized SVD algorithm: instead of com-
puting the SVD of the ertire matrix, pick a subsetof its rows or columns, scalethem
appropriately and compute the SVD of this smaller matrix. We will prove that this
processreturns e cien t approximations to the singular valuesand singular vectors of
the original matrix; more speci cally, by picking rows, we approximate right singular
vectors, while, by picking columns, we approximate left singular vectors.

Our algorithm will make two passeghrough the ertire matrix, samplecolumns (or
rows) with probabilities proportional to the square of their lengths and then run in
time ) 3!

0] k—4m + k—G :
to satisfy both (3) and (4). If we are only interestedin satisfying (4), the running time
of the algorithm is signi cantly smaller:

0 imid
Thus, there is no dependencyon k. Also, if the matrix is sparse,we can replacem
in the running times by m® where m®is the maximum number of non-zero ertries in
a column of A. Alternativ ely, our result might be viewed as showing that instead of
computing the SVD of the erntire matrix A, it is su cient to compute the SVD of a
matrix consisting of O(k= 2) randomly picked columnsof A, after appropriate scaling.
The columns must be picked with probability proportional to their length squared.
We should note again that O(k=2) columns su ce in order to satisfy both (3) and
(4); if we are only interested in satisfying (4), O(1= ?) columns are enough.

Our algorithm is directly motivated by the work of (FKV98) which alsopresers an
algorithm that achieves (3), with running time O(k*?= °) and returns a \description"
to the left? singular vectors, namely, it describesthe left singular vectors as a matrix-

2 Again, the algorithm can be modi ed to approximate right singular vectors.
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vector product. Thus, while it is theoretically very interesting that the algorithm of
(FKV98) has a running time which does not grow with m or n, the dependenceon
k and might be too large in practice. Also, explicitly computing the left singular
vectors would make the running time linear in m.

Clearly an approximation of the form (3) or (4) is only useful if A has a good
approximation of \small" rank k and further m and n are large (so exact algorithms
are not feasible.) There are many examplesof situations wheretheseconditions prevail
(i.e., information retrieval applications). As an example,our algorithm could be usedto
perform Latent Semartic Indexing (LSI) (BL97; PRTV98; AFK * 01); this is a general
technique for analyzing a collection of documerts which are assumedto be related (for
example,they are all documerts dealing with a particular subject). Supposethere are
m documerts and n terms which occur in the documerts. The model hypothesizes
that, becauseof relationships among the documerts, there is a small number { say
k { of main (unknown) topics which describe the documenrts. The rst aim of the
technique is to nd a set of k topics which best describe the documerts; a topic is
modelled as an n - vector of non-negative reals. The interpretation is that the j th
componert of a topic vector denotesthe frequency with which the j th term occurs
in a discussionof the topic. With this model at hand, it is easyto argue that the k
best topics are the top k singular vectors of the so-called\do cumert-term" matrix,
whichisanm n matrix A with Aj beingthe frequencyof the j th term in the i th
documert.

2. Linear Algebra Background

Any m n matrix A canbe expressedas
A = X t(A)U(t)V(t)T :
t=1

wherer is the rank of A, 1(A) 2(A) i r (A) > 0 areits singular valuesand

The u®'s and the v(V's are orthonormal sets of vectors; namely, u®" u@) is one if
i = j and zero otherwise. We also remind the reader that

X
KAKE = AZ and kAko= max kAxk= max kx'Ak= (A):
i x2R N :kxk=1 x2R M :kxk=1

In matrix notation, SVD isdened asA = U VT whereU and V are orthogonal

(thusUTU = | and VTV = |) matrices of dimensionsm r andn r respectively,
containing the left and right singular vectorsof A. = diag( 1(A);:::; ((A)) isan
r r diagonal matrix_containing the singular valuesof A.

If wedene Ay = K, u®v(D" then Ay is the bestrank k approximation to A

with respect to the 2-norm and the Frobenius norm. Thus, for any matrix D of rank
at mostk, KA Axka kA Dk and kA Axke kA Dkg. A matrix A hasa
\good" rank k approximation if A Ay is small with respect to the 2-norm and the
Frobenius norm. It is well known that

X
kA AgkZ = 2(A)  and KA Ayka = k1 (A):
t=k+1
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From basic Linear Algebra, Ax = Ux V] = AV, = UcUJ A, where Ug and Vg
are sub-matricesof U and V, cortaining only the top k left or right singular vectors of
A respectively; for a detailed treatment of Singular Value Decomposition see(GL89).
Also, Tr(A) denotesthe sum of the diagonal elemeris of A; it is well-known that
kAkZ = Tr(AAT) forany m n matrix A.

In the following, Ay denotesthe i th row of A asa row vector and A() denotesthe
i th column of A asa column vector. The length of a column (or row) vector will be
denotedby kA(k (or kA jyk) and is equalto the squareroot of the sum of the squares
of its elemerts.

3. Discrete Clustering

3.1. Complexity
THEOREM 1. DCP is NP-hard for k 2.

Proof: We will prove the NP-hardnessfor k = 2 via a reduction from minimum k-
section,the problem of partitioning a graph into two equal-sizedparts soasto minimize
the number of edgesgoing betweenthe two parts. The proof for k > 2 is similar, via
a reduction from the minimum k-section problem.

be the degreeof the i'th vertex. We will map ead vertex of the graph to a point with
JEj + jV] coordinates. There will be one coordinate for ead edgeand one coordinate
for eat vertex. The vector X' for a vertex i is de ned as X (e) = 1 if e is adjacert
to i and O if e is not adjacert to i; in addition X (i)= M and X'(j) = Oforall j 6 i.
The parameter M will be setto be n3.

Consider a partition into two parts P; Q with p and q vertices respectively. Let B
and By be the cluster certers. Considerthe DCP value for the partition P;Q on just
the last n coordinates, we have B(i) = M=pand B4(i) = M=gand sothe DCP value
on these coordinates is

pM4(1 %)2+qM2(1 %)Z:nM2+ M2($+:—(;) aM 2

If p= gq= n=2, then this is (n 4+ 4=n)M 2. On the other hand, if p 6 g, then it is

at least
4n

nZ 4
and sothe increasein the DCP value on the last n coordinates s at least 16M ?=n(n?
4). The rst jEj coordinates cortribute at most 4n? to the DCP. Soif wehaveM  n3
(say), then the optimal solution will always choosep = g, sinceany gain by not having
p = qis subsumedby the lossin the DCP value over the last n coordinates.

Now, the sum of pairwise squared distanceswithin a cluster can be rewritten as
follows:

(n 4+ )M ?

X X X 2
X' xJj2 =20 jX'j2 2 X
ij 2P i2P i2P
X - H -
= 2p jX' By
i2P
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Therefore,
X ) X ) X . . X . .

p X' Byf+q X' Bg? = XPoxipEe o xt xR

i2P i2Q i<j 2P i<j 2Q
If p= @, then this exactly n=2 times the value of the DCP. The RHS, namely the sum
of pairwise distanceswithin clusters, can be evaluated separately for the coordinates
corresponding to edgesand those corresponding to vertices. For the former, for a pair
i;] in the samecluster it is d(i) + d(j) if (i;j) is not an edgeand d(i) + d(j) 2if
(i; j) is an edge.Therefore the total is

di)+ d(j) 2+ X d@i) + d(j) + X 2M 2

(i )2E;i<j 2P (i )6E;i<j 2P i<j 2P
X X X
+ di)+ d(j) 2+ d@i) + d() + 2M 2
(Q)ZE;kj 2Q (i;j )6E;i<j 2Q i<j 2Q
=(p 1) d@i)+(q 1) di) 2Ej+2E(P;Qj+M3p(p 1)+qg 1)
i2P i2Q

Note that if p = g then this only dependson jE (P; Q)j, i.e., the size of the minimum
bisection. But then the minimum DCP solution is also a minimum bisection for the
original graph.

3.2. A 2-appr oximation algorithm for DCP

We rst show how to solve DCP in O(mk°9=2) time when the input A is a subset of
RY: here k and d are consideredto be xed. Each set B of \cluster certers" de nes
a Voronoi diagram wherecell G = fX 2 RY: kX Bik kX Bgykforj 6 ig
consistsof those points whoseclosestpoint in B is B ;). Each cell is a polyhedron and

points equidistant from two points of B). It is not too di cult to seethat, without loss
of generality, we can move the boundary hyperplanesof the optimal Voronoi diagram,
without any face passingthrough a point of A, sothat ead face contains at least d
points of A.

Assumethat the points of A are in general position and 0 2 A (a simple pertur-
bation argumen dealswith the generalcase);this meansthat ead face now contains
d anely independert points of A. We have lost the information about which side of
eat faceto place thesepoints and sowe must try all possibilities for eadh face. This
leadsto the following enumerative procedurefor solving DCP:

Algorithm  for DCP in d dimensions

Input: positive integersk;d and a setof m points A RY.
Output: asetB with k points from RY such that f A (B) is minimized.

P (%) (m _
1. Enumerate all tﬁ)k (g) = O(m%°2) setsofk t X hyperplanes,eat
of which cortains d a nely independert points of A.

2. Ched that the arrangemen de ned by thesehyperplaneshas exactly k cells.
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3. Make one of 29 choicesas to which cell to assignead point of A which is
lying on a hyperplane.

4. This de nes a unique partition of A. Find the certroid of ead set in the
partition and computef .

We now examine how CCP can be solved by Linear Algebra in polynomial time,
for any valuesof m, n and k. Indeed, let V be a k-dimensional subspaceof R" and

X 2 X o /Y-
kA AkF = kA(,) A(,)k = dist (A(,),V)
i=1 i=1
Thus to solve CCP, all we have to do is compute the top k right singular vectors of
A, sinceit is known that theseminimize kA Aké over all rank k matrices; let Vsyp

denote the subspacespannedby the top k right singular vectors of A.
We now show that combining the above two ideasgivesa 2-appraximation algorithm

emphasizethat DCP will run on a k - dimensional subspacewherek is xed.

Algorithm  for general DCP

1. Compute Vgyp.

2. Solve DCP on the setof m points A RK (thusd = k), in order to obtain B,
a set of k certroids in R,

3. Output B.

Notice that the running time of the secondstep is O(m"3=2).
LEMMA 1. The alove algorithm returns a 2-approximation for DCP.

Proof: It follows from (2) that the optimal value ZR P of the DCP satis es

Xt
ZADCP kA(,) A(i)kz: (5)
i=1

of the projection of the points in B onto V

xXn xXn )
ZRCP = dist 2(Ag); B) dist 2(AM): B):
i=1 i=1
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Combining this with (5) we get

xXn
2z R°F (A Agi?+ dist>(Agy;B)
i=1
= dist Z(A(l), B)
i=1
= fa(B);

proving that we do indeed get a 2-appraximation.

4. Generalized Clusters and SVD

In this section, we will arguethat there is a natural way of generalizingclusterswhich
leadsto singular vectors. To do this, we introduce a typical motivation: supposewe
wish to analyze the structure of a large portion of the web. Consider the underlying
directed graph with onevertex per URLand an edgefrom vertex i to vertex j if there
is a hypertext link from i to j. It turns out to be quite useful to cluster the vertices of
this graph. Obviously, very large graphs can arise in this application and traditional
heuristics (even polynomial time ones)are not good enough.

Given this directed graph G(V; E), we wish to divide the vertex setinto \clusters"
of \similar" vertices. Sinceall our information is in the graph, we de ne two vertices
to be \similar" if they sharea lot of common neighbors. In general, we assumethat
all the relevant information is captured by the adjacencymatrix A of the graph G; we
do not dwell on the \mo delling" part, indeed we assumethat the translation of the
real problem into the graph/matrix has already beendone for us.

We now examine how \similarit y* may be precisely de ned. For this purpose,it is
usefulto think of the web example,where an edgefrom i to j meansthat i thinks of
asimportant. So,intuitiv ely, similar vertices\reinforce" ead others opinions of which
web pagesare important.

Quite often by \clustering”, one meansthe partition of the node set into subsets
of similar nodes. A partition though is too strict, sinceit is quite common to have
overlapping clusters. Also, in traditional clustering, a cluster is a subset of the node
set; essetially, the characteristic vector of a cluster is a 0-1 vector. Again, this is too
strict, sincedi erent nodes may belongto a cluster with di erent \in tensities". For
example,if N (v) (the set of neighbors of v) is large and there are many nodesu sucd
that N (u) is a subsetof N (v), then a good cluster { intuitiv ely { would include v and
many of the u 's (for reinforcemen), but{ again intuitiv ely { v is more important in
the cluster than the u's.

Given an m n matrix A, we de ne a cluster x as an m - vector of reals. So,
x(u) is the \in tensity" with which u belongsto x. We are alsointerestedin assigninga
\w eight" (or importance) to the cluster x: a crucial quartit y in this regardis the vector
xT A because(x A); is the \frequency" of occurrenceof node i in the neighborhood
of the cluster x. So, high valuesof j(x" A);j mean high reinforcemeri. Thus,

X0
(xTA)? = kxT Ak3
i=1
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is a measureof the importance of the cluster represeried by vector x. We also note
that if x is scaledby someconstart , sois every componert of xT A. We now make
the following de nition:

DEFINITION 1. A cluster of the matrix A is an m - vector x with kxk = 1. The
weight of the cluster x (denoted by W (x)) is kx" Ak (the Euclidean length of the
vector).

We now arguethe reasoningbehind using Euclidean lengthsin the above de nition.
While we cannot exhaustively discussall other possiblemeasureswe look at two other
obvious norms: |; (the maximal elemen of the vector in absolute value) and |1 (the
sum of the absolute values of the elemerns in the vector). The following examples
illustrate the advantage of Euclidean norm over thesetwo and carry over for many
other norms.

In the de nition, we usedthe Euclidean norm for both x and xT A. First suppose
we used instead the |11 norm for x. Then, if there are k nodes of G in the same
neighborhood, putting x; = 1 for one of them and zero for the others or putting
X;j = 1=k for ead of them, returns the samevalue for x"T A and so the sameweigt.
Howewer, we prefer larger clusters (th us larger valuesof kx T Ak) sincethey guarartee
greater reinforcemen. It is easyto seethat if we restrict to kxk = 1, then we would
choosethe larger cluster. Similarly if the |; is usedfor x, then we shall always have
xi = 1 for all i being the maximum weight cluster, which obviously is not always a
good choice. It is also easyto seethat if the |1 norm is usedfor kx" Ak, then x will
be basedonly on the highest in-degreenode which is not always desirable either. A
similar example can be provided for the casewhen the |1 norm is usedfor xTA.

Having de ned the weight of a cluster, we next want to describe a decomposition
processthat successiely removes the maximum weight cluster from the graph. Let
u be the maximum weight cluster and v be any other cluster. We can expressv as
v = u + w where is a scalarand w is orthogonal to uj; then, it is known from
Linear Algebra that w' A is also orthogonal to u' A, thus

kvl Ak? = 2ku" AK? + kw' AK?:
It is obvious that as grows the weight of v grows as well. Thus, to get a \good"
clustering, we can not merely require v to be dierent from u, sinceit may be arbi-
trarily closeto u. This obsenation leadsus to the correct requiremert; namely that
v is required to be orthogonal to u. In our generalizedclustering, the orthogonality

requiremert replacesthe traditional disjointnessrequiremert. We now make a second
de nition.

DEFINITION 2. An optimal clustering of A is a setof orthonormal vectors x M ; x@);:::
sothat x{) is a maximum weightcluster of A subject to being orthogonal to x;:::x( D:

It is now easyto see(directly from Linear Algebra) that corresponding to \remov-
ing" the rst k clustersis the operation of subtracting the m  n matrix

XK
X(t)x(t)T A
t=1

from A. Soif

R(k) = A X( X(t)x(t)T A,
t=1
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R® de nes a \residual" graph after removing the rst k clusters; more speci cally,
it represens a weighted graph with edgeweights. The intuition is that if the rst few
clusters are of large weight, then the residual matrix will_have small norm. We can
quantify this using basic Linear Algebra and noting that = X, xMx®" A is a matrix
of rank k:

LEMMA 2. R hasthe least Frokenius norm and the least 2-norm among all ma-
tricesof the form A D, wher the rank of D is at most k.

So, the optimal clustering makes the \error" matrix R() as small as possiblein

vectors of A and they may be computed through the Singular Value Decomposition.
We note here that we de ned the weights of clusters by looking at the out-degreesof
the nodesof the graph; symmetrically, we may look at the in-degrees.Linear Algebra
and elemenary properties of the Singular Value Decomposition tell usthat an optimal
clustering with respect to in-degreesyields also an optimal clustering with respect to
out-degreesand vice versa.

We should note here that these aspects of clustering in the context of the web
graph, as well as the introduction of the SVD technique to cluster such graphs was
pioneeredin (Kle97) (seealso (GKR98)). (Kle97) argues{ and we do not reproduce
the exact argument here { that given the adjacency matrix of a large subgraph of
the web graph, where nodesin the graph correspond to web pagesthat were returned
from a seard engine as results of a speci ¢ query, it is desirableto nd the top few
singular vectors of that matrix. Roughly, the reasonthat we are interested in the
top few singular vectors is that they correspond to di erent meaningsof the query.
Since A is large (in the examplesof (Kle97), in the hundreds or thousands), (Kle97)
judiciously choosesa small submatrix of A and computesonly the singular vectors of
this submatrix. In the next section, we prove that choosinga submatrix accordingto
a simple probability distribution, returns good approximations to the top few singular
vectors and the corresponding singular values.

5. The randomized SVD Algorithm

Givenanm n matrix A we seekto approximate its top k left singular values/vectors.
Intuitiv ely, our algorithm picks ¢ columns of A, scalesthem appropriately, forms an
m ¢ matrix C and computesits left singular vectors. If A is an objects-features
matrix (the (i;j) th entry of A denotesthe importance of feature j for object i),
our algorithm may be seenas picking a few features (coordinates) with respect to
a certain probability distribution, dropping the remaining features, and then doing
Principal Componert Analysis on the selectedfeatures.

pi = KAWDK2=KAK2 (6)

We should note herethat our results also hold { with somesmall lossin accuracy({ if
the p; are nonnegatiwe reals, summing to 1 and satisfying

b kADK*=KAKE; @)
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where lis apositive constart, allowing us some exibilit y on samplingthe columns
of A. For simplicity of presenation, we shall focuson the former case,sincethe analysis
of the latter caseis essetially the same.We alsonote that a samplerwhich samplesthe
columnswith probabilities proportional to their lengths squaredis simple to construct
after one passthrough the matrix A (seesection5.1).

Fast SVD Algorithm
Input: m n matrix A, integersc n,k ¢, fpigl;.
Output: m kmatrix H, 1;:::; k2 R™.

l1.fort=1to c

Pick an integer from f1:::ng, where Pr (pick i) = p;.
Include A®W=" & asa column of C.

3. Return H, a matrix whosecolumns are the h), and ;| = 4(C);:::; « =
«(C) (our approximations to the top k singular valuesof A).

In the above, (C) are the singular valuesof C. From elemenary Linear Algebra
we know that 2(C) are the singular valuesof CCT or CTC. We should note herethat
computing the top k left singular vectors of C (step 2) may be easily done in time
O(mc?). For the sake of completenesswe brie y outline this process:compute CTC
(O(mc?) time) and its singular value decomposition (O(c®) time). Say that

c'c= X 2(CcywOw®"
t=1

elemernary Linear Algebra, the w(® are the right singular vectors of C; thus, the
h® = cwl= ((C):t = 1:::k are the left singular vectors of C and they can be
computed in O(mck) time.

The algorithm is simple and intuitiv e; the only part that requiresfurther attention
is the sampling process We emphasizeherethat the probability distribution described
in (6) is not chosenarbitrarily . More speci cally, if pj = kADk?=kAkZ , we will prove
(seelemma 6) that, among all possibleprobability distributions, this particular one
minimizes the expectation of KAAT CCTkg, aquartity that will be crucial in proving
the error bounds of the above algorithm. Intuitiv ely, the left singular vectors of CCT
are closeapproximations to the left singular vectorsof AAT; thus, askAAT CCTkg
decreasesthe accuracy of our approximations increases.As we shall see, KAA T
CCTke decreasesnversely proportional to the number of columnsin our sample.

5.1. Implement ation det ails and running time

An important property of our algorithm is that it can be easily implemened. Its
\heart" is an SVD computation ofac cmatrix (CTC). Any fast algorithm computing
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the top k right singular vectors of such a matrix could be used to speed up our
algorithm (e.g. Lanczosmethods). One should be cautious though; sincec is usually of
O(k), we might end up seekingapproximations to almost all singular vectorsof C™C.
It is well-known that in this casefull SVD of CTC is much more e cien t than iterativ e
approximation techniques;for a detailed treatment of suc issuessee(Par97).

Let's assumethat the matrix is preseried in a particular generalform - which we
call the sparse unordered represenation, in which (only) the non-zero ertries are
preseried astriples (i; j; Aj ) in any order. This is suited to applications where multiple
agerts may write in parts of the matrix to a certral database,and we cannot make
assumptionsabout the rules for write-con ict resolution. One example of this may be
the \load" matrix, where eat of many routers writes into a certral databasea log of
the messagedt routed during a day in the form of triples (source,destination, number
of bytes). We shall prove that we can decidewhich columnsto include in our sample
in one passthrough the matrix, using O(c) RAM space.The following two lemmas
showv how this may be done.

this order. Then with O(c) additional storage, we can pick i.i.d. samplesii;iz;:::ic 2
f1;2;:::ng suchthat
Prii=i)= Po
j=1 8

Proof: We arguethat we canpick i;. The others canbe doneby running c independen

a samplei; suc that, for some xed valuel i °,
. . d
Pri,=1i)= p———:

j=1

We also keepthe running sum

i1 with ~ + 1 with probability

-1 @ . On reading a-+1, we just replacethe current
41,

PT.
=19

It is easyto seeby induction that this works.

probabilities p; satisfying p; = KA(Vk?=kAkZ .

Proof: To pick iq, just pick (using lemma3) anertry (i; j) with probability proportional
to its squareand take i; = j. The other i; are also picked by running ¢ independert
experiments simultaneously. Obviously, the overall probability of picking column j in
onetrial is

XOAZ KA

i1 kAk2 kAKkz2

In the secondpass, we pick out the entries of the columns of matrix C that we
decidedto keep;note that we know the scaling factors sincewe know the probabilities
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with which we pick ead column. We now analyze the running time requiremenrts of
the algorithm. We remind the readerthat the algorithm works on matrices in sparse
represertation, wherethe matrix is preserted asa setof triples (i; j; Aj ) with at most
onetriple for ead (i; j). So,the zeroentries neednot be given; somezero ertries may
be presened.

THEOREM 2. After the preprocessing step, the running time of the algorithm is
O(c®m + ¢d).

Proof: The scaling of the columns prior to including them in C needscm operations.
Computing CTC takes O(c?m) time and computing its SVD O(c®) time. Finally, we
needto compute H , which canbedonein O(mck) operations. Thus, the overall running
time (excluding the preprocessingstep) is O(c?m + ¢ + cmk), and sincek ¢ the
result follows.

5.2. Theoretical anal ysis

Our analysiswill guararteethat KA Pk (KA Pky)isat mostkA Ayke (KA Agky)
plus someadditional error, which is inversely proportional to the number of columns
that we included in our sample.As the \qualit y" of H improves,H and Uy spanalmost
the samespaceand P is almost the optimal rank k approximation to A. We remind
the reader that we use Ax to denote the \optimal" rank k approximation to A, and
Uk to denotethe m  k matrix whosecolumnsare the top k left singular vectors of A.

THEOREM 3. If P = HHTA is arank (at most) k approximation to A, constructed
using the algorithm of section 5, then, for anyc n and > 0,

S

q_—
kA PkZ kA AgkZ+2 1+ 8In@2=) %kAk,Z:

q r _
kA Pki KA Aki+2 1+ 8In@2=) %kAk%

hold with prokability at least1 . We assumethat p; = kA(Vk?=kAkZ and sampling
is done with repla@ment.

Let us note here that using the probabilities of equation (7), would result to the
following error bounds:

S

Kk

Cc

S
9 — 1

kKA Pki kA Aki+2 1+ 8 lin@2=) —CkAkE:

q_—
kA PkZ kA AkZ+2 1+ 8 lin@2=) kAKZ

the corresponding singular values.Let H denotean m  k matrix whosecolumns are
the h(®; sincethe h() are orthonormal, HTH = | and
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kA HHTAKZ

Tr (AT ATHHT)A HHTA)

Tr(ATA) Tr(ATHHTA)
kAkZ  kHTAKZ

X
kAkZ kATh(VK2: (8)
t=1

coordinate vectors,we seethat h®®" (AAT  CCT)h® isthe (t; t) ertry of AAT CCT.
Sowe have

2
h®"(AAT  ccT)h® KAAT  cCTK2
t=1

or, equivalertly (sinceCTh® = (C)h®)

2
kAThOKZ  2(C) kAAT CCTkZ
t=1

and, by an application of the Cauchy-Sdchwartz inequality,

p_
kAThOK2  2(C) kkAAT  CCTke: (9)
t=1

We now state the well-known Ho man-Wielandt inequality (seee.g. (GL89)). Given
symmetric matrices X and Y (of the samedimensions),

(«X)  «(Y)? kX YK
t=1

where ((X) and (Y) denotethe t th singular valuesof X and Y respectively. The
lemma holds for any k minfrank(X);rank(Y)g. Applying this inequality to the
symmetric matrices AAT and CCT, we seethat

X
(«(CCT) «(AAT)Z = (EC) EA)?
t=1 t=1

KAAT CCTk

and, by an application of the Caudhy-Schwartz inequality,

2y A P RkAAT CCTke: (10)
t=1

Adding (9) and (10), we get
KAThOKZ  2(A) 2P kkaaT CCTke: (11)
t=1

We now state the following lemmas, whoseproofs may be found in the appendix.
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LEMMA 5. If C is created using the algorithm of section 5, then, with prokability at
least 1 (for all > 0),

P
KAAT cCTke +* §h=)

KAKZ :
LEMMA 6. Setting the p;'s asin equation (6) minimizes the expectation of kAA T
CCTKZ.

Thus, using (11) and lemma 5, with probability at least1 , for all > 0,
S

X q_—
kAT h(K? 2(A) 2 1+ 8In(2=) K
t=1 t=1 c

kAk2

and the Frobenius norm result of the rst statemert of the theorem follows by substi-
tuting this bound to equation (8), since

X
kA AckZ = kAk2 2(A):
t=1

In order to prove the statemert of the theorem for the 2-norm of the error, let

of Hy in R™M. Then,

kA HHTAk,= max kx"(A HHTA):
X2R M kxk=1

But, x canbe expressedasa; y+ a, z,suchthat y2 Hy,z2 Hy,, «, a1;a2 2 R and
a+ a3 = 1. Thus,
max kx"(A HHTA) max kaiy' (A HHTA)k
X2R M :kxk=1 y2H i :kyk=1

+ max  ka,z' (A HHTA)
z2H n  k:kzk=1

max ky"(A HHTA)k
y2H i :kyk=1

+ max kz'(A HHTA)k:
z2H n  k:kzk=1

But, foranyy 2 Hy,y"HH T isequaltoy. Thus,ky"(A HHTA)k= kyTA yTAk=0
for all y. Similarly, forany z2 Hy,, , zTHHT is equalto 0. Thus, we are only seeking
a bound for max,oy |, -kzk=1 kz" Ak. To that e ect,
kzTAk? = zTAATz= z"(AAT CCT)z+z'CCz
z"(AAT  cCM)z+ kz"Ck
kAAT CCTkg + 2,,(C):

The maximum kz" Ck over all unit length z 2 H,,  appearswhen z is equal to the
(k + 1) st left singular vector of C. Thus,

kA HHTAKS  2,,(C)+ kAAT CCTk:
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Now, AAT and CCT are symmetric matrices and a result of perturbation theory (see
e.g.(GL89)) statesthat

j ke1(AAT) 1 (CCT)j KAAT  CCTky:
But, using lemmab5 and the fact that kX ko kX kg for any matrix X,

1+ " 8InE=)
—p_i

KAAT cCTk, kAk2 (12)

holds with probability at leastl . Thus,

p -
. . . . 1+ 8In(2=
i et (AAT)  a(CCTi = 2 (A)  Zn(C) T fnC=)iae

and the statemernt of the theorem for the 2-norm of the error follows.

We conclude with a few words on Theorem 3: the bounds are useful when kA
Axkg kAkg , which is typically the casewhen spectral techniques are most useful.
Also, notice that the error of our approximation is inverselyproportional to the number
of columnsthat we include in our sample.

5.3. Doing better than worst-case

Note that even though we prove that picking ¢ = O(k= 2) columnsof A doesthe job,
it is possiblethat in an actual problem, the situation may be far from worst-case.In
practice, it suces to pick c rows, where c is at rst much smaller than the worst-
casebound. Then, we may ched whether the resulting approximation HHTA to A
is sucien tly closeto A. We can do this in a randomized fashion, namely, sample
the ertries of A HH T A to estimate the sum of squaresof this matrix. If this error
is not satisfactory, then we may increasec. The details of variance estimates on this
procedureare routine.

5.4. Appr oximating the right singular vectors

We could modify the algorithm to pick rows of A instead of columns and compute
approximations to the right singular vectors. The boundsin Theorem 3 remain essen-
tially the same(columns becomerows and n becomesm). P is now equalto AH HT
whereH isann k matrix containing our approximations to the top k right singular
vectors. The running time of the algorithm is O(r2n + r3), wherer is the number of
rows that we include in our sample.

6. Recent related work and conclusions

In (ORO02), the authors preseried a polynomial time approximation scheme for the
Discrete Clustering Problem, with an exponertial dependenceon k and the error
parameter.

In (AMO1; AMO3) , Achlioptas and McSherry describe an alternative randomized
algorithm for Singular Value Decomposition: givenanm n matrix A, sampleelemeris
of A; createan m n matrix A by only keepingthe elemers of A that areincluded in
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the sample, after dividing them by the probability of being sampled). The remaining
elemerts of A are zerced out; essetially, A is a sparse\sketch" of A. Extending an
elegan result of Furedi and Komlos (see(FK81)), they provethat A A is small with
respect to the 2-norm. Thus, they arguethat the singular vectors and singular values
of A closely approximate the corresponding singular vectors and singular valuesof A.
We note that A'isanm n matrix, thusin order to compute its SVD e cien tly one
hasto employ the Lanczos/Arnoldi techniques. Their error bound with respect to the
2-norm is better than ours (their asymptotic dependencyon 1= is smaller); in (AM03)
they prove that the Frobeniusnorm bounds are the samefor the two algorithms. For
a detailed analysis and comparison, we refer the readerto (AMO03).

More recertly, Bar-Yossef(BY02; BY03) addressedthe question of the optimality
of our algorithms. In (BY03), he provesthat our algorithm is optimal, with respectto
the Frobeniusnorm bound, up to polynomial factors of 1= . More interestingly, he also
provesthat if columnsof the original matrix are picked uniformly at random (and not
with our judiciously chosensampling probabilities), the error bound of our algorithms
cannot be achieved.

Perhapsthe most interesting open question would be to improve the error bounds
of our algorithms by allowing extra passesthrough the input matrices. For example,
after computing someinitial approximations to the left singular vectors using only a
small sample of the columnsof A, it would be interesting to designan algorithm that
iterativ ely improves this approximation by accessingA (or parts of A) again. This
situation is not covered by the lower boundsin (BY03).
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App endix

Pro of of lemma 5: The matrix C is de ned asin section5: C contains columns of
A after scaling. Thus, CCT is the sum of ¢ independert random variables and

_ X A(AT) Gy
t=1 Ch:

ccT

F(ivio;::1;ic) = KAAT  CCTke;

wherei;:::i¢ are independert random variables. We will compute the expectation of
F, show that F satis es a Lipschitz condition and then apply a Martingale inequality
to the Doob Martingale assaiated with F.
Following the lines of (FKV98) and (DKO01), we seekto bound
0 1

mm 2
E@ (AAT); (CCTyy A
ihj =1

Fix attention on one particular i;j. Fort = 1:::c de ne the random variable

. !
_ AAT G ALAY
t -_ - _— .
Cpt ij Cpt
. . P .
So, the w;'s are independent random variables. Also, (CCT)ij = t°=l W;. Thus, its
expectation is equal to the sum of the expectations of the w;'s. But,
X AAL 1
E(w) = ——Lpe = Z(AAT);
w1 Ch C
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P
So,E (CCT)j = {; E(w) = (AAT);.Since(CCT); isthe sumof cindependert
random variables, the varianceof (CCT); is the sum of the variancesof thesevariables.
But, using Var(w;) = E w?  E (w)? we seethat

XAZ(ATZ 1 XAZ(AT)E
Var(w) =  — M 2 ) g(AAT)ﬁ e 2 L.
k=1 pk k=1 pk
Thus,
X AZ AT 2
Var(CCT); A (A ig .

C2p

k=1

UsingE (AAT CCT)j = 0and substituting the valuesfor py,

r;(;m
E (AAT CCT);
i=1;=1
‘m
= Var((CCT);)
i=1;j=1 ! 0 1
X X X
LT A @ anpa
C,_. Pk . . !
k=1 i j

1')@ ikA(k)kaA(k)kz

=1 Pk

KAKZ X0
C

E kAAT CCTk2

AWK 2
k=1

— 1 4 .
= CkAkF.
Using the fact that for any random variable X, E (jX)) P E (X 2), we get that
E KAAT CCTke pl—EkAkE: (13)

We now presen a Lipschitz constraint for F. Consider changing only one of the i¢
to i{ (keepingthe other ¢ 1 i's the same).Let C°be the new matrix so obtained.
Then,

. i !
} kA(It)kk(AT)(lt)k . kA(l?)kk(AT)(I%))k g
c Pi, Pip ¢

t

kcCT CcTTke KAK2 :

Using the triangle inequality,

kCCT  AATke kCCT AATke + kCCT  CCTke
ke AATkF+§kAkE:
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Similarly, we get
2
kCCT AATke kCCT  AATKe + EkAké:

Thus, changing one of the i; doesnot changeF by more than (2:c)kAk§. Now, using
Azuma's inequality (seee.g.(McD89))

N . . v p_2
Pr jF(ii:::ic) E(F(i1:::10)] c—CkAkE =
Pr KAAT CC'ke E KAAT CCTke pE%kAkE 1 28 2

Thus, using equation (13), it is now easyto seethat (for all > 0), with probability
at least 1 ,

1+ " BnE=)
S S

KAAT  CCTkg KAKE :

Pro of of lemma 6: In proving the above lemma we showed that

11X 1 1
E kAAT CcCTk2 = = —kA®K* ZkAATKE:
€= P ¢

To prove that our choice of the px's minimizes the above expectation among all
possible choices of the py's, we de ne the function (obsere that (1:c)kAATk§ is
independent of the py's)

11X 1
f(pe:ipn)= =  —kA®K
(P1;:::pn) c,, P

_ . P . . :

We want to m|n|m|zsf given that = ¢_; px = 1. Using simple calculus (that is

substituting p, = 1 2:11 px and solving the system of equations % = 0k =
1;:::;n 1), we getthat px = KAMK2=kAKZ .
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