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Abstract: Alternating direction iterative (ADI) methods do not usually work well
on parallel computers due to having to do parallel rather than serial tridiagonal solves
in all but one dimension. An ADI-like iteration is developed and analyzed which
does not require parallel tridiagonal solves in any direction, has at least as good of a
convergence rate as ADI, and has almost no communication when a small number of
iterations are used. Acceleration parameters are investigated in order to reduce the
number of of iterations to a small number. Numerical experiments on a network of
workstations and a parallel computer are also included.
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1 Introduction and Contributions to ADI by J. Douglas, Jr.

The alternating direction iterative (ADI) method is a smoother where information
moves quickly in each of the dimensions of a boundary value problem. For problems on
rectangular, regular meshes, the tridiagonal solves in each direction provide robustness
in excess of line SOR.

On parallel computers, tridiagonals solves across computer memory boundaries slow
classical ADI down to the point where ADI is not normally acceptable. Usually, a data
transpose is performed in order to speed up the tridiagonal solves or a cyclic reduction-
like step is used.

In this paper, a transpose free ADI-like method is analyzed and tested. The tridi-
agonal matrices to be inverted for elliptic problems are strongly diagonally dominant.
Gauss-Seidel converges to the solution of the original system quickly. Hence only a very
small number of Gauss-Seidel sweeps are required to obtain an accurate approximation.

The method runs fast all geometric directions, not just one. When only a small
number of iterations are used, using a small overlap of subdomains allows only one
communication of data between processors. This makes the ADI-like method a good
candidate as a parallel solver.
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In §2, classical ADI is briefly reviewed. In §3, some classical Gauss-Seidel theory
is reviewed. In §4, the new ADG method is defined and analyzed. In §5, convergence
of ADG is proven for a set of acceleration parameters associated with ADI. Numerical
experiments are provided on a network of workstations and a parallel computer.

This paper is in an issue dedicated to the 70th birthday of Jim Douglas, Jr. He has
been involved with ADI methods since its creation in the early 1950’s at what is now
Exxon Production Research in Houston, Texas. His interest in this method continues
to this day.

The first paper that ever appeared with ADI in it was [12] rather than the commonly
referenced [3]. Another early paper for the heat equation in two dimensions is [7].
The method was extended to mildly nonlinear problems in [8] and [10]. The three
dimensional case was developed and analyzed in [9], which also includes analysis for
the Schrodinger equation. The general ADI results for N space variables are found in
[19].

The only paper ever written that shows convergence without resorting to requiring
commutativity of operators was written by Pearcy [1]. While not optimal, a variable
length sequence of parameters is shown to always exist to get convergence. Douglas
and Pearcy wrote a paper [11] that included a functional analysis result based on a
new concept, namely, the angle between two subspaces.

A general formulation for ADI methods for parabolic and hyperbolic problems can
be found in [15], a paper with Gunn. Another paper with Gunn [14] provides high order
correct difference schemes for multidimensional heat flow. Gunn also wrote a paper
[22] that analyzed semi-implicit ADI methods using a multistage procedure, essentially
a preconditioning method for semi-implicit methods.

A collection of papers were written applying ADI to finite element methods. An
extensive treatment can be found in [17]. Mixed finite lement procedures are analyzed
n [16], [20], and [21].

A number of Ph.D. dissertations have been written on ADI methods including ones
by Brown [2], applying ADI to mixed methods, and Celia [23], applying ADI to collo-
cation.

In more recent years, Douglas has been interested in applying ADI to the Helmhotz
equation where the signs are the same in the operator (the symmetric indefinite version
of the problem) and having complex Robin boundary conditions [18].

2 Classical ADI

In this section we review the classical ADI algorithm which will motivate the
main results of this chapter. We shall limit our discussion to the solution of the
inhomogeneous constant coefficient equation on a square domain. The continuous
problem is defined by

— Uy (2, ) — uyy(x,y) + oulz,y) = S(x,y), (z,y) € R, (2.1)
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on the unit square, R: 0 < z,y < 1 of the z-y plane, where 0 > 0 and

U(:U,y) = ’Y(Qf,y), (x,y) €.,

where y(z,y) is a prescribed function on the boundary , of R [26]. The problem is
discretized by imposing a uniform N XN grid on the unit square with a grid spacing
given by h=1/(N + 1). The problem then reduces to the solution of the linear system

Au=Fk, where A=H+V +3X. (2.2)

The matrices H and V' are the discretized versions of the differential operators in the
horizontal and vertical directions respectively. The matrix ¥ is a non-negative diagonal
matrix. Each of the matrices H and V" are each completely reducible [26]. In particular,
they are reducible to the direct sum of irreducible Stieltjes matrices [26]. For the rest
of the discussion we shall ignore the matrix ¥, which can be incorporated into the
discussion by defining the modified matrices [13]

H =H+%/2 and V'=V+X/2.
The ADI method proceeds by converting (2.2) to a pair of matrix equations

(H+plhu = k—(V—plu (2.3)
(V+phu = k—(H-plu (2.4)

for some positive scalar p. The iterative method is then defined as

(H + pDu™s = k— (V= pl)u™,

(V + pDu™ = k— (H - pl)u"™", m > 0, (2.6)
where 1 is an arbitrary initial vector approximation. The matrices H + pI and V + pI
can be converted to tridiagonal matrices after suitable permutations of the rows and
columns and the systems (2.5) and (2.6) are easily solved.

If the exact solution of the discretized problem (2.2) is denoted by u* and the error
e™ is defined by

e =u" —u",

it follows that
em+1 — Tpem
where
T, = (V+pI)"'(H — pI)(H + pI) " (V — pI). (2.7)

The above method converges to the solution for any positive p [26, Theorem 7.1].
In fact, for the model problem (2.2), the rate of convergence for the optimal choice of
p is the same as for SOR with the optimal overrelaxation parameter.
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3 Gauss Seidel Iteration

We investigate the effect of replacing the tridiagonal solve for one of the ADI half
steps with Gauss-Seidel sweeps. In this section, we restate some of the properties of
the Gauss-Seidel method as applied to the matrices obtained by the discretization of
H and V in (2.2).

The Gauss-Seidel method is preferred to the Jacobi method since it converges twice
as fast as the Jacobi method [26]. Furthermore, it does not require any auxiliary storage
unlike the Jacobi method.

The eigenvectors of the operators H and V' in (2.2) are given by

Ujm = sin(7jy) sin(mma) jm=1,...,N.
For (2.2), using Gauss-Seidel with red-black ordering, we state the following result:

Theorem 3.1 Red-black Gauss-Seidel applied to the solution of (H + pI) = r leaves
the two dimensional space spanned by the eigenvectors v;, and vj,, invariant, where

m =N+1—m.

Hence on V,,, the subspace spanned by v, and vj,, red-black Gauss-Seidel has the
matriz representation

(3.1)

with

0= . (3.2)
k applications of the red-black point Gauss-Seidel method has a representation given by

§2k—1 (1+9) §2k—1 (1+6)
MF = 2 2 : (3.3)
p _§52k-10=0) _ 52k-1(1-9)

2 2

Proof: Note that (3.1) is a restatement of a well known result [6] and that (3.3) is
derived from repeated applications of the matrix in (3.1). [ |

Theorem 3.2 In the subspace Vi, = span {vjm, vjim'}, let u® be an arbitrary initial
iterate and u* be exact solution to the problem

(H +plu =r.
k applications of the Gauss-Seidel method generates the iterate uF where

uf = (I — My)u* + MFu®. (3.4)
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As can be seen, the red-black Gauss-Seidel method reduces the error for eigenvectors
with eigenvalues close to 2 (where ¢ is small) rapidly whereas the error along the
extremal eigenvectors (with A, close to 0 or 4) dies down slowly. In particular, after k
applications of the method, for the eigenspace defined by

‘/}’m = Span {Ujvm’ Uj7m’} (35)

we have
| < 671 4 6) max 02,09 |

max |vf imo Ujm

J,m? Jm’

The error in the eigenspace is uniformly bounded and decreases with the number of
iterations.

4 The ADG(p,k) Method

In this section we analyze the properties of an ADI iteration with the tridiagonal
solves for one half step replaced by k& Gauss-Seidel sweeps. We denote this approximate
method by ADG(p,k) where p is the ADI parameter used and £ is the number of Gauss-
Seidel iterations used to approximate the tridiagonal solve.

Section 5.2 extends the results of this section to the multiple p case for the model
problem.

The convergence rate of any method which approximates ADI can be analyzed as a
perturbation of the ADI method.

Lemma 4.0 In the eigenspace Vim defined in (3.5), let us,, be the solution to the
problem defined by (2.2), u m be an arbitrary initial iterate, u;‘Dl be the iterate produced

by a single iteration of ADI ((2.5) and (2.6)) and uil be the iterate produced by a
single application of the ADG(p,k) method. If

dj,m = u?,m - u;,ma
Njm = ufm” — ufi)
and
D, = Amn=p 0 ,
0 )‘m’ - P
then in Vj, we have
1 i
im DMk " (4.1)

with MY defined in (3.3).
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Lemma 4.0 can be proved by considering the effect of each half step of ADG(p,k)
on the eigenvectors of the matrix A (see [24]). Note that (4.1) measures the difference
in the iterates produced by the ADG(p,k) and ADI methods.

Theorem 4.1 In the eigenspace V;,, defined in (3.5), let u* be the solution to the
problem defined by (2.2), u® be an arbitrary initial iterate and u*PY be the iterate
produced by a single application of the ADG(p,k) method. If

and
we have 52k |\
—p
lesmll < T+ 5 |22 D1

with T, defined in (2.7) and § defined in (3.2).

5 Accelerated ADI with Multiple Parameters

For the model problem, the matrices H and V' in (2.2) commute. In this special
case, there is a well developed theory to accelerate the convergence of ADI methods by
the choice of different ps used cyclically. In this section we shall investigate the use of
the ADG(p,k) approximation to speed the solution of (2.2) in this case.

For the model problem (2.2), we observe that the matrices H and V' (and thus A)
possess a common basis of orthogonal eigenvectors v; ,,, where

Vjm = sin(mjy) sin(rmz) and AV, = AjmUjm- (5.1)

It is also readily verified that H and V commute: HV = V H. This condition can
be met in practice for all equations with separable coefficients with an appropriate
discretization of the problem [28]. Since H and V share a common set of eigenvectors,
for any v;,,, we have

with Aj,, in (5.1) given by

For any eigenvector v;,, we have

(A =) A —p)
(Aj +p) (A + p)

Tp,Ujrm = Jym:

For any given p, we find that the error along all eigenvectors with eigenvalues close to p
decreases very quickly (see Figure 5.1). For all eigenvectors with A; and \,, sufficiently

6
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different from p, the error decreases extremely slowly leading to a slow overall rate
of convergence of the iteration (see Figure 5.1) . However, by varying the p’s we can
selectively reduce the error on different parts of the spectrum (see Figure 5.2) leading
to a faster asymptotic rate of convergence for the entire method.

Rate of convergence for rho
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across the spectrum for different p’s

One scheme for picking a series of p’s [27] to accelerate the rate of convergence uses
information about the extremal eigenvalues of the operators H and V. If

0<a§)‘m7)‘]§/87

7
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-(3)

n = [logs(c)] + 1,

we define

and

6=(V2-1)>2
The p’s are picked cyclically from the set
p;=BcT,  j=1,....n (5.2)
The rate of convergence of the above method is given by [27]
leirnll < lles].
Since n = O(] log(h)|), the error goes down by a constant for every log(/N) iterations.

5.1 The acceleration parameters

For the model problem (2.2), we can estimate the order of magnitude of the different
p’s selected in the course of the iteration. In this case,

)\j:)\m:2—2cos<Nﬂil>, i=1,....N.

All the eigenvalues for both operators are positive and lie in the interval (0,4). For a
N x N grid we have

m
az?—Qcos(N_i_l)Nm

and

m
=242
154 + cos(N 1
Substituting in (5.2) gives
pj ~ 460 j=1,...,n.

The largest p is almost equal to 4 and subsequent p’s decay to « in magnitude (see
Figure 5.4). For most N of interest (typically a few hundred or thousand) a significant
fraction of the parameters are large in magnitude (see Figure 5.3). We use an arbitrary
cutoff point to separate large parameters from small ones, typically 0.1 for this problem.
For the tridiagonal systems generated in (2.5) and (2.6) the magnitude of p determines
the diagonal dominance of the system.

Since a significant fraction of the p’s are large we expect that ADG(p,k) to converge
for small k. In Section 5.2 we investigate the use of the ADG(p,k) method for large p.
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5.2 Uniform Convergence Over the Entire Spectrum

In this section we investigate the use of the ADG(p,k) method for the model prob-
lem (2.2) with multiple p. The application of each ADG(p,k) step can be viewed as
the application of the ADI operator which is perturbed by the operator P,

= ADG(p, k)" = (T, + P,)e"
where 7}, is defined in (2.7). P, maps the error for the eigenvector v, ,
62’“ Am
2 Aj+p

E ol (5.3)

Lemma 5.0 After n iterations, the error in the modified iteration (using ADG(p,k)
for the largest r parameters) is given by

et = (H T, +Pp,) H Tl>
=1

i=r+1

where T),, is defined in (2.7) and P,, is defined by (5.3).

Proof: The result can be obtained by replacing the T, for the each of the largest
r parameters with (T, + P,). The effect for all n steps is obtained by composing the
operators for all p and the commutativity of H and V. |

We now analyze the spectral properties of the operator P for different p’s occurring
in the solution of the model problem. Since P, measures the deviation of ADG(p,k)
from the true ADI iterate we expect it to have a small norm for large p (where ADG(p,k)
converges quickly). We shall perform the analysis for ADG(p, 3) to simplify the proof.
In practice, the proof can be modified to any value of k£ for each iteration.

Lemma 5.0 For p=f~4 and k =3, ||P4]] < 6.5 x 107,
Proof: Since 0 < Ay, \j < 4, for p = 4 we have

2— A 1
|(5| = < —
24+ p 3’
|)‘m - P| <4
and
[Aj+pl > p
which, using (5.3), gives
6% A 1
< |= < =65x10"". N
IPall < 152221 < 5o =65

As can be seen from Lemma 5.0 the norm of the deviation for large p is quite small.
We now compute the overall convergence rate of a scheme where ADI for the largest
three p is replaced by ADG(p,3).
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Theorem 5.1 The rate of convergence for the model problem (2.2), using ADG(p, 3)
for the largest three p’s is given by

e < 0.254]€"||.

Proof: Using Lemma 5.0 the composite operator is given by

3 n

A =TI +Pp) [1 .- (5.4)

=1 1=4

We shall analyze the contribution of each term in the expansion of (5.4). From [27] we
have

|| f{len < (VI-1)

We analyze a single term to illustrate the analysis and then sum the contributions from
all the other terms. One of the terms in the expansion of (5.4) is given by

T = L, T, Pps H Ty,

i—4
If
Sp={a | (V2=1)p <]z —p| < (V2+1)p}
then
(V2 —1)? if A\ €S, and Am € S,
||Tpvjm|| )
Mol < (V2-1) if N €S, A €S, or A €S, Am €S,
im
1 otherwise.
Therefore we have
(\/§ - 1)2||Pp3|| if Aj & Sp, and Am & Sps)
1Tosll < ¢ (V2= 1D)[|P,,l if A€ Sps A €S, ot N &S, Am €S,
1P, || otherwise
or
0.045 if Aj &Sy, and Am & Sps,

10!l < < 0.068 if N €S Am &S, or Ay €S, N &S,
0.072 otherwise.

10
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N | Iterations | Iterations
Original | Modified
200 23 24
250 28 31
300 32 36
400 35 39
500 41 46

Table 5.1: Number of iterations for the modified and unmodified method

Similarly, estimating the norm of 7, and 7,, we can show that

Al < (V2 = 1)240.072 4 0.010 4 ...) = 0.254,

where the ignored terms sum up to less than 1073. |

Remark: The norm of the error in the composite method is reduced by a factor of
0.254 every n iterations. The error in the unmodified method, in contrast, goes down
by a factor of 0.172 every n iterations.

5.3 Numerical Results

5.3.1 Serial Implementation. We implemented the above scheme on a SUN
SPARC10 workstation to solve (2.2) on a square grid. The right hand side was chosen as
a randomly generated vector with entries in the range [0, 1]. The method implemented
can be represented as

ADG(pl, 1) o ADG([)Q, 2) o ADG(pg, 3) o H?:4ADij .

The iteration was terminated when the two norm of the residual was less than 10~%.
Table 5.1 contains the number of iterations to convergence for the method.

5.3.2 Parallel Implementation. Since ADG(p,k) involves replacing the original
tridiagonal solves in the ADI method with a Gauss—Seidel iteration, we would like to
be able to implement the Gauss—Seidel method (with red-black ordering) efficiently.
The classical method for solving a tridiagonal equation on p processors involves a se-
ries of reduction operations on the variables and requires (2 log(p) + 1) communication
steps to complete [25]. Similarly, every red-black Gauss—Seidel iteration requires two
communication steps to exchange the data at the boundaries of subdomain on the pro-
cessor: one after the computation of the red points and the other after the computation

11
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of the black points. By overlapping the subdomains on the processors by two points,
the red and black half solves for the Gauss—Seidel method were aggregated.

We implemented the above scheme on a network of PowerPC machines connected
by an ethernet. The MPI library [5] was used to communicate between the various

processors. Table 5.2 contains the total time to reduce the norm of the residual to
1074,

N | Procs | Time (s) | Time (s) | Savings
Original | Modified %
400 2 9.31 7.23 22
3 7.65 5.43 29
4 6.68 5.13 23
Y 6.74 4.68 30
6 6.76 4.57 32
7 6.66 4.61 31
8 7.78 0.18 33
200 2 13.58 11.01 19
3 10.41 7.71 26
4 13.37 10.41 22
5) 12.27 9.48 23
6 11.20 10.06 10
7 10.22 8.31 19
8 9.52 7.77 18

Table 5.2: Parallel timing for the Poisson Equation, multiple ps, PowerPC 560, eth-
ernet

Acknowledgments: This work was supported in part by an ONR grant.

6 Conclusions

We have attempted to show that the ADG(p,k) method is an effective approximation
to the ADI method. The lower computational cost of ADG(p,k) coupled with its easy
parallelization properties make it an effective smoother for elliptic problems.

12
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Due to the lower memory requirements of the ADG(p,k) method and the effective
use of data in the cache this approach offers a significant speedup in the case of RISC
processors. The method is trivially parallelized. Since the parallel overhead of the
scheme can be further reduced by the aggregation of the Gauss-Seidel steps, the method
is effective even on parallel machines with high latency.

The combination of the approximation with redundant computation allows us to
complete an iteration with a single communication event between neighboring proces-
sors, as opposed to O(logp) communication events on p processors.

In the case of problems with variable coefficients, the ADG(p,k) approximation
allows us to compute the solution without storing the factors of the matrix. This
allows for much larger problems to be solved without resorting to the use of virtual
memory.

The ideas of this chapter can also be applied to alternating direction line SOR
methods with little or no modification. Alternating direction line SOR methods are
often used as smoothers for multigrid methods since their smoothing properties are
slightly better than the corresponding pointwise smoothers [4] (a smoothing rate of 0.2
for line SOR vs a smoothing rate of 0.25 for point SOR).
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Figure 5.3: Fraction of large acceleration parameters
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Figure 5.4: Computed ps for the model problem N = 500.
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