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Abstract

We investigate the diameter problem in the streaming and sliding-
window models. We show that, for a stream of n points or a sliding
window of sizen, any exact algorithm for diameter requires ( n) bits
of space. We presen a simple -approximation® algorithm for com-
puting the diameter in the streaming model. Our main result is an

-approximation algorithm that maintains the diameter in two dimen-
sionsin the sliding-window model using O( %, log® n(log R+ loglogn+
log 1)) bits of space,where R is the maximum, over all windows, of
the ratio of the diameter to the minimum non-zero distance between

any two points in the window.
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1 Intro duction

In recen years, massiwe data sets have becomeincreasingly important in a
wide range of applications. In many of theseapplications, the input can be
viewed as a data stream [3, 19, 9] that the algorithm readsin one pass. The
algorithm should take little time to processead data elemen and should
uselittle spacein comparisonto the input size.

In somescenarios,the input stream may bein nite, and the application
may only care about recert data. In this case,the sliding-window model [8]
may be more appropriate. As in the streaming model, a sliding-window
algorithm should go through the input stream once,and there is not enough
storage spacefor all the data, even for the data in one window.

In this paper, we investigate the two-dimensional diameter problem in
these two models. Given a set of points P, the diameter is the maximum,
over all pairs x, y in P, of the distance betweenx andy. There are e cien t
algorithms to compute the exact diameter [6, 25] or to approximate the di-
ameter[l, 2, 4, 5]. Howewer, little hasbeendonefor computational-geometry
problemsin the streaming or sliding-window models. In particular, little is
known about the diameter problem in thesetwo models.

Geometric data streamsarise naturally in applications that involve mon-
itoring or tracking ertities carrying geographicinformation. For example,
Korn et al. [24] discussapplications sudh as decision-supprt systemsfor
wireless-telephony access.The customersusing the servicegeneratestreams
of data about their locations, and the cell-phone compary may want to

processand query the streamsfor various decision-supprt purposes.Data



streams generated by sensornets and other obsenatory facilities provide
another example[7]. In these applications, the data streams consist of the
records of geographically dispersedeverts, and computing extent measures
(such asthe diameter) is an important componert of monitoring the spatial
externt of theseeverts.

In this work, we show that computing the exact diameter for a set of
n points in the streaming model or maintaining it in the sliding-window
model (with window width n) requires ( n) bits of space. Howewer, when
approximation is allowed, we presert a simple -approximation algorithm
in the streaming model that usesO(1=) spaceand processegad point in
O(log(1=))) time. We alsopresen an approximate sliding-window algorithm
to maintain the diameter in 2-d using O(—%; log® n(log R + loglogn + log 1))
bits of space,where R is the maximum, over all windows, of the ratio of
the diameter to the minimum non-zerodistance betweenany two points in
the window. All of our algorithms make only one-sidederror. That is, the
output D of our algorithms -approximates the true diameter D in that

D O (@ )D.

2 Mo dels and Related W ork
The streaming model was introduced in [3, 19, 9]. A data stream is a se-
elemerts in the stream. In this paper, the data elemerts are points in two-

dimensional Euclidean space.

A streaming algorithm is an algorithm that computessomefunction over



a data stream and has the following properties:
1. The input data are accessedn sequetiial order.

2. The order of the data elemerts in the stream is not controlled by the

algorithm.

The sliding-window model was introduced in [8]. In this model, oneis

only interestedin the n most recert data elemens. Supposea; is the current

When new elemerts arrive, old elemens are agedout. A sliding-window al-
gorithm is an algorithm that computes somefunction over the window for
ead time instant. Note that the window is a cortiguous subsetof the data
elemerts in the stream. Properties (1) and (2) above hold in the sliding-
window model as well asthe streaming model.

Becausen (the stream length in the streaming model or the window
width in the sliding window model) is large, we are interested in sub-linear
spacealgorithms, especially those using polylog(n) bits of space.

Previous work in the streaming model focuseson computing statistics
over the stream. There are streaming algorithms for estimating the num-
ber of distinct elemerts in a stream [11] and for approximating frequency
momerts [3]. Work has beendone on approximating LP dierences or LP
norms of data streams[9, 12, 21]. There are also algorithms to compute his-
tograms [17, 14] and wavelet approximations [15] for the data elemerts in a
stream. Computing quartiles hasbeenstudied [16] in the streaming model,
too. Previous work in the sliding-window model [8] addresseshe mainte-

nanceof the sum of the data elemerts in the window. The samework also



shows how to maintain LP normsin the window. Later, Gibbonset al. [13]
improved the courting results of [8] and extendedthe sliding-window model
to distributed streams.

Howewer, at the time of this work, asidefrom the stream-clusteringalgo-
rithm in [18]” and the study of the reverse-nearest-neighor problem in [24],
little is known about computational-geometry problemsin the streaming or
sliding-window models. Note that a streaming or sliding-window version of
a computational-geometry problem is a dynamic problem, i.e., the set of
geometric objects under considerationmay change. There are additions and
deletions to the current set of geometric objects as the computation pro-
ceeds.Howeer, the di erence betweena dynamic computational-geometry
algorithm and a streaming/sliding-window geometry algorithm is that, in
the streaming/sliding-window model, the algorithm only has limited space
and cannot store all the geometric objects in its memory. Thus, most dy-
namic computational-geometry algorithms cannot be applied directly in the
streaming/sliding-window model. The study of stream algorithms for basic
problemsin computational geometry is an interesting new researt area.

Agarwal et al. [1] presernied an algorithm that maintains approximate
extent measuresof moving points. Among these extent measuresis the di-
ameter of the set of the points. In [1], this algorithm is not preseried asa
streaming algorithm. Howewer, it can be simply adaptedto compute the di-
ameterin the streaming model. Our streaming computation of the diameter

takesa di erent approad, reducingthe amount of time required to process

"Note that the stream-clustering algorithm can be applied in any metric space, not
just in the Euclidean space.



ead point while using more space. Note that the moving-points model
and the sliding-window model are dierent and thus that the results for
maintaining the diameter in the moving-points model in [1] are not directly
comparableto our results in the sliding-window model.

A preliminary version of this work was presenred in [10]. Since then,
more work has beendone on geometric problems in the streaming model.
In [20], Hershbergeret al. provide a streamingalgorithm that -approximates
the diameter using O(#-) spaceand O(log(2)) time per point, thus improv-
ing the spaceupper bound given by our approximation. The heart of their
algorithm is the computation of the corvex hull of the adaptively sampled
extrema. The sameconvex hull is also usedin [20] to approximate other
properties, sudh as enclosureand linear separation, of a stream of points.
Using a technique similar to ours, Cormode et al. [7] devisedthe radial
histogram to estimate the diameter, furthest neighbor, and corvex hull of a
stream of points. Furthermore, spatial joints and spatial aggregationsuc as
reverse-nearesneighbors can be estimated using multiple radial histograms.

Although all of the above work addressesomputational-geometry prob-
lems in low dimensionsin the streaming model, we remark that the set
of problems in high dimensions are also important. For example, there
are problemsin information retrieval that are modeled as high-dimensional
computational-geometry problems. A streaming algorithm presened in [22]
c-approximates the diameter (for ¢ > P 2) in a d-dimensional space using
O(dn¥¢ 1y space.However, most high-dimensional geometric problems re-

main openin the streaming model.



3 Sector-Based Diameter Appro ximation in the

Streaming Mo del

In this section, we provide a streaming algorithm for approximating the
diameter of a set of points in the plane.

A simple streaming adaptation of the algorithm of [1] givesan -approximation
of the diameter using O(1=IO ) spaceand time. Let | bealine and p;q2 P
be two points that realize the diameter. Denote by (p); (g) the projec-
tion of p;gon|. Clearly, if the angle betweenl| and the line pqis smaller
than "2} (p) (@) Jpdcos (1 2jpd (L )ipd. By usinga
set of lines such that the angle between pg and one of the lines is smaller
than P 2, the algorithm can approximate the diameter with boundederror.
The adaptation can go through the input in one pass, project the points
onto eadh line, and maintain the extreme points for the lines. Thus, it is a
streaming algorithm.

Howewer, the time taken per point by this algorithm is proportional to
the number of lines used, which is (1 P 7). We now presern an almost
equally simple algorithm that reducesthe running time to O(log(1=)). Our
basicideais to divide the plane into sectorsand compute the diameter of P
using the information in ead sector. Sectorsare constructed by designating
a point xg asthe certer and dividing the plane using an angleof . We show

two sectorsin Figure 1.
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Figure 1. Two Examples of Sectors



Algorithm  Streaming-Diameter

1. Takethe rst point of the stream asthe certer, and divide the
plane into sectorsaccordingto an angle = T where is
the error bound. Let S be the set of sectors.

2. While going through the stream, for ead sector, record the
point in that sectorthat is the furthest from the certer. Also
keeptrack of the maximum distance, R;, betweenthe certer
and any other point in P.

3. Let jabj bethe distancebetweenpoints aand b. De ne D hax =
maxjuvj for u 2 boundary arc of sectori and v 2 boundary
arc of sectorj, and de ne D:’mn = minjuvj for u 2 boundary
arc of sectori and v 2 boundary arc of sector j. Output
maxf R¢; max;j 2s D i, 9 asthe diameter of the point setP.

The sectorshave outer boundaries(the arcsaa’and biin the gure) that
are determined by the distance betweenthe certer and the farthest point
from the certer in that sector. The algorithm recordsthe farthest point for
ead sector while it goesthrough the input stream. The full description of
the algorithm is givenin algorithm \Streaming-Diameter.” The algorithm's

spacecomplexity is determined by the sectorangle .

Claim 1. The distance between any two points in sector i and sector | is

no larger than maxf R¢; Danx g. (Herei could be equal to j.)

Proof. Consider sectorsin gure 1. Let u be a point in sectori and v be
a point in sectorj. Extend xou until it readesthe arc aa’ Denote the
intersection point u® Also extend xgv until it reaces the arc blf. De-

note the intersection point v2 Then we have juvj  maxfj xovj; jvulg
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maxf Rc; jxoud; juddg maxfR¢;Dhaxg. (In the two inequalities above we
have used (twice) the fact that, if a;b;c occur in that order on a line and d

is somepoint, then jdg  max(jdaj; jdg). O

Claim 2. With notation asin Figure 1 and in the description of the algo-

rithm, Dirjnax Dij + Iength(aa(b + Iength(b& D:jnin + ZRC

min
Proof. Consider sectorsin Figure 1. Let juvj = Dihax and judq = D} .
Becauseu; u®2 arc aa’andv;v®2 arc bi, there is a path from u to v, namely
u u VO v. ThereforeDhax juud+DI! +jw3 DI +2R. . O
Assumethat the true diameter diamy e is the distance betweena point

in sectori and another point in sectorj. Let diam bethe diameter computed

by our algorithm. We obsene the following:

maxf Re; DHmn g mafoC;mmnazxS DM g= diam diamyye maxfRg; D;jnax

Depending on the relationship betweenR¢ and DFnin , We considertwo cases:

In the casewhere R D:Lin ,wewant R (1 )DanX in order to bound

. In the casewhere R < DI we want

the error. This leadsto min

20T )
Dir{]in (1 )Di{]ax. Again, this leadsto T We will have O(%)
sectors. Given the certer and another point, it takes O(log(1=)) time to
identify the sector where the point is located. We then have the following

theorem.

Theorem 1. There is an algorithm that -approximatesthe 2-d diameter in
the streaming model using storage for O(2) points. In order to processeach

point, it takes O(log(1=)) time.



The above algorithm doesnot work in the sliding-window model. In the
streaming model, the boundariesof sectorsonly expand. This nice property
allows us to keeponly the extreme points. Howewer, in the sliding-window
model, the diameter may decreasewith dierent windows. One may need

more information in order to report the diameter for ead window.

4 Main taining the Diameter in the Sliding-Windo w
Mo del

In this section, we presen a sliding-window algorithm that maintains the
diameter of a set of points in the plane. Note that by applying the projec-
tion technigue usedin the diameter algorithm of [1], we can transform the
problem of maintaining the diameter in two-dimensional Euclidean spaceto
the problem of maintaining the diameter in one-dimensionalspace. Hence,
we rst considerthe problem on a line.

In the sliding-window model, ead point hasan ageindicating its location
in the current window. We call the recenly arrived points new points and
the expiring points old points. We denoteby jalj the distance betweenpoint
a and point b. We also say that the distancer = jakj is realized by points a
and b. We may further say that r is realizedby a whenit is not necessaryto
mertion b or when b is clear in context. In particular, we denote by diam 4
the diameter realized by a.

Our main algorithm employs a subroutine that we call the rounding sub-
routine. When invoked on a set of points, the rounding subroutine produces

a space-e cient represertation for the set of points. We call this represen-
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tation a cluster. Once the cluster is constructed, the diameter of the set
of points can be approximated by computing the diameter of this cluster.
We now describe the rounding subroutine in detail. (Note that, for simplic-
ity, we describe here the rounding subroutine invoked on one set of points.
In our main algorithm that maintains the diameter in the sliding-window
model, the rounding subroutine will be invoked on di erent subsetsof points
in the window, as well as on the clusters, which essetally are also sets of
points.)

Given three points a, b, ¢ and an approximation error of #, if we treat
point ¢ as a certer (the coordinate zero), we can \round" point b to point
aifjag jbg (1+ Mjag. For a setof points, we can pick somepoint in
the setasthe certer and round the other points in the samemanner. Let ¢
be the point in the set picked asthe certer. Let d be the minimum distance

betweenc and any other point in the set. Considerthe distance intervals

subroutine rounds down (moves) eat point in the interval [t;;tj+1) to the

location t; (Figure 2).

11
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Figure 2: Rounding Points in Each Interval
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If multiple points are rounded to the samelocation, the subroutine dis-
cards the older onesand keepsonly the newest one. There is at most one
point in ead of theseintervals. The cluster for this set of points consistsof
the certer ¢ and the points that are kept by the subroutine after rounding
them. Note that the points in a cluster are di erent from the points in the
original set. We say a point a in the cluster representsa point b in the
original setif bis rounded to the location of a by the rounding subroutine,
regardlessof whether b is discarded. (We call the point a the representative
point of the original point b.) Note that a point a in the cluster may repre-
sert seweral points in the original setthat are rounded to its location. The
location of the represenativ e point in the cluster may not be the sameas
the location of the point in the original set.

The volume of a cluster is the number of the points in the original set
that are represertied by the cluster. We say a cluster is at level * if the
volume of the cluster is 2 . The size of a cluster is the number of points in
the cluster. Let D bethe diameter of a set of points. The sizeof the cluster

constructed by invoking the rounding subroutine on this setis at most:

D logD=d 4 D
k 21 A— =2 log —
0914274 T “logein(i+ A  “oge 9 d

Hence,given a set of points with diameter D and an arbitary point c in the
set, if the non-zerominimal distance betweenc and any other point in the set
is d and if the approximation allows an error of #, the rounding subroutine
constructs a cluster. The diameter of the set of points can be approximated

by the diameter of this cluster. The sizeof the cluster is upper bounded by

13
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~Toge 109 E.. Also, we obsene that there may be a displacement betweenan

original point in the set and its represertativ e point in the cluster. In this
case,the represerativ e point is always closerto the certer than the original
point. Thus, we sa that the point in the original setis rounded (moved)

\to ward the certer".

Claim 3. When invoked on a set of points, the rounding submoutine con-
structs a cluster that can be useal to approximate the diameter of the set of
points. If there is a displaement between a point in the set and its repre-
sentative point in the cluster, the point will only be rounded (moved) toward

the center of the cluster.

We now proceedto describe our main algorithm that maintains the di-
ameterin the sliding-window model. A cluster constructed for a set of points
may not be useful for approximating the diameter if, after the construction
of the cluster, someof the points in the set have beendeletedand somenew
points have beenadded. For a static set of points, by constructing the clus-
ter, we are able to represent a point, say b, by another point, say a, because
there is somedistance (for examplejbg) realized by b that promisesa lower
bound for any diameter that may be realized by b, and the displacemen (if
any) becauseof rounding is at most jbg. In the sliding-window model, suc
a promise provided by the point ¢ may be broken when ¢ expires. On the
other hand, a cluster is essetially a set of points too. If we have a cluster
that represerts all the points in the current window, ead time a new point
arrives,we may delete the expired point from the cluster and view the new

point and the remaining points in the cluster as a new set of points. A

14



certer can be selected,and the rounding subroutine can be applied on this
set to construct a new cluster. Howewer, this approac will result in too
many roundings and introduce too much error in the approximation.

To overcome these problems, we maintain multiple clusters with the

following properties:

1. A cluster represens an interval of points in the window (the cortinu-
ous subsequencef points within a time interval of the window). The
newest point in the interval is picked to be the certer. The round-
ing subroutine is invoked on this interval of points, and the resulting

cluster represetts thesepoints in the window interval.

3. We allow at most two clusters at ead level.

4. When the number of clustersat level i exceed, the oldesttwo clusters
(where the age of a cluster is determined by the age of its certer) at

that level are mergedto form a cluster at level i + 1.

Imagine a tree built on the original input points in a window. The points
are the leaves. Two consecutiwe points can form a node (a cluster) at level
1. Two consecutie level-1 clusters can mergeto form a node (a cluster)
of level 2. This can be repeated recursively until we reac the top level.
In this structure, the original input points represered by a cluster are the
leavesof the subtreerooted at the node corresponding to that cluster. Note
that, at ead level, we only keep at most 2 nodes (clusters). The original

input points represered by all the clustersthat we keepform a cover of the

15



window. Thus, the whole window can be represened by O(logn) clusters.

Figure 3 shaws an example of the clusters built on a window.

16
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Figure 3: Clusters built for the First Window
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When the window slides forward, new points are added to the window
and new clusters are formed. To maintain the required number of clusters
at ead level, clusters are merged wheneer there are too many clusters at
somelevel. Oncea cluster reachesthe top level, it stays at that level. Points
in this cluster will ultimately be agedout until the whole cluster is gone.

In order to mergeclustersc; certered at Ctr 1 and ¢, certered at Ctr, to
form cluster c3, we go through the following steps: (We can assume,w.l.0.g.

Co is newer than cy.),

1. UseCtr, asthe certer of newly formed cluster cs.

2. Discard the points in c; that are located betweenthe certers of ¢; and

Co.

3. After step (2), if any point p in c; satis es jpCtr,j < jpCtrqj (1 +
NjCtr 1Ctr j, discard p.

4. Let Pmerge consist of the remaining points of ¢; and the points in c.
Invoke the rounding subroutine on Pmerge With Ctr, as the certer.
Note that the new value of d is the non-zero minimal distance from
Ctr, to any other point in Pmerge. It may be dierent from the one
usedin building the cluster c,. The rounding subroutine may round

down the points in cluster c; too.

From step (4), we know that the new value of d is the non-zerominimal
distance between Ctr, and any other point in Pmerge. Let pmin be this
minimal distancepoint. If pmin belongsto cluster cy, the distancejCtr 2pmin |

may be much smaller than the distance between the point Ctr, and the

18



original point(s) represened by pmin . This happensbecausenvhenthe points
are rounded to form the cluster c;, the rounding is basedon the distance
betweenthesepoints and the certer Ctr 1, not the point Ctr,. Thuswe can't
lower bound the value of d for the new cluster c3 by the minimal distance
betweenits certer and any other original point whoserepreserativ e point
is in the cluster. Howewer, step (2) and (3) assurethat jCtr opmin j is at least
N jCtr1Ctr,j. Otherwise, pmin Will be discarded. We know that the two
points Ctr, and Ctr, are at their original locations. Thus, d is bounded
by ” times the minimal distance betweenthe cluster certer and any other
original points whoserepresettativ e point is in the cluster. The lower bound
for the whole window will then be the minimum over all the clusters.

In both the rounding subroutine and the merging process,we may dis-
card points. We now show that if any of the discardedpoints hasthe poten-
tial of realizing the diameter, it is represened by somerepresenativ e point

in the resulting cluster.

Lemma 1. In the rounding subioutine or in the merging process, if a point is
discarded, either it will not realize any diameter or it is representel (by some
representativepoint) in the cluster resulting from the rounding submoutine or

the merging process.

Proof. The casewith the rounding subroutine is clear becausea point b is
discardedonly if there is already a represenativ e point a in the cluster for
b and the ageof a is smaller than that of b.

In the merging process,we discard two typesof points. For two clusters

c1 and ¢, with certers Ctr 1 and Ctr, the rst type of points we discard are

19



the points in ¢; that are located betweenCtr; and Ctr,. Let pg be suth a
point. Note that for any distance realized by pg and some other points p,
there is a point p°2 f Ctr 1; Ctr g such jppJ > jppoj. Hence,the rst type of
points we discard will not realize any diameter. The secondtype of points
we discard are the set of points S = fp: p 2 ¢; and jpCtrj < jpCtr 4j

(1+ NjCtr 1Ctrjg. For the points in S, Ctr, is their represenativ e point in

the new cluster resulting from the merging process. O

De ne a boundary point in a cluster to be an extreme point. (Because
here the points are on a line, the extreme point is the point having the
largest(smallest) coordinate.) We keeptrack of the boundary points for each
cluster as well as the boundary points for the whole window. Points may
expire from the oldest cluster, and this may require updating the bound-
ary points of this cluster. The whole processis summarizedin algorithm

\sliding-windo w diameter".

Call the time during which an original point is within somesliding win-
dow the lifetime of that point. Let's trace a point p through its lifetime.
For simplicity, in what follows, instead of saying that the original point p is
represeried by some point in somecluster, we will just say p is cortained
or included in that cluster. When clusters merge, if the new represenativ e
point of pis located at a di erent location from the location of the old repre-
sertativ e point of p, we will just say p hasbeenrounded (\moved") to a new
location and there is a displacemen betweenthe new and the old locations
of p.

Let po be the original location of the point p and Ctrg be the certer

20



Algorithm  Sliding-Window Diameter

Up date : when a new point arrives:

1. Ched the ageof the boundary points of the oldest cluster. If
one of them has expired, remove it and update the boundary
point.

2. Make the newly arrived point a cluster of size 1. Go through
the clustersfrom the most recen to the oldestand mergeclus-
ters wheneer necessaryaccording to the rules stated above.
Update the boundary points of the clusters resulting from
merges.

3. Update the boundary points of the window if necessary

Query Answ er: Report the distance betweenthe boundary points
of the window asthe window diameter.

of the rst cluster that includes the point p. When this cluster and some
other cluster merge, p could be rounded to a new location p;. Let Ctr; be
the certer of the newly formed cluster. If we corntinue this process,beforep
expiresor is no longerrepresenied by any represenativ e point in the window,
wewill have a sequencef p's locations pg; p1; : :: and corresponding sequence

of centers Ctro; Ctr1;:::. Assumeat certain time t, p realizesthe diameter

and Ctr g; Ctr 1;::: Ctr the corresponding sequenceof certers. We have the

following claim:

21



P, Ps Cctr3 Ctr2
OO QOO | SR SR J { 4

p0 pz p4 Ctrl Ctrd

Figure 4. Point may be moved in ead rounding but all the displacemen
are in the samedirection.
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Claim 4. If a point is rounded multiple times during its lifetime, all the
displaement because of rounding are in the samedirection (Figure 4). That
is, for all the locations p; and all the correspnding centers Ctr, jpoCtrij

jpiCtr;j. Furthermore, if a point realizes the diameter at certain time, the
distance between the original point and any of its cluster centers up to that
time is at most the distance of this diameter. That is, for i = 1;2;::::t,

jpoCtrij  diamy,.

Proof. Supposethat the rst time p is rounded, it is rounded to the right.

If now p is rounded to the left for the rst time on stepi, then by Claim 3,
Ctr; ;1 liesto the right of p while Ctr; lies to the left. Further, p belonged
to the cluster of Ctr; 1 beforethe merge. Hence,by our rules it would have
beendiscarded, becauseit lies betweenthe two certers, and it belongsto

the older cluster. Furthermore, as shawvn in the proof of Lemma 1, such a
point p will not realize the diameter and would no longer be represened by
any represenativ e point in the clustersin the window.

Note that diam, is the true diameter realized by the point p. po is the
original location of p and for i = 1;2;:::;t, the certer Ctr; is also at its
original location. Further, thesecerters are no older than the point p in the
window. Hence,for i = 1;2;:::;t, the diameter realized by p is at least the

distance jpoCtr;j. O

We bound the error in the rounding processby showing that, for all i,
jPopij is at most an fraction of the diameter realized by p.
Eadh time we round a point, we may introduce some displacemen or

error. Let erris1 = jpipi+1j be the displacemen introducedin the i + 1th
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merging. We have the following lemma:

Lemma 2. The total rounding error of a point p, before it expires or is
no longer represente by any representative point in the window, is at most

~ogn diamyp,.

Proof. We examine the two caseswhere there may be a displacemen be-
tween p; and pj+1. In the rounding case,we maintain jpiCtri+1j] (1 +
Nipi+1 Ctriz1j. Hence, errisa = jpipi«a]  "Pi+aCtriza]  YpoCtrisaj,
where the last inequality is by Claim 4. The secondcaseis step (3) of the
merging process.If p; satis es the condition, it will be discarded. As stated
in the proof of Lemma 1, in this case,Ctr 41 becomeghe newrepreserativ e
point of p. Hence,pj+1 is Ctri+1 and errix1 = jpipi+1] CtriCtris 1]
jpiCtrij. By Claim 4, erriz1  ypoCtrij.

A point may participate in at most logn merges. The total amourt of
displacemer is then at most P perri  “ogn max; jpoCtrij. By Claim 4,

we also have diamp  max; jpoCtrij. The lemma follows. O

To bound the error by % , we make " The number of points

Zlogn
in a cluster after rounding will then be O(2 lognlog %). Note that for eac
cluster, d is bounded by * times the minimal distance betweenthe certer of
the cluster and any other original point whoserepresettativ e point is in the
cluster. Denote by R the maximum, over all windows, of the ratio of the
diameter to the minimum non-zerodistance betweenany two original points
in that window. Then log%  logR + log# = O(logR + loglogn + log ).
The number of points in a cluster canthen be boundedby O(% logn(logR +

loglogn + log 1)).
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Theorem 2. Thereis an -approximation algorithm for maintaining diam-
eter in onedimensionin a sliding window of sizen, using O(2 log® n(log R+
loglogn+ log 1)) bits of space, where R is the maximum, over all windows, of
the ratio of the diameter to the minimum non-zerm distance between any two
points in that window. The algorithm answersthe diameter query in O(1)
time. Eachtime the window slidesforward, the algorithm needs a worst case
time of O(2log?n(logR + loglogn + log2)) to processthe incoming point.
With a slight maodi ¢ ation, the algorithm can processincoming points with
O(logn) amortized time using O(2 log? n(logn + loglogR + log1)(log R +
loglogn + log 1)) bits of space.

Proof. By Lemma 1, any point that may realize the diameter for somewin-
dow has a represenative point in one of the clusters we maintain. We
now calculate the error in reporting the diameter using theserepresenativ e

points. Set” By Lemma 2, for a point p and the diameter diam

Zlogn
realized by p, the displacemen betweenthe original location of p and the
location of its represetativ e points is at most “logn diamp sdiamp.
Becauseour algorithm reports the diameter realized by the represenativ e
points, such a displacemen causeserror in our diameter approximation.
Note that ead of the two represenativ e points that realize the reported
diameter may introduce an error at most 5 of the true diameter. Hence,
the diameter reported by our algorithm is at least (1 ) of the true di-
ameter. Also note that the reported diameter is at most the true diame-

ter. Otherwise, let p and p®be the two original points whoserepresetativ e

points R(p) and R(p9 realizethe diameter reported by our algorithm. Then
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iptY < jR(p)R(pYj. By Claim 3, the displacemen betweenthe location of p
(or p9 and the location of R(p) (or R(pY) is causedby rounding (multiple
times) p (or pY toward somecerter(s). Hence,there existsat leastonecerter
¢ such that jR(p)qj or jR(pYq is larger than jR(p)R(pYj. This cortradicts
the fact that jR(p)R(p9)j is the diameter reported by our algorithm.

We now analyze the time and spacerequiremert of our algorithm. For

ead cluster, we maintain the following information:

1. The exact location of the certer and the exact location of the point

closestto (but not located at) the certer.
2. The ageof all the points.
3. The relative positions of all the points other than the certer.

The relative positions of all the point in a cluster can be encaded by a bit
vector. We may needlogn bits of spaceto record the agein the current win-
dow for eath point. Thus, weneedO(log n) bits for ead cluster point except
the certer. There are at most O(%logn(logR + loglogn + log 1)) points in
ead cluster. The spacerequiremert for storing the information in items (2)
and (3) for the whole cluster is then O(2log?n(logR + loglogn + log1)).
Becausewe assumedthat this spaceis much larger than the spacerequired
to store two points, we can neglectthe latter (the spacefor information in
item (1)). Giventhat there are O(log n) clusters, the total spacerequiremert
will be O(log®n(logR + loglogn + log 1)) to maintain the diameter.

In order to report the diameter at any time, we maintain the two bound-

ary points for the window while we maintain the clusters. For ead cluster,
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we only needto look at its boundary points, and thusthe processof updating
the sliding window's boundary points will only cost O(log n) time.

Howewer, while updating the clusters, we may facea sequenceof cascad-
ing merges.In the worst case,we may needto mergeO(logn) clusterswith
O(%logn(logR + loglogn + log 1)) points in ead. This requirestime
O(%log?n(logR + loglogn + log 2)).

If a bit vector is usedto specify the relative locations of the points in
a cluster, when we processthe cluster during merging we may needto go
through the zero entries in the vector . This could be a waste of time if
the vector is sparse. We can directly specify the relative location of a point
instead. Becausethere are O(%logn(logR + loglogn + log 1)) dierent lo-
cations, we need an additional O(log 2 + loglogn + loglogR) bits, besides
the O(logn) bits stated above, for ead point in a cluster. The spacere-
quiremert for ead point in a cluster will then be O(logn+ loglogR + log ).
With this modi cation, when merging two clusters, we are free of overhead
other than processingthe points in the clusters. During a point's lifetime,
it will take part in at most logn merges. Thus, a simple analysis can show

that the amortized cost for updating is now only O(logn). O

To extend the algorithm to 2-d, we can apply the projection technique.
We usea set of lines and project the points in the plane onto the lines. We
guarartee that, for any pair of points, they will project to a line with angle

such that 1 cos 5. This will require O(#-) lines. We then use our
diameter-maintenance algorithm on lines to maintain the diameter in the

2-d case.
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Theorem 3. Thereis an -approximation algorithm for maintaining diame-
ter in 2-d in a sliding window of sizen using O( -, log®> n(log R + loglogn +
log 1)) bits of space, where R is the maximum, over all windows, of the ratio
of the diameter to the minimum non-zem distance betwesn any two points

in that window.

5 Lower Bounds

It is well-known that the set-disjointhessproblem haslinear communication
complexity [23] and thus a linear-spacelower bound in the streaming model.
(Theselower boundsapply to randomizedprotocolsand algorithms aswell.)
One can map the set elemerts to points on a circle such that the diameter
of the circle will be realized if and only if the corresponding elemert is

preseried in both sets. This reduction givesthe following theorem.

Theorem 4. Any streaming algorithm that computes the exact diameter
of n points, evenif each point can be encoded using at most O(log n) bits,

requires ( n) bits of space.

Proof. We reducethe set-disjointness problem to a diameter problem. The
set-disjointness problem is de ned as follows: Given a set U of sizen and
two subsetsx U andy U, the function disj (x;y) is de ned to be\1"
whenx\ y= and\0" otherwise. The corresponding languageDISJ is the
setf(x;y)jx U;y U;x\y= g

The set-disjointness problem has a linear communication complexity
lower bound. Becausea streaming algorithm can be easily transferred into

a one-round communication protocol, the linear communication complexity
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lower bound givesa linear spacelower bound for set-disjointnessproblem in
the streaming model.

Consider points on a circle in the plane. For a given point p;, there is
exactly one other point on the circle such that the distance betweenit and
p; is exactly equalto the diameter of the circle. Denote this antip odal point
pio. The distance between p; and all other points on the circle is smaller
than the distance between p; and p’. We map eah elemen i 2 U onto
one such antip odal pair. We further make the appearanceof one point in
the pair correspond to the appearanceof the element i in subsetx and the
appearanceof the other point correspond to the elemert i in y. We will
have both points p; and pi0 only if the elemer i is in both subsetsx andy.

Givenaninstance(x; y) of DISJ, we construct an instanceof the diameter

problem accordingto the above principle. We give an examplein Figure 5
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Figure 5: Reduction from DISJ to Diameter
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The solid squaresin the gure are the points we put into the diameter
instance. The DISJ instance in Figure 5is x; y, wherex = 101l1andy =
1100. The diameter instance cortains p1; ps; ps, becausex = 1011, and
p?; pd, becausey = 1100. The dashedcirclesin the gure show the location
for po; p3; pg. Becausex; = 0andys = y4 = 0, thesepoints are not preseried
in the stream.

In the example,elemer 1isin both x andy. The diameter of the point
set constructed is jp1pdj and is exactly the diameter of the circle. On the
other hand, if x\ y = , the diameter of the point setwill be strictly smaller
than the diameter of the circle. Thus, an exact algorithm for the diameter

problem could be usedto solve the set-disjointness problem. O

We remark that in the above construction, ead point in the input stream
may be encaded using at most O(log n) bits. Hence,Theorem4 givesa space
lower bound of ( n) bits for a stream of length O(nlogn) bits.

For a positive number L., considerthe sameconstruction with a set
of at most P~ points. Let x andy be the two setsrepresened by these
points and let the diameter of the circle usedin the construction be 1. If
x \'y 6 | the diameter of the set of points is 1 while if x \ y = | the

diameter would be at most cog p_). Becausel cosk) 3x? gx*

#x2, 1 cog P-

) % 3, a streaming algorithm that can (1  )-
approximate the diameter will be able to distinguish the two casesand
thus solve the set-disjointness problem on the two setsx andy. Sud a
streaming algorithm requires ( #-) bits of space.

In the sliding-window case,we have a similar bound even for points on
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a line. Obviously the lower bound holds for higher dimensionsas well.

Theorem 5. To maintain, in a sliding window of sizen, the exactdiameter
of a set of points on a line, evenif each point in the setcan be encodeald using

O(log n) bits, requires ( n) bits of space.

Proof. Considerafamily  of point sequencesflength2n 2. Letfaj;ay;:::;axm 29

be a sequencen . Becausea; is a point in one dimension, we denote by
a; the point as well as the coordinate (a real number) of the point. The

sequencesn the family have the following properties:

Furthermore, a, 1 = 1.

2. japan] jagans1] jasan+2] il jan 132 2, i€, @ a3
an 1-
3. The coordinates of the points a;, for j = 1,2;:::;n 2, are picked

from the setf2;3;:::;ng.

For a window that endsat point as, the diameter is exactly the distance
jasas+n 1j- Any two membersof the family will have di erent diametersfor a
window that endsat ag, for somes 2 f1;2;:::;n 2g, wherethe coordinates
of ag dier in the two sequences.Thus, an algorithm that maintains the
diameter exactly hasto distinguish any two sequencesn

We needto assignvaluesfor the n 2 coordinatesa; a, ::: an 2.
By Property (3), we have n 1 possiblevaluesto choose. (We may assign

the samevalue to multiple coordinates.) The number of such assignmems
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(and thus the number of sequencesn ) is " ﬁ"g 2 22 Hence, the

algorithm needslogj j= ( n) space. O

We remark that in this family , the non-zerominimal distancebetween
any two points in a sequenceis at least 1. For eah sequencethe ratio of
the diameter over the non-zero minimal distance between any two points
is at most n. Hence,the lower bound holds without the requiremert of an
extremely large R.

If we changethe form of the coordinates of a; forj = 1,2;:::;n  2to
(1+ )3k while respecting the Property (2) above, a similar family of points
sequencegan be constructed for -approximation algorithms. We have the
following lower boundsfor approximation from this modi ed family of points

sequences.

Theorem 6. Let R be the maximum, over all windows, of the ratio of the
diameter to the minimum non-zer distance between any two points in that
window. To -approximately maintain the diameter of points on a line in

a sliding window of size n requires ( logR logn) bits of space if logR

3loge

> n! , for someconstant < 1. The approximation requires ( n) bits

3loge
2

of space if logR n.

Proof. Onceagainconsiderthe family of point sequence# the proof of The-
orem 5. We make the following change: The coordinates of the points a; for
j =1;2::::n 2, havethe form (1+ )3, for somek 2 f 1; 2;:::;b% log1+ yRc=
mg. Thesecoordinates are chosensoasto respect Property (2) in the proof

of Theorem 5. Note that ﬁ logR m ﬁ logR, for sucien tly
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small, because=2 In(1 + ) . Depending on the value of logR, we

considertwo cases:

1. logR 3'0296 n' for someconstart < 1. By a similar argumert

to the onegivenin the proof of Theorem 5, the spacerequiremert will

now be lower bounded by:

m 1+n 2

n 1
m 1 (milog—) ( ~logR( logn))

log

1
= ( —logRlogn)
2. logR  21%€ n In this case,;m 1. We can always choosefrom 2

value can be chosenfor multiple coordinates.) The spacerequiremert

will be lower bounded by

n=2 1+n 2

n=2 1 (

log log2) = ( n)

N[ S

6 Conclusion

In this work, we have initiated the study of computational-geometry prob-
lems in the streaming and sliding-window models. We provided bounds
for approximate and exact diameter computation in these models. Mas-
sive streamed data sets for computational-geometry problems arise nat-

urally in applications that involve monitoring or tracking ertities carry-
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ing geographic information. They are also encourtered as problems in
areas sud as information retrieval and pattern recognition, modeled as
computational-geometry problems by meansof embedding. Thus, we be-
lieve that the study of stream algorithms for basic problems in computa-
tional geometry is a promising direction for future researf. Indeed, more
computational-geometry problems have been studied since our results were
rst presered in preliminary form, and algorithms and lower bounds are
provided in [20, 7, 22]. On the other hand, there are seeral problems that
are still open, among which is the gap betweenour spaceupper bound and
our lower bound for the diameter problem in the sliding-window model. We
conjecture that, for this particular gap, it is the upper bound that can be
improved. Another direction that needsfurther investigation is the window
sizein the sliding-window model. We usea model that hasa xed window
size. In some applications, it is desirable that the window size vary or be
approximated, asin the work on elastic windows by Shashaand Zhu [26].
In general, we believe that it would be interesting to study computational-

geometry problemsin models with variable window size.
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