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Abstract — In this paper, we extend some results from an earlier paper (STAM J. Numer. Anal., 30
(1993), pp. 136-158) of the first two authors. We provide a unified theory for multilevel and multigrid
methods when the usual assumptions are not present. For example, we do not assume that the solution
spaces or the grids are nested. Further, we do not assume that there is an algebraic relationship between
the linear algebra problems on different levels.

What we provide is a computationally useful theory for adaptively changing levels. Theory is provided
for multilevel correction schemes, nested iteration schemes, and one way (i.e., coarse to fine grid with
no correction iterations) schemes. We include examples showing the applicability of this theory: finite
element examples using quadrature in the matrix assembly and finite volume examples with non-nested
grids. Qur theory applies directly to finite difference, wavelet, and collocation based multilevel examples
as well.
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1. INTRODUCTION

In this paper, some concepts and theory first developed in [4] are extended. We do not
make many assumptions in this paper. In particular, the grids do not necessarily have to
be nested. The norms correspond to inner products on a grid, but the inner products do
not have to be identical from level to level. We do not assume that there is an algebraic
relationship between the linear algebra problems on different levels.

We provide what is really three level analysis rather than the more traditional two
level theory. Among other things, this provides a rigorous basis for adaptively changing
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levels.

First, assume that there are j spaces My, 1 <k < j, approximating some solution
space M. Further, assume that dim M < dim M. In typical multigrid applications,
the growth rate is geometric at a rate related to the dimension of the spatial domain.

While the solution to the linear problem

Aut f=0, u feM, AeLM),
is really sought, a set of approximate problems
Apup + fr =0, wp, fr € My, Ay € LIMy), (1.1)

will be solved approximately instead.
As usual in multigrid procedures, two sets of mappings between neighboring spaces
are assumed to exist. The prolongation (or interpolation) mappings are

Pro1: My — M.
The restriction (or projection) mappings are
Ri: My — M.
In some cases, each Ay is related to Aziq by
Ar = Riy1 Ap1Pr; (1.2)

however, the basic theorem in this paper, Theorem 1, does not assume this relation.

For partial differential equations that are discretized in a standard fashion, there can
be natural definitions for Ri11 and Pj. Some of these are shown graphically in [4].

For most finite difference schemes, Py, is related to a conventional linear interpolation
scheme; Ryyy usually corresponds to a weighted average of neighboring points. Many
times, Rypi1 = ¢PE, where ¢ € IR. See Figure 1 for an example set of grids.

For many finite element schemes, a Galerkin method is usually employed. Here, Py
corresponds to an interpolation scheme that makes sense for changing from the basis
associated with grid k£ to the basis associated with grid k 4 1; Ry41 normally is given by
PEL. Once again, see Figure 1 for an example set of grids or [4].

For many finite volume schemes, P. and Rjiiq are similar to the ones in the finite
element case. While the grids are nested, the location of the unknowns in the matrix
problem are not necessarily nested. For example, in Figure 2, the dots represent the
location of the unknowns in a finite volume discretization for the grid lines shown.

Associated with each level is a norm, || - ||,. Assume that

Cuallully < IPrulley < Copllully,  Yue My, (1.3)

where the forms of (' ; and (3 are known; these constants can depend on the coefficients
in the differential problem and on the grid. A large value of (3 ; will inhibit the rate of
convergence.

Now, define a k-level standard correction multilevel algorithm:
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Figure 1: Square grid elements for finite differences or elements
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Figure 2: Non-nested grids for finite volumes



4 C. C. Douglas et al.

ALGORITHM MG( k, {eYiy, 4, fr )
=1 or p = 0, then solve Axxr + fr = 0 to some accuracy.
1) Iftk=1or u,=0,th lve A 0
> 1 and pr > 0, then repeat (2a)—(2c) for 2 = 1,---, pug:
2) Ifk>1and ;> 0,th 2a)—(2¢) for e =1 i
(2a) Update xy using the pre-solver.
(2b)  Solve a residual correction problem on level k — 1:
wp = T+ Pt MGk =1, {petizy, 0, Ri( Agay + fi ).
(2¢) Update xj using the post-solver.
(3) Return xy.

It is assumed that 0 < pq, p; <1 in this definition. In practice, p; > 1 is common, but
this can be interpreted as the repetition y; times of the algorithm for the case of p; = 1.

On all but level 1 (the coarsest grid level), two solvers are associated with a level: a
pre-solver and a post-solver. These surround the coarser level correction (2b). In most
real applications, only one solver is associated with a level (one of the pre- or post-solvers
is the identity operation). The solvers can be smoothers, roughers, or direct solvers.

In order to analyze Algorithm MG from an iterative method viewpoint, we transform
it into a nonstandard form similar to that introduced in [4]. First, add an additional
level j 4+ 1, which is just a repetition of level j:

Mijpn=M;, Pi=Rju=1, Aj=A4; C,;=0;=1

The initial residual z;4; is then given by

Az + [ =z

All analysis can now be done using residual correction problems.

Define the following:

zg+1  The residual on level £+ 1 at some step.

(1)

x The initial guess for level &; this is normally 0, except

on level 5 + 1.

Now, define a k-level nonstandard correction multilevel algorithm:
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ALGORITHM NSMG(k, {peVieys Zh1s :1;2_1))
(1) Initial residual: Ryy12541 € M.
(2) Initial pre-solve: Update :1:2_1) to get :1;20) such that
At + Rigrzign = 21, where |57 < ozl
(3) Let :JZ'S) = :1;20), 2](:) = Z]go), and 7{1) = 0.
(4) If pr > 0, then repeat ¢ = 1, -+, yy:
(4a) If¢> 1, then
(4al) Residual: Akxg_l) + Ris12ks1 = é,(j)
(4a2) Pre-solve: Update :chg Y to get :i'(i) such that
Aki';j) + Rit12b41 = Z;g)
(4b) If k£ > 1, then
(4cl) Correction: ’y(i) Pr— 1:1/';:)1, where
:Z'Ej)l = NSMG(k — 1, {pe¥i_y, Zk), 0) and
A2 R 20
(4c) Calculate U]g).
2(9) ' : ) é\‘;(j) + Pk—lAk—lj;gllH-
(4d) Residual: Ak(:i'g) + ’y,(j)) + Rig12ps1 = (9,8).
(4e)  Post-solve: Update :1;( Dy ’y() to get l’;:) such that
A + Riprzngs = 2, where |27 < e[l
(5) Return :L'Efk).

 where |27 < o161

This is almost the same algorithm as was analyzed in [4]. The difference is in step (4c).
Here we calculate the norm of the difference between the effect of two similar operators
on the correction with respect to the residual before the correction was computed.

Consider the example of adaptively changing levels based on reducing the residual
norm adequately. We can calculate U,g) while computing a correction in step (4b). Based

(1) ()

on the size of 0,’, we can determine if the current candidate for z,’, is sufficient in order

to maintain convergence on level k (or a fast enough convergence rate). Should U,g) be
too large, more corrections on level k — 2 or a better approximation on level £ — 1 might
be appropriate.

In order to consider a priori analysis, the actual forms for pg) and eg) should be
substituted. Examples of these forms can be found for various elliptic partial differential
equations and iterative solvers in [1] and [2].

A second multigrid variant is a nested iteration scheme, which begins computation on
level 1 and traverses the levels to some level j, using each level k, k£ < j, to generate an
initial guess for level £ 4+ 1 and possibly for solving residual correction problems. Define
a k-level standard nested iteration multigrid scheme by
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ALGORITHM NI(]? {:uk}izlv L1, {fk}§€:1)
(1) For k=1,---,3, do
(la) If k> 1, then ap «— Pr_qax-1

(16) Lk HN[G'(kv {/M}éf:lv T, fk)
(2) Return z;

Note that g, = 1, all £, corresponds to full multigrid (or nested iteration V cycle). Choos-
ing pp = 0, all ¢, corresponds to one way multigrid, i.e., no correction cycles whatsoever
(see [2] and [6]).

Define a nonstandard nested iteration multilevel algorithm by

ALGORITHM NSNI(j, {ue}_,, 2{™")
(1) repeat k=1,---,:
(la) Initial guess: If & > 1, then
(lal) :1:2_1) = Pk_l:zj;f_kfl).
(Ib) Residual: z; = Akxé_l) + fr. 4
(Ic)  Solve: :L'Efk) =NSMG(k, {pe})eys 2k, 2V ).
(2) Return 2,

J

Theory for the nonstandard formulations is in Section 2. Examples are in Sec-
tions 3 and 4.

2. THEORY
In this section, we prove some basic theorems, based on a simple theory that is compu-
tationally useful, including for adaptively changing levels.

The basic theorem for Algorithm NSMG is the following:

THEOREM 1. Assume the following for all levels 1 < k < j:

1. zj4q ts the residual on level 3 +1 > 2.

2. Z](:) is the residual on level k at step 1.

31129 + A2 < o129 4 Py Aniz.

b T = PecaRi) 2N < 671280

Let
HE . . . .
E{l) _ egl)pgl) and E}guk) _ H (622)/?22)0;(;) [5](;) + CZ,k—lEg(gikl_l)]) )
=1
Then,

128 < BV ziia [ - (2.1)



A unified multigrid theory for non-nested grids and/or quadrature 7

Proof: The proof of (2.1) is a double induction argument. The result is trivial when
k = 1. Assume that the result is true for all levels ¢ < k.

We first assume that pr = 1 and estimate H@,(:)H. The norm comparison (1.3) enters
in the argument below, as well as the hypotheses listed above. Thus,

oM <

AR + 1) + Regrzea |

12+ Al = (-7 + APzl |

< oV 4 Py A |
= o1 = PeaRe)=” + Peca 2|
< ol (BN + Copr BYS A7)
< o (88 + Concn YY) kg g
Hence,
1 1
171 < B 2t g
Now, assume that the result is true for yp = 1,---,2 — 1. Then,
01 < 1ARED +97) + Riga 2|
= 157 + A = 1180 + APz |
< o = PR + Prcaz |
< o (612N + Conma BLV Y]
< ool (87 + Copmn BL) 1507V,
so that ' '
17 < B2kl n

A more precise analysis, based on an affine space decomposition of each My, would

follow the analysis in [4].

The basic theorem for Algorithm NSNI is the following:

THEOREM 2. Make the same assumptions as in Theorem 1. Further assume that
1.1) is approzimated by some &, such that
pp Y

Ar&e + fr = 0 (2.2)
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starting from some initial guess v = Pr_1&p_1. Given some {Ck}i:p we want
101 < GullAves + Al
10kl < Cellfr-1ll, 1<k <y

Then
EWM) < for 1 <k < (2.4)

for an appropriate choice of{{pgf), eg) LN

The proof of Theorem 2 is obvious (see [2] for example). Note that by calculating 5,(:)

and 0'](:) as a computation progresses, the choice of pgj) and eg) can be chosen adaptively
to ensure that (2.4) is satisifed.

The one way multigrid method is a common computational method in engineering
applications. It has been used for decades as a method for producing an initial guess on
the grid in which a solution to a problem is actually wanted. This process is described
in [6] for a procedure that he first saw in the 1920’s.

Consider a typical partial differential equation problem to be solved numerically. It is
discretized on a set of grids Q, 1 <k < j, with some notion of grid spacing (or a mesh
diameter) hy.

The basic theorem for one way multigrid is the following:

THEOREM 3. Make the same assumptions as in Theorem 2. Further assume p; = 0,
1 <k <y, and that
0, =Chi, C,q,h>0¢€IR.

Then
G = CCp(hr/hi—1)?

is adequate to ensure that (2.2) is satisfied. Hence, (2.4) is satisfied with pg) = (k.

Once again the proof is obvious. Note Theorem 3 gives a simple bound for one way
multigrid that is independent of the solver used on each level.

3. AN EXAMPLE OF THE FAILURE OF Ay = Ry 1 A1 Ps
Consider the Dirichlet problem

2

— > (@ij(@)ue)e, + bi(@)ug, + c(x)u = flz), weQ=I0,1],

1,5=1

(3.1)
u = 0, x € 0N.
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(k40 where ¢ is

Let the k-level partition S of € consist of squares of side length 27
independent of k. Let the k-level finite element space M, consist of C'°-bilinear functions

over Sy, that vanish on 9€2. Then, the natural k-level Galerkin equations,

Akuk = Pk (32)

would be generated by seeking a function @* € M} such that

2 2

Y (aigal,, of )+ 3 (bl 0F) 4 (ea®, o) = (f,05),  oF € My, (3.3)

7,7=1 =1

where (-, -) indicates the inner product on L*(); but exact integration is not, in general,
feasible. Thus, it is usually necessary to invoke a quadrature rule to approximate the
integrals in (3.3). It is well-known that a (2 x2)-Gauss quadrature rule suffices to maintain
unique solvability of the resulting linear equations, along with the proper asymptotic order
of accuracy of the k-level approximation to the solution of (3.1). Denote by (-,-)s the
(2 x 2)-Gauss quadrature approximation to (-,-), and define the k-level equations (3.1)
through the approximation

2 2

Z (aijﬁim f)f*])G + Z(blﬁilv f)k)G + (C&kv f)k)G = (fv f)k)Gv f)k S Mk

7,7=1 =1

Let us consider the feasibility of the relation A = Ryi1 Agr1Pr by making a simple
parameter count. If the prolongation and restriction operators are defined in terms of the
parameters related to the vertex values of a single element in the coarser partition and the
vertex values of the corresponding four squares in the finer partition, it suffices to consider
a unit square S' for the coarser element (associated with index 1) and its partition
(associated with index 2) into four squares, 5]2, g =1,....4, for the finer elements. Note
that the sixteen quadrature points on 5]2 are distinct from the four quadrature points
on S'; thus, different values of the coefficients in the differential equation enter into the
formation of the equations (3.1).

For the moment, let M, be the span of the four bilinear basis functions associated
with the vertices of S' and M, the span of the nine bilinear basis functions associated
with the vertices of 5]2, g =1,...,4. Then, let us generalize the question as to whether
there exist Ryry1 and Py such that Ay = Ryy1 Ak Pr slightly by asking if there exist
maps

P Ml — Mz and Q : Ml — Mz (34)

such that
(Aru,v) = (A3 Pu, Qu), u,v € My. (3.5)

Let us make a simple parameter count. Each of the matrices P and () has 36 entries. For
each nontrivial coefficient a;;, b;, or ¢, the quadrature rule associates sixteen values of the
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coefficient in the Aj-inner product and only four in the Ai-inner product; thus, twelve
independent constraints arise for each such coefficient. Since there are seven possibly
nontrivial, distinct coefficients, it is clear that it cannot always be possible to satisfy
(3.5). If there were fewer coefficients to handle, the maps could exist but have rather
strange relationships to standard interpolation procedures.

Let us ask a different question. Let us take reasonable definitions of P and () and ask
to what extent (3.5) fails for locally smooth coefficients. Let P = @) be the embedding
operator between M; and M, and consider the special case for which

a;j(x) = b a(x), b(z) = c(x) =0. (3.6)
It follows easily from the Bramble-Hilbert lemma that
(Aru,v) — (A Pu, Qu) = O(J|ul||lv])), w0 € My, (3.7)

where the norm is the norm in H'. Then, if the analogous restriction and prolongation
operators are used at each level,

o) =1+ 0(h2) (3.8)

if the H'-norm is employed at each level. Thus, using the naturally associated quadrature
rule at each level is a reasonable choice for these choices for Ryi1 and Py.

4. FINITE VOLUME EXAMPLE

Consider the two-point boundary value problem

—(a(@)uz)e +c(a)u = flz), 2€Q=[0,1],
{ u(0) = u(l) = 0. (4-1)

A finite volume discretization of (4.1) yields
Gi_l/zuf_l + (Azie; — a1y — aH_l/g)uf + ai+1/2uf_|_1 =Ax;f;, i=1,...,N

on level k where a;41/2 = 2A;41/2/(Ax; + Axiyq), and Az, is the length of cell (interval)
. While the grid points z;11/2 in a finite volume multigrid procedure are nested, the
locations of the unknowns u are not nested (see Figure 2).

Clearly, one would not use a multigrid approach to solve this problem. However,
multigrid is a viable alternative for the equivalent multi-dimensional problem. The fol-
lowing remarks generalize to the multi-dimensional case through the use of tensor product
formulations for the prolongation and restriction operators (see [5] for applications). We
discuss the one-dimensional case for clarity.

Let us define a restriction matrix

1 1 0 0 0 0 0

1 0 0 1 1 0 0 0
Re=-=10 0 0 1 1 0 0
2 0 0

0 0 0 0 0 O 1 1
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This is just piecewise linear interpolation. We can also define a prolongation matrix
Pr_1 = 2Ri’. This prolongation matrix corresponds to piecewise constant interpolation;
clearly, not a very accurate choice, but a demonstrative one.

It we formulate the coarse grid matrix from Ap_; = Ry ArPr_1 and a restricted right-
hand-side from Ry, we obtain

k-1 k-1
A9;-3/2U;_1 + (A$2ic2i + Axgi_1€2i1 — A2i-3/2 — G2i+1/2)ui +

G2i+1/2uf.|?11 = Axgiy foimt + Axgifo, t=1,...,N/2.

This is a reasonable coarse grid approximation where the only difference from the finite
volume discretization on the coarse grid would be in the use of the underlying fine grid
to discretize the finite volume integral.

A straightforward calculation of |[(1 — Pr_1Ry)x)|| for arbitrary = shows that 8, =
1/v/2.

A more practical prolongation matrix would use quadratic interpolation. On an
equally spaced grid this becomes

25 -3 0 0 0 0 0
33 5 0 0 0 0 0

5 30 -3 0 0 0 0

-3 30 5 0 0 0 0
o5 30 -3 0 0 0
[t
0O 0 0 0 ... 5 30 -3

0 0 0 0 ... -3 30 5

o 0 0 0 ... 0 5 33

0O 0 0 0 ... 0 -3 25

The first and last rows of Pr_; have incorporated the uniform Dirichlet boundary con-
ditions for the current problem. On a nonuniform grid the matrix entries involve ratios
of mesh lengths. The use of this prolongation matrix in the definition of the coarse ma-
trices would expand the bandwidth of each successive coarser matrix. This defeats the
purpose of multigrid where one expects to do less work on the coarser grids. The use of
this prolongation matrix with the piecewise linear interpolation restriction matrix gives

8 = /531/32.

5. CONCLUSIONS

In this paper, we extended the theory given in a previous paper in two ways. The theory
here is more precise than the earlier one. Further, it is applicable to problems that are
not nested and/or ones in which the linear systems use quadrature in their assembly.
Finally, the theory here allows multigrid software (e.g., [3]) adaptively to change levels
with a higher degree of precision than with the earlier theory.
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