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Abstract. The domain reduction method uses a �nite group of symmetries of a system of linear

equations arising by discretization of partial di�erential equations to obtain a decomposition into

independent subproblems, which can be solved in parallel. This paper develops a theory for this class

of methods based on known results from group representation theory and algebras of �nite groups. The

main theoretical result is that if the problem splits into subproblems based on isomorphic subdomains,

then the group of symmetries must be commutative. General decompositions are then obtained by

nesting decompositions based on commutative groups of symmetries.
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1. Introduction. This paper is concerned with the problem of decomposing a

system of linear algebraic equations into subsystems based on symmetries of the

operator and the solution space. The subproblems can then be solved independently

and in parallel. The system to be solved is associated in a natural way with a domain in

an Euclidean space, such as in the case of discretizations of partial di�erential equations

on symmetrical domains. The group of symmetries of the domain then induces a group

of transformations in functional spaces on that domain. If the operator of the system

to be solved satis�es the same symmetries, then the symmetries can be used to develop

a decomposition.

Methods of this type were proposed by Douglas and Miranker [7] and further studied

by Douglas and Smith [9] essentially for symmetries of the square along the axis parallel

with the sides, giving decomposition into four subproblems de�ned on smaller identical

squares. Each of the subproblems on the squares can be further decomposed into two

equal sized, smaller problems [3], giving a decomposition into eight subproblems de�ned

on subdomains of the same area but not the same shape. Douglas [4] studied when to use

a simple or a high way domain reduction, for serial, distributed, or parallel computing.

When applying this method to parallel computing, the bottleneck is the size of the

biggest concurrent subproblem to be solved, and load balancing is of great importance.
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Thus, even if some of those eight subproblems can be decomposed further, the fact

that at least one of them cannot be decomposed limits the parallel e�ciency. Douglas

and Mandel [6] gave a decomposition for a cube into 60 or 64 subproblems using a

similar nested decomposition techniques as in [3], and also reported on computational

experience with parallel implementations.

The present paper gives an abstract systematic framework for the methods

from [3, 4, 6, 9] using group theoretic tools, thus eliminating the di�culty that the

decomposition for more complicated groups was previously found only on a case-by-case

basis. A di�erent group theoretic approach was �rst presented by Allgower, B�ohmer,

and Mei [1] and further developed by Allgower, B�ohmer, Georg, and Miranda [2]. But

the theory in [1, 2] still leaves open the question how to construct the decomposition in

the general case, cf., x8 below.

The basic idea of the domain reduction method is to split the solution space into

invariant subspaces of a group of symmetries. This paper is based on the observation

that such decompositions are studied in the group representation theory and their

properties are well known [12]. In particular, the decomposition can be shown to be

uniquely de�ned by the group under suitable assumptions. The projection operators are

linear combinations of the symmetries of the solution space, which lends itself to analysis

in the framework of group algebras, which consist of all such linear combinations.

Allgower, B�ohmer, and Mei [1] arrived independently at a decomposition for the

square into six subproblems, two of them of twice the size of the remaining four.

Their decomposition is based on the symmetry group of the square, which consists of

eight transformations. Their approach is based on decomposition the solution space

into a direct sum of �xed point subspaces for certain subgroups of their group of

transformations D4�Z2, where D4 is the eight element symmetry group of the square

and Z2 is the group of multiplications by �1. This method is based on approaches

known in bifurcation theory (see [10] and [11]). Unfortunately, it is not clear how

to select these subgroups in the general case. However, their subspaces are invariant

subspaces of the transformation group D4, and they can be described using the present

framework, cf., x8 of this paper. The results of this paper show that it is not possible to

use the symmetry group D4 to obtain a decomposition into eight subspaces, because the

group D4 is not commutative. The approach of [1] was extended to general groups by

Allgower, B�ohmer, Georg, and Miranda [2]. A related approach was used by Munthe-

Kaas [13] in developing Fast Fourier Transforms exploiting group symmetries; it should

be noted that the method of this paper can be also interpreted as a block-wise Fourier

transform on the group, with the components in the subspaces of the decomposition

playing the role of Fourier components.

For a simple introduction to the group representation theory and classical

applications of group representation in other areas of applied mathematics, see [15].

The theory presented in this paper starts as the search for a family of projections

on a linear space V that can be given as linear combinations of transformations from

a given �nite group G of linear operators, and such that V splits into the direct sum
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of subspaces Vi, given as the ranges of the projections (x2). This formulation naturally

leads to the concept of group algebras. Pertinent properties of group algebras are then

surveyed in x3 and it is shown that construction of those projections is equivalent to

a well-known problem from group representation theory, namely �nding an idempotent

basis of the group algebra. The symmetry group of the domain de�nes its subdomains,

called fundamental domains, which are mapped onto each other by the transformations

in the group (x4). In x5, conditions are considered when it is possible to reduce the

subproblems to one or more fundamental domains. It is shown that if every subproblem

can be reduced to one fundamental domain, then the group of transformations must be

commutative. Since it is important for parallel implementations that all subproblems

should be of about the same size to achieve good load balancing, we then restrict our

attention to commutative groups and the general construction of the projections in

that case is investigated in x6. Since commutativity of the symmetry group rather

restricts possible applications, nested decompositions are used to construct general

decompositions in x7. Such decompositions, however, cannot often be obtained directly

from mappings of the domain. The present theory is compared with that of [1] and [2]

in x8. x9 discusses the role of boundary conditions. The paper is concluded by several

examples in x10.

The authors would like to thank professors Richard C. Penney from Purdue

University, Stan E. Payne from University of Colorado at Denver, and Ivo Marek from

Charles University, Prague, Czechoslovakia, for stimulating and helpful discussions, and

an anonymous referee for very useful comments.

2. Domain Reduction. We are interested in the solution of the linear problem

Lu = f(2.1)

on a linear space V for a given linear mapping L : V ! V . A group G of linear mappings

on V is also given such that L commutes with the mappings in the group G,

LG = GL; 8G 2 G:(2.2)

We wish to use the group G to de�ne a decomposition of the space V into a direct

sum

V = V1 � � � � � Vm;(2.3)

where the associated projections �i,

I = �1 + � � � +�m; Vi = Range�i;(2.4)

�i�j = 0; i 6= j;(2.5)

are linear combinations of the elements of the group G,

�i =
X
G2G

ci(G)G:(2.6)
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It follows from (2.2) and (2.6) that L and the projections �i commute,

L�i = L
X
G2G

ci(G)G =
X
G2G

ci(G)LG =
X
G2G

ci(G)GL = �iL:

So, for any vi 2 Vi,

Lvi = L�ivi = �iLvi 2 Vi;

which means that each LVi � Vi. Thus, (2.1) splits into m independent subproblems,

Lui = fi � �if; ui 2 Vi:(2.7)

To obtain a computationally desirable method in the discrete case, the subproblems

(2.7) are expressed as matrix problems on a space of a lower dimension than Vi. For

that purpose, prolongations

Pi :Wi ! Vi;

are needed that are of full rank (otherwise, the operator Li below would be singular).

Then

�i = Pi(P
T
i Pi)

�1P T
i

and (2.7) can be solved as

Liwi = gi; wi 2 Wi;(2.8)

where

Li = P T
i LPi and gi = P T

i f:(2.9)

Hence, ui is obtained from ui = Piwi.

Since the dimensions of the spaces Wi are smaller than those of Vi, the subproblems

(2.8) are cheaper to solve than the original problem (2.1). In our application, the

dimension of V is about the sum of the dimensions of Wi (except perhaps for degrees

of freedom that correspond to boundaries of physical domains), so if all the dimensions

of Wi are about the same, almost perfect speedup can be obtained by solving them in

parallel. As it was observed in [2], very signi�cant savings can be accomplished even on

a serial computer, since the cost of direct solution of a linear system grows as the second

of third power of the dimension (depending on the sparsity of the system matrix).

Note that for some problems the following generalization of this approach may be

used with a di�erent decomposition (2.3) or space of right hand sides. Let L : V ! ~V

(possibly V = ~V ). Instead of L satisfying (2.2), let it satisfy the condition

LG = �(G)L;(2.10)
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where � : G ! ~G is a homomorphism of G onto a group ~G of linear mappings on ~V .

Then the decomposition (2.4) in V de�nes a similar decomposition in ~V .

This follows immediately from the fact that � is a group homomorphism that if

�i =
X
G2G

ci(G)G are projections, then ~�i =
X
G2G

ci(G)�(G) are also projections. Hence,

on ~V ,

I = ~�1 + � � �+ ~�m; ~�i
~�j = 0; i 6= j:

Further, (2.10) gives that L�i = ~�iL. So,

LVi � ~Vi;

as in the earlier case.

3. Group Algebra. The projections given by (2.6) can be studied using group

algebras. The basic results that are pertinent to this paper from the theories of groups

and group algebras are reviewed, following [12].

For a �nite group G, the associated group algebra A is the set of formal sums

X
G2G

c(G)G(3.1)

where c(G) are scalars. A is equipped with the structure of a linear space and vector

multiplication,�X
G2G

c(G)G

��X
H2G

d(H)H

�
=

X
G2G

X
H2G

c(G)d(H)GH

=
X
F2G

�X
H2G

c(FH�1)d(H)

�
F;

(3.2)

where the substitution F = GH and rearrangement were used [12, p. 86].

We shall assume that

the group G is linearly independent(3.3)

as a set of linear operators on V . Then A is isomorphic to the algebra of linear

operators on V generated by all G 2 G, that is, (3.1) can be understood to mean

scalar multiplication and summation of linear operators on V . Similarly, (3.2) means

the composition of linear operators on V .

A subspace J � A is called a right ideal of A if

ab 2 J ; 8a 2 J ; b 2 A:

A subspace J � A is called a left ideal of A if

ba 2 J ; 8a 2 J ; b 2 A:
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J is two-sided ideal of A if it is both a left and a right ideal.

Every G 2 G de�nes linear mappings on A.

GL : a 7! Ga; GR : a 7! aG;

are called left and right multiplication, respectively.

It is easy to see that a left ideal J of A is an invariant subspace of the group G,

GJ � J ; 8G 2 G;

and any invariant subspace of G is a left ideal of A [12, p. 91].

If J is a left ideal, then every G 2 G de�nes a linear mapping of J into itself by

left multiplication restricted to J , which we denote by GLjJ . The mapping

G 2 G 7! GLjJ(3.4)

is a group homomorphism; it is called the representation of G on the left ideal J . Two

left ideals J1 and J2 are equivalent if the corresponding representations are equivalent

in the sense that there exists an invertible linear mapping A : J1 ! J2 such that

Ga = AGA�1a; 8a 2 J2; G 2 G;(3.5)

(cf., [12, pp. 66, 96]). In particular, note that two equivalent ideals have the same

dimension and that the images of the representations (3.4) are isomorphic groups.

A minimal ideal is an ideal which does not contain any nontrivial ideal of the same

type. Thus, a minimal left ideal contains no left ideals except the trivial ideal f0g and

itself.

The following theorem applied recursively shows that any left ideal is a direct sum

of minimal left ideals.

Theorem 3.1. (Maschke's Theorem [12, p. 73]) Let J and J 0 be left ideals of A,

and J 0 � J . Then there exists a left ideal J 00 such that

J = J 0 � J 00:

Thus, the algebra itself can be decomposed into minimal left ideals:

Theorem 3.2. [12, p. 92] The group algebra A of G is the direct sum of minimal

left ideals:

A = J1 � � � � � Jm:

If

A = J 0
1 � � � � � J

0
m0

is another decomposition of A into minimal left ideals, then m = m0 and after

renumbering, the ideals Ji and J
0
i are equivalent, i = 1; � � � ;m.
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An element � 2 A is called idempotent if �2 = �. Note that when � is understood

as a linear operator on V , it is then a projection onto a subspace of V . For any element

b 2 A,

Ab = fab : a 2 Ag

is a left ideal that is called the principal ideal generated by b.

Theorem 3.3. [12, p. 97] Let A be the direct sum of nontrivial left ideals,

A = J1 � � � � � Jm:(3.6)

Then there exist unique idempotents �1; � � � ;�m which form a decomposition of unity,

�1 + � � �+�m = I on A;(3.7)

and each �i generates the corresponding ideal Ji. In addition,

�i�j = 0; i 6= j:(3.8)

Theorem 3.3 shows that to �nd a decomposition of unity satisfying (3.7) and (3.8),

it is enough to to �nd the corresponding ideals of A. Theorem 3.4 shows this is also

necessary.

Theorem 3.4. Let

V = V1 � � � � � Vm

and assume that the corresponding projections �i : V ! Vi have the form (2.6). Then

Ji = A�i are left ideals of the group algebra A, and (3.6){(3.8) hold.

Proof. From the properties of a direct sum, (3.7) and (3.8) are immediate. It is

obvious that Ji = A�i are left ideals. It only remains to prove (3.6). Any a 2 A can

be written as

a = a�1 + � � �+ a�m; a�i 2 Ji:

On the other hand, if ai 2 Ji and

a1 + � � �+ am = 0;(3.9)

then ai = bi�i for some bi 2 A. Multiplying (3.9) by �i from the right and using (3.8)

shows that ai = bi�i = 0 for all i = 1; � � � ;m.

It follows from Theorems 3.1 and 3.4 that any decomposition of unity (2.4) can

be obtained from a decomposition of the group algebra into minimal left ideals (as

in Theorem 3.2), namely, take the sum of some of those ideals to form bigger ideals.

The decomposition of A into minimal left ideals is not unique. We only know that in

two decompositions, the ideals have to be equivalent in the sense of (3.5). This is an

7



advantage since it allows more 
exibility. It is also a disadvantage since it is not clear

how to choose the minimal left ideals. This nonuniqueness is removed by considering

two-sided ideals instead.

Theorem 3.5. [12, p. 103] Let the group algebra A be the direct sum of minimal

left ideals Ji, i = 1; � � � ;m. For each equivalence class of left ideals Ji, let Ij be the

direct sum of all left ideals in that class. Then

A = I1 � � � � � I`;

and each Ij is a minimal two-sided ideal.

Theorem 3.6. [12, p. 104] The decomposition of A into a direct sum of minimal

two-sided ideals is unique up to renumbering the components.

Theorems 3.7 and 3.8 characterize the structure of the algebra of a �nite group.

Theorem 3.7. [12, p. 107] In any decomposition of A into minimal left ideals,

the number of minimal left ideals equivalent to one minimal left ideal Ji equals the

dimension of Ji. In particular, the dimension of any two-sided ideal I is k2, where k

is the number of minimal left ideals in any decomposition of I into minimal left ideals.

Theorem 3.8. [12, p. 110] The restriction of A to a minimal two-sided ideal I

is isomorphic with the algebra of all linear mappings on I.

Suppose a basis of A is chosen so that each minimal two-sided ideal is spanned

by a subset of the basis. Then Theorems 3.5 and 3.8 imply that in this basis, the

space of left multiplications by the elements of A is isomorphic to the space of all block

diagonal matrices where each diagonal bock corresponds to one two-sided ideal. Such a

basis is called a symmetry basis of A. An algorithm for the construction of a symmetry

basis is not known in the general (non-commutative) case, but methods are known for

certain special groups [12, p. 112]. In particular, symmetry bases are known for all

crystallographic groups, which covers perhaps all two-dimensional cases important in

practice [14].

If the group G is commutative, then two-sided and left ideals coincide and can be

called simply ideals. Theorems 3.3{3.6 then give the following.

Theorem 3.9. Let G be a �nite commutative group. Then its group algebra A

can be decomposed into the sum of minimal ideals in a unique way up to renumbering.

If �̂i are the idempotents corresponding to this decomposition, then any decomposition

(2.3){(2.6) can be obtained by adding subsets of the set of projections �̂i.

It is known that over the complex �eld, all minimal ideals of the algebra of a

commutative group are one-dimensional [12, p. 81]. The group algebra A in such a case

is isomorphic to the space of all diagonal matrices of order jGj. Also, the number of

minimal left ideals in the decomposition equals jGj.

A construction of the symmetry basis and associated projections for a commutative

group can be found in x6.

4. Fundamental domains. This section studies properties of a group G of

mappings of a linear space V induced by the action of a group of mappings of the
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underlying domain 
. Let � be a group of bijections of the domain 
, and V a space

of functions on 
 such that

f � 
 2 V 8f 2 V; 
 2 �:(4.1)

Remark 4.1. Note that the de�nition of the space V may involve boundary

conditions. The condition (4.1) thus may limit the possible choices of the group �

to a subgroup of the group of all bijections of 
.

For 
 2 �, we then may de�ne the action of 
 by

G
f = f � 
;(4.2)

and the group

G = fG
 : 
 2 �g:

The mapping


 7! G


is isomorphism of � and G. De�ne the equivalence of two points x; y 2 
 by

x � y () 9
 2 � : 
x = y:

The domain 
 then splits into classes of equivalence (called transitivity classes in group

theory). Choosing one representative from each, a set � � 
 is obtained from which

(almost) all the domain 
 can be reconstructed by the mappings G 2 � according to


 =
[
G2G

G�:

However, we wish to refrain from studying the existence of such a set � with

reasonable topological properties and its theoretical construction. In most cases

of practical interest, we know a-priori that the domain 
 splits into a number of

subdomains, which are mapped onto each other by the mappings in �, and boundaries

between those subdomains.

Assume the existence of fundamental domains satisfying the following de�nition.

Definition 4.1. Let 
1; . . . ;
n � 
 be such that

(i) For all 
i, no two x; y 2 
i can be mapped into each other by some 
 2 G, 
 6= I.

(ii) For all 
 2 G, and for all 
i, there exists a 
j = 
(
i).

(iii) For all pairs 
i and 
j, there exists a 
 2 G such that 
j = 
(
i).

The domains 
i satisfying (i){(iii) are called fundamental domains. Denote

~
 =
n[
i=1


i:

In De�nition 4.1, each part has a certain meaning.
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(i) The 
i are not \too large".

(ii) The 
i's are images of one another under the mappings from the group G.

(iii) The 
i are not \too small". Speci�cally, (iii) prohibits breaking fundamental

domains into smaller fundamental domains.

The theorems below require only the assumptions (i){(iii). For the interpretation,

however, it is important that the subdomains 
i cover almost all of 
. In the continuous

case, it is usual to assume that all 
i are open and that


 = ~
:

In the discrete case, 
 is a discrete mesh and it is natural to assume that the domains


i are such that they are maximal with the properties (i){(iii) above; that is, if 
̂i

satisfy (i){(iii) and 
i � 
̂i for all i, then 
i = 
̂i.

In the continuous case, the values of functions on the boundary of 
i is then

understood as continuous extension from 
i or in the sense of traces. In the discrete

case, the \boundary" values follow from the de�nition of the subspace as the range of

a projection.

The question arises, when can the solution of the problem (2.1) be reduced to

subproblems associated with one or few fundamental domains.

Example 4.1. Consider the group � = D4 of symmetries of a square. The

fundamental domains are eight triangles with one common vertex at the center of the

square:

�
�
�
�
�
�
�
�@

@
@
@
@
@
@
@

Example 4.2. The system of fundamental domains need not be unique. Let G

be the rotations of a circle by 2�k

n
, k = 0; 1; � � � ; n � 1. Then the fundamental domains

can be chosen as any system of nonoverlapping segments of arc size 2�

n
.

From now on, let � be a �xed group of automorphisms of 
 and f
ig
n
i=1 a collection

of fundamental domains. The following series of statements analyze the structure of

the automorphisms of 
 under the assumptions formulated in De�nition 4.1. The main

observation is that every 
 2 � can be interpreted as a permutation of fundamental

domains.

Lemma 4.1. If 
1; 
2 2 � and 
1(
i) = 
2(
i), then 
1j
i = 
2j
i.

Proof. If x 2 
i and y1 = 
1(x), y2 = 
2(x), from De�nition 4.1(ii) there is a


j such that y1 2 
j and y2 2 
j . But, y1 = 
1

�1
2 y2, and 
1


�1
2 2 G, contradicting

De�nition 4.1(i).

Definition 4.2. Let 
 2 � and 
(
i) = 
j. Denote

Mij = 
j
i : 
i ! 
j:
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Lemma 4.1 shows that this de�nition is correct; namely Mij does not depend on the

choice of 
, should there be more such 
 2 � such that 
(
i) = 
j .

Now every 
 2 � will be shown to be equal to a composition of a permutation and

the mappings Mij.

Definition 4.3. For 
 2 �, let �
 be the permutation

�
 : i 7! j if 
(
i) = 
j :

Lemma 4.1 gives

Lemma 4.2. The mapping 
 7! �
 is a faithful representation of the group � in the

group Pn of all permutations of order n, where n is the number of fundamental domains.

From De�nition 4.3 and Lemma 4.1, we have

Theorem 4.1. There exist one-to-one and onto mappings Mij such that if


 2 � : 
i ! 
j , then


j
i = Mij; j = �
(i);

The assumptions in De�nition 4.1 determine the number of fundamental domains.

Theorem 4.2. The order of the group � equals the number of fundamental

domains.

Proof. Let n be the number of fundamental domains. From De�nition 4.1(ii), for

any 
1 2 � there is an 
j = 
1(
1). If 
2 2 � and 
j = 
2(
1), then by Theorem 4.1,


1j
1
= 
2j
1

and 
1

�1
2 = Ij
1

. But, by De�nition 4.1(i), this means that 
1

�1
2 = I,

so 
1 = 
2. Thus, j�j � n. Conversely, De�nition 4.1(iii) gives j�j � n.

If f is a function on 
, de�ne

fi = f j
i �M1i:

Then f can be associated with an n{tuple of functions fi on 
1,

f � (fi)
n
i=1; f j
i = fi �Mi1:(4.3)

Remark 4.2. The decomposition in (4.3) ignores the values on the boundaries of

the subdomains 
i. For our purposes of obtaining restrictions on the possible structure

of the group G, this is su�cient. For more details about the boundary conditions, see

Section 9 below.

The next theorem shows that the action f 7! G
f of 
 2 � on f is then simply a

permutation of the components of fi.

Theorem 4.3. Let g = G
f . Then

gi = fj; j = �
(i); i = 1; � � � ; n:

Proof: From Theorem 4.1 and the de�nition of G
 ,

gj
i = (f � 
)j
i = f j
j � 
j
i = f j
j �Mij ;

with j = �
(i), so

gi = gj
i �M1i = f j
j �Mij �M1i = f j
j �M1j: 2
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5. Prolongation from fundamental domain. Because we want to use the

isomorphism of the algebra of linear operators spanned by G and the group algebra

A, we need to assume that the operators in G are linearly independent, cf., (3.3). The

following simple observation states that if 
 contains \su�ciently many" points, then

G is linearly independent.

Lemma 5.1. Assume that there exist points xj 2 
1, j = 1; � � � ; n, such that for

any i = 1; � � � ; n, there exists ui 2 V such that ui(xj) = 0 if i 6= j, ui(xi) 6= 0. Then G

is a linearly independent set of linear operators on V .

As before, it will be assumed that G is linearly independent.

Let � =
X



c(
)G
 be a projection in V and W = Range� � V . Let L : V ! V ,

LW �W , and f 2 W . To solve the problem

Lu = f; u 2 W

e�ciently, u should be determined by its values on one or more fundamental domains


i. Let n = j�j, equal to the number of fundamental domains (c.f., Theorem 4.2). Let

u � (ui)
n
i=1, as in (4.3), and u 2 Range�, that is,

u = �u:(5.1)

Then, from Theorem 4.3 and (5.1),

ui =
X



c(
)u�
(i) =
X



c(
)
X
j

P


ijuj; i = 1; . . . ; n;(5.2)

where the numbers P


ij de�ned by

P


ij =

8><
>:

1 if j = �
(i)

0 if j 6= �
(i)

form a permutation matrix P
 = (P


ij):

Lemma 5.2. The set of matrices P
 , 
 2 �, with the operation of matrix

multiplication, forms a linearly independent group P which is isomorphic to the group

�. Consequently, the algebra spanned by P is isomorphic to the group algebra A.

Proof. Lemma 4.2 and known facts about permutation matrices give that � is

isomorphic to P. That P is linearly independent follows from De�nition 4.1 (ii) and

Theorem 4.2, which imply that the �rst columns of the n � n matrices P
 are the n

unit coordinate vectors.

The next theorem is concerned with using the isomorphism of � and P to generate

the range of a projection � of the form (2.6).

Theorem 5.1. If the dimension of the range of a projection

� =
X

c(
)G
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in the group algebra A is d, then there exist indices fi1; � � � ; idg � f1; � � � ; ng such that

the values of every u 2 Range� � V on ~
 are uniquely determined by the values of the

functions ui1; � � � ; uid.

Proof. As a consequence of Lemma 5.2, the rank of the matrix I �
P
c(
)P
 is

n � d. Thus, there exist n � d linearly independent rows of I �
P
c(
)P
. Choosing

i1; � � � ; id to be indices of the remaining d rows, the system of linear equations for real

unknowns vj,

nX
j=1

�
I �

X
c(
)P


�
ij
vj = 0; i 62 fi1; � � � ; idg;(5.3)

has a unique solution for vi as a linear combination of vi1; � � � ; vid. For x 2 
1, where


1 is the fundamental domain, we apply this to vj = uj(x).

Remark 5.1. The theorem and equation (5.3) uniquely determine the prolongation

Pi.

We are now ready for the main result of this section.

Theorem 5.2. Let � be a group of one-to-one, onto mappings of 
 with

fundamental domains 
1; � � � ;
n, and G the induced group of automorphisms G
 of

a linear space V of functions on 
. Let �i, i = 1; � � � ;m, be projections

�i =
X

2�

ci(
)G


such that

I =
mX
i=1

�i; �i�j = 0; i 6= j:

Assume that G is linearly independent and that the values on ~
 of every function

u 2 Vi � Range�i are uniquely determined by the restriction of u to some fundamental

domain 
k(i). Then the group � is commutative and m = n = j�j.

Remark 5.2. The assumption that G is linearly independent is only technical and

it will be satis�ed if the space V contains su�ciently many functions. It will always be

satis�ed in practice, cf., Lemma 5.1.

Proof. It follows from Theorem 5.1 that the dimension of the range of every �i in

the algebra A is one. The group � is isomorphic to the group of right multiplications

on A, which consists of linear mappings 
R on A, de�ned by


R :
X
�2�

c(�)G� 7!

 X
�2�

c(�)G�

!
G
 :

It holds that

A = V̂1 � � � � � V̂n;

where V̂i is the range of �i in A. Since for any a 2 V̂i, a = �ia and thus, a
 = �ia
, it

holds that 
RV̂i � V̂i for any 
 2 � and all i = 1; � � � ; n.

Choosing a nonzero vector in each V̂i gives a basis of A such that all transformations

from G are represented by diagonal matrices in that basis. It remains to note that

multiplication of diagonal matrices is commutative.

13



6. Commutative Group Case. The same result as in Theorem 5.2 can be

derived without using mappings of the domain once the number of subspaces is known

to equal jGj.

Theorem 6.1. Let G be a linearly independent �nite group of linear

transformations on V , with V = V1 � � � � � Vn, where n = jGj, each subspace Vi is

the range of a projection �i, and the projections �i are linear combinations of the

transformations in G. Then G is commutative.

Proof. In the group algebra A, Ji = A�i is a left ideal, and A = J1 � � � � � Jn.

Since the dimension of A is n, the dimension of each left ideal Ji is one. Choosing a

nonzero vector in each Ji gives a basis of A in which all transformations from G are

represented by diagonal matrices.

Thus, for a large class of domain reduction algorithms, the underlying group must

be commutative. The next theorem shows that the decomposition is then essentially

unique.

Theorem 6.2. Let the group G be commutative. Then there is a unique

decomposition of V into the direct sum V = V1 � � � � � Vn (up to renumbering of

the components) such that the associated projections �i are linear combinations of the

mappings G
, 
 2 G, and the number n of components is the maximal possible, n = jGj.

Proof. Since n is the largest possible, the ranges of the projections �i in the

group algebra A are minimal left ideals. Because the group G is commutative, they are

two-sided ideals, and, according to Theorem 5.1, the dimensions of the ranges of the

projections in the group algebra are one. Hence, from Theorem 3.9, the decompositions

into subspaces and the projections �i are unique up to renumbering.

Now, we show explicitly how to build the projections for the commutative case.

Let fB1; � � � ; Bqg � G be generators of the group �, i.e., every element G 2 G can be

expressed uniquely as

G = Bk1
1 � � �Bkq

q ; 0 � kj � dj � 1; 1 � j � n;(6.1)

where dj is the order of the generator Bj ,

B
dj
j = I; Bl

j 6= I; 8l = 1; � � � ; dj � 1:

For j = 1; � � � ; q, de�ne the polynomials pjk, k = 0; � � � ; dj � 1, of degree dj � 1 by

pjk(e
2�il
dj ) = �kl; k; l = 0; � � � ; dj � 1:(6.2)

Then for any j = 1; � � � ; q,

dj�1X
k=0

pjk(�) = 1:(6.3)

It is easy to see that the coe�cients of the polynomials pjk are coe�cients of the

discrete Fourier transform. Write

pjk(�) =

dj�1X
m=0

pjkm�
m:

14



Then from (6.2),

dj�1X
m=0

pjkme
2�ilm
dj = �kl k; l;m = 0; � � � dj � 1;

which gives

pjkm =
1

dj

dj�1X
l=0

�kle
� 2�ilm

dj =
1

dj
e
� 2�ikm

dj :(6.4)

From (6.3), the polynomials pjk form a family of decompositions of unity, and we

can use them to de�ne a decomposition of the space V into a direct sum and the

corresponding decomposition of identity into projections. Because we are looking for a

decomposition into jGj subspaces, we can index the subspaces and the projections by

the elements of G. For G 2 G, and Bj and kj as in (6.1), de�ne the linear mapping

�G = p1;k1(B1) � � � pq;kq (Bq)(6.5)

and the subspace VG of V is given by (6.1).

VG = fu 2 V : Bju = e
2�ikj

dj u;8j = 1; � � � ; qg:(6.6)

Note that using (6.4), (6.5) can be written as

�G =
qY

j=1

1

dj

dj�1X
m=1

Bm
j e

� 2�ikm
dj =

1

jGj

X
T2G

�G(T )T;(6.7)

where, for G 2 G given by (6.1), �G(T ) is the group character

�G(T ) = e
�2�i( k1m1

d1
+���+

kqmq

dq
)
; T = Bm1

1 � � �Bmq

q :

Theorem 6.3. For any G 2 G, the mapping �G is a projection onto the subspace

VG. Further it holds that

�G�H = 0; 8G;H 2 G; G 6= H;(6.8)

X
G2G

�G = I;(6.9)

and

V =
M
G2G

VG:(6.10)

Proof. From B
dj
j = I, it follows that all of the eigenvalues of Bj are just e

2�il
dj ,

l = 0; � � � ; dj � 1. It follows from (6.2) that p2jk = pjk on the spectrum of Bj , and
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thus pjk(G)pjk(G) = pjk(G). Using commutativity of G, �G�G = �G, so that �G is

a projection. That VG is the range of �G follows easily again from commutativity of G.

If G 6= H , then �G = p1;k1(B1) � � � pq;kq (Bq) and �H = p1;l1(B1) � � � pq;lq(Bq), and there

exist at least one j such that kj 6= lj. Then pj;kjpj;lj = 0 on the spectrum of Bj , and

(6.8) follows. Equation (6.9) follows immediately from (6.3) and commutativity of G.

Finally, (6.10) is an immediate consequence of (6.8), (6.9), and the fact that the �G's

are projections.

Since the number of components in the decomposition (6.9) is the maximal possible,

we have constructed the unique decomposition from Theorem 6.2.

The automorphismsG 2 G were used to construct the projections �i. The following

lemma shows how to reconstruct the automorphisms from the projections.

Lemma 6.1. Let G be commutative. Then Bj =
X
G2G

e
2�ikj

dj �G.

Proof. This is the spectral decomposition of Bj as a linear operator on the group

algebra A. It su�ces to note that from the de�nition of of VG in (6.6),

BjjVG = e
2�ikj

dj IjVG

and use (6.9).

The following theorem follows immediately.

Theorem 6.4. If the group G is commutative and L : V ! V is a linear mapping,

then L commutes with all �G if and only if it commutes with all G 2 G.

7. Nested Decompositions. Now consider an application of the same decompo-

sition method recursively. Some or all of the spaces VG are further decomposed using

automorphisms of those spaces, which results in a similar decomposition as before, but

with a new commutative group G.

Theorem 7.1. For any G 2 G, let HG be an automorphism of VG. Then,

~H =
X
G2G

�GHG�G(7.1)

is an automorphism of V , which commutes with all G 2 G. Moreover, if HG is a

commutative group of automorphisms for each G, then

H = f ~H : HG 2 HG 8G 2 Gg

is a commutative group of automorphisms, and H [ G generates a commutative group

of automorphisms of V .

Proof. To show that the mapping ~H is one-to-one, note that

~Hv = 0; v =
X
G2�

vG; G 2 VG ) HGvG = 0 8G 2 G;

thus vG = 0 because the mappings HG are one-to-one. To show that ~H is onto, note

that

v 2 V; v =
X
G2G

vG; vG 2 VG ) v = ~H
X
G2G

H�1
G vG:
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To show that ~H commutes with G, we compute

~HGj =
X
G2G

HG�GGj =
X
G2G

GjjVGHG�G = Gj
~H;

since Gj reduces to scalar multiplication on VG. The rest of the proof is obvious.

Theorem 7.1 suggests that any decomposition of V into a direct sum should be

induced by a commutative automorphism group. Theorem 7.2 shows that this is indeed

the case.

Theorem 7.2. If V =
Lm

i=1Wi, where the Wi are closed, then there exists a

commutative group G of automorphisms of V such that each subspace Wi is one of

subspaces VG, G 2 G, de�ned in (6.6).

Proof. Let I =
Pm

i=1�i be the decomposition of unity associated with V =
Lm

i=1Wi,

where �i is the projection of Wi. Since the subspaces Wi are closed, the projections �i

are continuous. De�ne

Bi = �i �
mY
j=1
j 6=i

�j:

Then B2
i = I. Let G be the group generated by Bi, i = 1; � � � ;m. If G = B�1

1 � � �B�m
m ,

�j 2 f0; 1g, then

VG = Wj () Gju = �ju ()

8><
>:

u 2 Vj ; 8�j = 1;

u 62 Vj ; 8�j = 0:

Thus, VG = Wj if �j = 1, �k = 0, k 6= j. Otherwise, VG = f0g.

Remark 7.1. It follows from Theorems 6.4 and 7.2 that in decomposing a space

V , the projections commute with L if and only if there exists a commutative group of

automorphisms of V which generates the decomposition and commutes with L.

x4 above was concerned with the properties of the group G of automorphisms of V

induced by a group � of bijections of the domain 
. The group � was not necessarily

commutative. The group constructed by the nested decomposition of this section is

always commutative, and so it follows that it cannot always be obtained as a group of

actions of bijections of 
.

The question which automorphisms of V can be induced by the action of a bijection

of the domain thus arises naturally.

For an automorphism G : V ! V and x 2 
, denote

Ĝ(x) =
\
u2V

fy 2 
 : (Gu)(x) = u(y)g:(7.2)

Theorem 7.3. Let V be a linear space of real or complex functions on 
. Then

the following holds:
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(i) If 
 is a bijection of 
 such that G = G
 , and V divides the points of 
, that

is,

8x1; x2 2 
; x1 6= x2 9u 2 V : u(x1) 6= u(x2):(7.3)

then

Ĝ(x) = f
(x)g; 8x 2 
:(7.4)

In particular, G can be an action of a bijection of 
 only if jĜ(x)j = 1 for all x 2 
.

(ii) If G is a group of automorphisms of V and

jĜ(x)j = 1; 8x 2 
; 8G 2 G;(7.5)

then for any G 2 G, the mapping 
 = 
(G) : 
! 
 de�ned by (7.4) is a bijection of 


and G = G
(G).

Proof. (i) If 
(x) = y, then (G
u)(x) = u(
(x)) for all u 2 V , thus 
(x) 2 Ĝ
(x).

If

y1; y2 2 Ĝ
 ; y1 6= y2;

then

(G
u)(x) = u(yi); i = 1; 2; 8u 2 V:

From (7.3) there is a u 2 V such that u(y1) 6= u(y2), which is a contradiction.

(ii) Let G 2 G. From (7.5), (7.4) de�nes a mapping 
 of 
. To show that 
 is

one-to-one and onto, consider the mapping H = G�1 2 G. From (7.2), it follows that

y 2 Ĝ(x) () 8u 2 V : (Gu)(x) = u(y);

x 2 Ĥ(y) () 8v 2 V : (Hv)(y) = v(x):

Thus y 2 Ĝ(x) if and only if x 2 Ĥ(y). Consequently, the mapping � de�ned by

Ĥ(y) = f�(y)g is the inverse of 
.

Using this theorem, the following example shows that the nested decomposition in

general gives raise to automorphisms which are not induced by bijections of the domain.

Example 7.1. Let


 = (�4; 4); V = space of all bounded functions on 
;

and

� = fI;Gg; G : u(x) 7! u(�x):

Following the construction in Section 6, we obtain the projections

�I =
1

2
(I +G) and �G =

1

2
(I �G)
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and the subspaces

VI = fu : u(x) = u(�x)g and VG = fu : u(x) = �u(�x)g:

Obviously, G is de�ned by a bijection of the domain,


 : x 7! �x:

Let H be de�ned from the mapping

�(x) : x 7!

8><
>:
�x� 2 x < 0:

0 x = 0;

2� x x > 0;

De�ne

H : VG 7! VG by Hu = u � �:

Then H2 = I. From Theorem 7.1, the mapping

K = �GH�G +�I

commutes with G. However, K cannot be induced by any mapping of 
 7! 
. Let

u 2 V be de�ned by u(�3) = 1 and u = 0 elsewhere. Note that all of the functions

involved in evaluating ~Hu (see (7.1)) are zero everywhere except 
 n f�3;�1; 1; 3g:

Functions x

�3 �1 1 3

u 1 0 0 0

�Iu :5 0 0 :5

�Gu :5 0 0 �:5

H�Gu 0 :5 �:5 0

Ku :5 :5 �:5 :5

Thus, Ku 6= 1 in 
, so K̂(1) = ; (see (7.2)) . Hence, according to Theorem 7.3, K

cannot be the action of a bijection of 
. A similar example can be constructed quite

easily for the case when V is the space of all continuous functions on 
.

8. Comparison with the theory of [1] and [2] . Allgower, B�ohmer, and Mei [1]

assume that the operator L commutes with all g in a group B of automorphisms of V ,

but L is not necessarily linear. The transformations g 2 B are of the form

g : u 7! �u � 
;(8.1)

where � = �1 and 
 is an isometric bijection of the domain 
. Thus,

B = G �Z2;

19



where G is a group of actions of bijections of 
 as in our approach and Z2 = f1;�1g.

For a subgroup S � B, its �xed point subspace is de�ned by

V S = fu 2 V : 8g 2 S : gu = ug(8.2)

and the projection �S on V S is de�ned by

�S =
1

jSj

X
g2S

g:(8.3)

Now if the right hand side f 2 V S for a subgroup S, then the solution of Lu = f is

also u 2 V S .

If Si, i = 1; � � � ;m, is a family of subgroups of B such that for the associated

subspaces Vi,

V = V1 � � � � � Vm; Vi = V Si ;(8.4)

and if L is linear, then one can proceed with the decomposition of the problem Lu = f

as in x2 above.

It is easy to see that this approach can be considered to be a special case

of the theory developed in this paper, because the projections �Si in (8.4) are

linear combinations of mappings in G (with coe�cients �1=jSj) and thus generate a

decomposition of the group algebra A into left ideals A�Si by Theorem 3.4 (assuming

the technical condition that the group G is linearly independent). It is also easy to see

that if the subgroup Si is normal, then A�Si is a two-sided ideal. Note that, in contrast

with our theory, their group B is not linearly independent.

In [1], the group D4 of the symmetries of the square is considered and a

decomposition into 6 subproblems is given based on 6 selected subgroups of the group

D4 � Z2. But it is not clear how to select suitable subgroups in the general case.

Allgower, B�ohmer, Georg, and Miranda [2] generalized this approach to projections

not associated with subgroups of B but rather with characters � of G. A character � is

de�ned in [2] as a group homomorphism of a subgroup S� � G into complex units for

T 2 S�, �(T ) = 0 for T 62 S�. With � is associated the projection

�� =
1

jS�j

X
T2S�

�(T )T;(8.5)

onto the generalization of the �xed-point subspace (8.2), given by

V� = fu 2 V : Tu = �(T�1)u;8T 2 Sg:

The main principle employed in [2] is that if X is a set of characters such that if the

character set X forms a decomposition of unity

X
�2X


�� = �;(8.6)
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for some coe�cients 
�, � 2 X , where � is the trivial character, given by � (I) = 1,

� (T ) = 0, T 6= I, then

X
�2X

jS�j
��� = I:

The solution of a linear problem on the space V can then be decomposed into

subproblems on the spaces V�, which do not necessarily form a direct sum of V . As

pointed out in [2], the spaces V� do form a direct sum in many important cases, and

the theory of this paper then applies. Suitable decompositions of unity were given in [2]

for several important groups.

Note that according to (6.7), our construction of the projections in the commutative

case is a special case of the construction (8.5) with summation over all characters for

the whole group G, that is, S� = G. (Such characters of a commutative group G form

the so-called dual group.)

9. Boundary conditions. This section contains several remarks on the role of

boundary conditions in the domain reduction method.

The choice of G is limited by the boundary conditions incorporated in V and L.

For example, if V is a space of functions on a square with zero boundary values on one

side s and no conditions on the other sides, the only symmetry available is the re
ection

about the axis perpendicular to s. A similar restriction arises if L is, say, the Laplace

operator with mixed boundary conditions (@u=@� + au = b) on one side and Neumann

boundary conditions on other sides.

In the discrete case, the present theory applies with 
 being a mesh. Then the

geometry of the mesh, in addition to its shape may further limit the group � of

symmetries. Note, however, that meshes can be always constructed that do not limit

any continuous symmetry [13].

The subspace Vi, given by (2.4), is represented by functions on one or more

fundamental domains according to Theorem 5.1. A new boundary value problem

can then be de�ned based on those domains with the boundary condition implied

by the de�nition of the reduced space Vi and/or the reduced operator Li (see (2.9)).

This reduced problem can be further decomposed using its own symmetries (see

x7). However, some of those reduced problems possess less symmetry because of the

introduced boundary conditions, which may eventually prevent some reduced problem

from being decomposed further.

For more details about boundary condition for reduced problems on a fundamental

domain, see [3] and [6]. Munthe-Kaas [13] discusses in detail boundary conditions

compatible with various groups of isometries.

Experience with parallel implementations, reported in [4, 6], shows that the method

is highly e�cient if a suitable large group of symmetries exists; unfortunately, the

potential for parallelism is limited by the problems brie
y listed above. However, two

tricks overcome this limitation. The �rst is to extend the problem domain to one where

similar boundary conditions are symmetric in some obvious manner (see [5]). The
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second is to �nd a reasonable problem similar to the original problem with symmetric

boundary conditions. The approximate problem can then be used as a preconditioner

in an iterative method for the solution of the original problem (see [8]).

10. Examples. Example 10.1. Consider the 2-way decomposition of a

symmetric 2 dimensional domain. For example, a triangle with vertices at (-1,0), (1,0),

and (0,a), a > 0,

�
�
�
�
�
�
�
�A
A
A
A
A
A
A
A

(-1,0) (0,0) (1,0)

(0,a)

Here,

G1 : u(x; y) 7! u(x; y) and G2 : u(x; y) 7! u(�x; y)

Hence,

�0 =
1�G1

2
and �1 =

1 +G1

2

Gj and �j, j = 1; 2, can be de�ned similarly if the symmetry had been across the x{axis

instead of the y{axis.

Example 10.2. Consider the 4-way decomposition of a square. Let 
 =

(�1;+1)2, and G be generated by the transformations

G1 : u(x; y) 7! u(�x; y); G2 : u(x; y) 7! u(x;�y):

Because G1 and G2 commute, the generic element of G is

G = Gk1
1 G

k2
2 ; k1; k2 2 f0; 1g:

Using the results of x6, we have the polynomials of degree at most one de�ned by

pjk((�1)
l) = �kl; j = 1; 2; k = 0; 1; l = 0; 1;

from (6.2), which gives

p1`(t) = p2`(t) =
1 + (�1)`t

2
;
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and from (6.5), we have denoting for G = Gk1
1 G

k2
2 , �G = �k1k2, k1; k2 = 0; 1,

�00 =
1 +G1

2

1 +G2

2

�01 =
1 +G1

2

1 �G2

2

�10 =
1 �G1

2

1 +G2

2

�11 =
1 �G1

2

1�G2

2

This can be expanded to d dimensions in the obvious manner.

Some other interesting examples include the following.

� 3 and 4 way decompositions on a triangle

� 4 way decomposition using diagonal symmetries of a parallelogram

� Non-commutative decomposition on a square such as the 8 way domain

reduction in [3]

� Laplace equation on a rectangle with periodic boundary conditions in the x-

direction and the transformations equal to translations in the x-direction by

a fraction of the rectangle side; then the decomposition given in this paper is

equivalent to Fourier transform in the x-direction.

11. Conclusions. The domain reduction method is deeply rooted in mathemati-

cal analysis from the late nineteenth and early twentieth centuries. Previous results in

[1],[3], [4], [6], [7], and [9] used various ad-hoc constructions. The present theory makes

a connection with the classical group representation theory, shows that the previous

constructions were in fact forced by the fabric of group representation, and character-

izes all such possible constructions. Further, the results apply to results that have not

been published yet ([5] and [8]).
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