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Abstract. We study a method for parallel solution of elliptic partial di�erential equations which

decomposes the problem into a number of independent subproblems on subspaces of the underlying

solution space. Using symmetries of the domain, we obtain up to 64 such subproblems for a 3

dimensional cube and the method reduces to a direct solver. In the general case, or when the

subproblems are solved only approximately, the method becomes an iterative method or can be used

as a preconditioner. Bounds on the resulting convergence factors and condition numbers are given.

1. Introduction. In this paper, we approximate the solution to the elliptic

boundary value problem8>>>>>><
>>>>>>:

Lu = f in 
 � IRd; d > 0

u = 0 on @
D; where @
 = @
D [ @
N ;

and @
D \ @
N = �;
@
@n
u = 0 on @
N

(1.1)

using a combination of domain decomposition, multigrid, and projection method

techniques. We assume that (1.1) is well posed and will be discretized by a �nite

element, volume, or di�erence scheme. Typically,

Lu = �
dX

i;j=1

@

@xi

 
aij(x)

@u

@xj

!
+ a0(x)u:
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The domain reduction method uses properties of a partial di�erential equation to

split the problem into several subproblems. Each subproblem should be solved in

parallel using the fastest known solution method appropriate.

The basic method was �rst derived in [8] as a parallel multilevel method for

linear systems of equations where smoothing was unnecessary. The applicability to

shared or distributed memory, coarse or �ne grained parallel computers was discussed

informally in [9]. The elliptic partial di�erential equation case (with an emphasis on

one and two dimensions) was analyzed in [10], and a technique for doubling the basic

parallelism was introduced in [3].

In this paper, we �rst extend the idea in [3] to three dimensional problems, where

up to an eight fold increase in the basic parallelism can be accomplished. We are once

again interested in the case where smoothing is unnecessary, making this a projection

method. We then extend the analysis in [10] to the case when subproblems are solved

inexactly and for the case when the method is inherently iterative.

In x2, we de�ne the algorithm as it pertains to this paper in a very abstract

manner. We also de�ne a simple 2d way domain reduction when 
 = (�1; 1)d. In x3,

we extend the eight way domain reduction for a 3 dimensional cube to nonobvious 60

and 64 way domain reductions. Finally, in x4 we show that if the subproblems are

solved only approximately, then the method turns into an iterative method with the

convergence factor at most equal to the convergence factor of the iterative method

(or methods) used for solving the subproblems as a special case of a general result

for methods reducing the problem to subproblems on subspaces.

2. The Direct Algorithm. We formulate (1.1) variationally as follows:

�nd u 2 V such that a(u; v) = f(v); 8v 2 V:(2.1)

Typically, V = V (
) is the appropriate Sobolev space, and

a(u; v) =
Z


a5 u5 v + a0uvdx and f(v) =

Z


fvdx:

The method may be formulated quite abstractly:

Algorithm 1. To solve (2.1), we �nd subspaces V1; V2; . . . ; Vn such that

V =
nM
i=1

Vi and Vi ? Vj ; i 6= j;(2.2)

in the a(�; �) inner product. Then the solution is

u =
nX
i=1

ui;

where ui is the solution of the subproblem

find ui 2 Vi such that a(ui; v) = f(v); 8v 2 Vi:(2.3)
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In implementation, full-rank restriction and prolongation operators are used to

transfer information between the subspaces and V :

Ri : V ! Vi and P i : Vi ! V:

Frequently, each prolongation operator is the adjoint of one of the restriction

operators. Writing the problem (2.3) as Lu = f , we �nd that the corresponding

operators for the subproblems are then de�ned in the Galerkin sense:

Li = RiLP i:

Examples of several choices of restriction and prolongation operators, and the

resulting Li, are given in [10].

We complete this section with a simple example where the domain reduction

method uses symmetries in (1.1) to split the problem into several subproblems. For

x = (x1; . . . ; xd) 2 
 = (�1; 1)d, de�ne

Ri1;...;idx = ((�1)i1x1; . . . ; (�1)
idxd); (i1; . . . ; id) 2 f0; 1g

d:

We de�ne the subspaces Vi1;...;id � V by

Vi1;...;id = f u 2 V : u � Ri1;...;id = u g; (i1; . . . ; id) 2 f0; 1g
d:

The following lemma is immediate:

Lemma 1. It holds that

(a) V =
1M

i1;...;id=0

Vi1;...;id, and

(b) a(u; v) = 0 if u 2 Vi1;...;id, v 2 Vi0
1
;...;i0

d
, and (i1; . . . ; id) 6= (i1; . . . ; id).

Therefore, we may split (2.1) into 2d subproblems:

�nd ui1;...;id 2 Vi1;...;id such that a(ui1;...;id; v) = f(v); 8v 2 Vi1;...;id;(2.4)

and recover the solution of (2.1) as

u =
1X

i1;...;id=0

ui1;...;id:

Let ~
 = (0; 1)d. For a function ~v on ~
, de�ne prolongation operators

P i1;...;id,(i1; . . . ; id) 2 f0; 1g
d, by

(P i1;...;id~v)(x) = (�1)i1i
0

1
+...+idi

0

d~v(~x); for x = Qi0
1
;...;i0

d
~x:

Then, (2.4) can be formulated as a problem on the domain ~
 of the form

�nd ~ui1;...;id 2
~Vi1;...;id such that ~a(~ui1;...;id; ~v) = f(~v); 8~v 2 ~Vi1;...;id;(2.5)

where

~Vi1;...;id = Vi1;...;id \ V (~
);
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Vi1;...;id = Pi1;...;id
~Vi1;...;id;

~f(~v) = f(P i1;...;id~v);

~a(~u; ~v) = a(Pi1;...;id~u;Pi1;...;id~v);

and

ui1;...;id = Pi1;...;id~ui1;...;id:

Actually, (2.5) is discretized on a uniform mesh, V is the space of �nite element

functions associated with the mesh (or the vector space associated with a �nite

di�erence discretization), and Vi1;...;id are then subspaces of it. The problems (2.5)

can be then written as discretized boundary value problems on the reduced domain
~
.

To visualize the domain reduction process, consider the following example, which

illustrates that the method is applicable to a wider range of problems than just elliptic

problems with constant coe�cients. Let

8>>>>>>>>>><
>>>>>>>>>>:

Lu = �
dX

i=1

2
4
0
@ dY
j=1

sin(�xj)

1
A uxi

3
5
xi

�

0
@ dY
j=1

cos(�xj)

1
A uxi

+ �u = f in 
 = (�1; 1)d

u = 0 on @
;

(2.6)

where �; � 2 IR. By de�nition of ui1;...;id, (2.5) can be written as

L~ui1;...;id = ~fi1;...;id

with boundary conditions

8>>>>>><
>>>>>>:

~ui1;...;id = 0 on the d sides x1 = 1; . . . ; and xd = 1

~ui1;...;id = 0 on side xik = 0 if ik = 1; k = 1; . . . ; d

@
@n
~ui1;...;id = 0 on side xik = 0 if ik = 0; k = 1; . . . ; d

:(2.7)

We note that when (2.6) is discretized on a uniform mesh with a central di�erence

scheme, we must solve 2d nonsymmetric, inde�nite system of equations.

This style of domain reduction has been coded and run on both shared memory

(Encore Multimax and Sequent Balance) and distributed memory (Intel iPSC-2)

parallel computers using MADPACK and the LINDA system (see [4, 5, 6, 7]) for

elliptic boundary value problems in two and three dimensions resulting in a �ve

or seven point stencil, respectively. Some numerical experiments from the Encore

machine are contained in Table 2.1. When each subproblem is assigned to an
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Table 1

Numerical Experiments on Encore Multimax for Poisson's Equation

DR = domain reduction; MG = multigrid; SGE = sparse Gaussian elimination

d = 2; N = 642

Method Processors Time Speedup Factor

SGE 1 492s

DR + SGE 1 141s 1:00

DR + SGE 2 78s 1:81

DR + SGE 4 36s 3:92

MG 1 9s

DR +MG 4 2:2s

d = 3; N = 303

Method Processors Time

MG 1 48s

DR +MG 8 6:2s

individual processor, there is virtually no communication, and we have an example

of embarrassingly parallel computation. Experiments are currently underway to use

more processors by parallelizing the multigrid solver.

When the subproblems are solved directly, the run time speedup is superlinear

with respect to the time for solving the original problem similarly on a single processor.

This is expected since the solve time, assuming a band solver, is N times the

bandwidth (in this case, N (d�1)=d), or cN (2d�1)=d. The computation time for each

subproblem is proportional to c(N=2d) � (N=2d)(d�1)=d. In our case, this is

dimensions leading term in time expansion

d c � 21�2d �N (2d�1)=d

2 (c=8) �N3=2

3 (c=32) �N5=3

which is clearly shown in Table 2.1. Also, the storage used is reduced signi�cantly due

to the greatly reduced matrix bandwidth for the subproblems. The communication

time is less than 1 percent of the solution time even for the moderate sized problems

in Table 2.1.

When the subproblems are solved to the order of the truncation error using a

multigrid solver, the time and storage is linear in the number of unknowns. For the

problems tried to date, this is the method of choice. However, for some problems de-

rived from parabolic partial di�erential equations, using an implicit time discretization

scheme (e.g., Crank-Nicolson), a (parallel) preconditioned conjugate gradient method

based on a predictor-corrector (or extrapolation) scheme is undoubtedly superior.

On �ne grained parallel computers (e.g., Thinking Machines CM-2), where a fast

Fourier transform like procedure can be applied, resulting in O(logN) run times,
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domain reduction can reduce the run time to O(log(N=d)). This is faster than any

known method so far by a small, but quite signi�cant constant.

3. High Way Domain Reduction. In this section, we construct a di�erent

eight way reduction of the 3 dimensional cube, based on the number of Neumann and

Dirichlet boundary faces. This work is an extension of the two dimensional case in[3].

By translating the coordinates and composing simple operators, we extend the eight

way domain reduction in x2 to a 60 or 64 way domain reduction. We note that even

if we want to solve a variable coe�cient problem, we can use the technique of this

section as a very e�cient preconditioner to the original problem.

While we push this technique to the extreme in this section, someone using these

techniques should not feel obligated to do so. For example, it may be more convenient

to use a 16 or 32 way domain reduction instead of a 64 way domain reduction, due

to the number of processors on a machine or merely programming convenience.

This time, we produce problems on four distinctly shaped domains. When we

restrict ourselves to subdomains with 45� and 90� angles only, we can produce a 60

way domain reduction where all but four of the subproblems have N=64 unknowns

and four subproblems have N=32 unknowns. If we drop the angle condition, we can

produce a 64 way domain reduction, where each subproblem has N=64 unknowns.

There are four distinct cases to consider, based on the number of Neumann

boundary faces (zero, one, two, or three) described in (1.1) for 
 = (�1; 1)3. There

are one, three, three, and one, respectively, of each. The case of zero Neumann

boundary faces was covered in x2 (see Figure 3.1(a)).

Consider the case of one Neumann boundary face on @
, say x2 = 1. By folding

the domain �rst about the x1-axis, then the x2-axis, and �nally the diagonal with

endpoints at (:5; 1; x3) and (:5; :5; x3), we are left with a wedge domain ~
0;1;0 with

coordinates

1

2
� x1 � 1;

3

2
� x1 � x2 � 1; and 0 � x3 � 1

(see Figure 3.1(b)). Let i4; i5; i6 2 f0; 1g and x = (x1; x2; x3) 2 
. Then the operator

P
(0;1;0)
i4;i5;i6

is given by

P
(0;1;0)
i4;i5;i6

x = ((�1)i6(sgn((�1)i4x1)� (�1)i4x1; (�1)
i6(sgn((�1)i5x2)� (�1)i5x2; x3);

where for y 2 IR,

sgn(y) =

8><
>:
�1 if y < 0

0 if y = 0

1 if y > 0

:

Boundary conditions along the faces of ~
0;1;0 are constructed similarly to (2.7).

Now consider the case of two Neumann boundary faces on @
, say x1 = x2 = 1.

By folding the domain �rst about the diagonal with endpoints at (0; 1; x3) and

(1; 0; x3), then about the diagonal with endpoints at (:5; :5; x3) and (1; 1; x3), and

�nally about the x3 axis, we are left with a wedge domain ~
1;1;0 with coordinates

1

2
� x1 � 1; 1� x1 � x2 � x1; and

1

2
� x3 � 1
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Fig. 1. Domain Reduction for the Cube
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(see Figure 3.1(c)). The operator P
(1;1;0)
i4;i5;i6

is given by

P
(1;1;0)
i4;i5;i6

x = ((�1)i4(sgn(x1)� x1); (�1)
i5(sgn(x2)� x2); (�1)

i6x3):

Boundary conditions along the faces of ~
1;1;0 are constructed similarly to (2.7).

Finally, consider the case of three Neumann boundary faces on @
, say

x1 = x2 = x3 = 1. We fold the domain about two diagonals to get a tetrahedral

domain �
1;1;1 with coordinates

0 � x1 � 1; 1 � x1 � x2 � x1; and 1� x1 � x2 � x3 � 1

(see Figure 3.1(d)). This is a domain with one fourth the volume of 
, but with only

45� and 90� angles. Let yi = (�1)i4(sgn(xi)� xi). The operator P
(1;1;1)
i4;i5

is given by

P
(1;1;1)
i4;i5

x = ((�1)i5(sgn(y1)� y1); (�1)
i5(sgn(y2)� y2); (�1)

i5(sgn(x3)� x3):

If we allow 30� angles, then we can fold �
1;1;1 about the triangular plane with vertices

(1; 0; 1), (:5; 1; :5), and (1; 1; 1) into the tetrahedra domain ~
1;1;1 with coordinates

1

2
� x1 � 1; 2(1 � x1) � x2 � 1; and 2� x1 � x2 � x3 � x1:

The operator P
(1;1;1)
i4;i5;i6

is constructed from P
(1;1;1)
i4;i5

. Boundary conditions along the faces

of either �
1;1;1 or ~
1;1;1 are constructed similarly to (2.7). Discretizing problems on
~
1;1;1 may present di�culties when central di�erences are involved, but do not for

either �nite elements or volumes.

Constructing subproblem matrices for the domains introduced in this section are,

for the most part, rather straightforward. While constructing subproblemmatrices for

the domain ~
1;1;1 may be painful for central di�erence discretizations, tetrahedra make

sense when using a C0-piecewise linear basis functions in a �nite element procedure.

4. Iterative Algorithm and Inexact Solvers. In practice, we often solve the

subproblems (2.3) only approximately by some iterative method. In addition, the

orthogonality relations Vi ? Vj in (2.2) may hold also only approximately. This is,

for example, the case in the \robust multigrid method" by Hackbusch [11], where

the subspaces are de�ned as ranges of suitable prolongation operators on a uniform

grid. A convergence result for this method and comparisons with other prolongations

operators for a model problem is in [10].

De�ne the energy norm by

kuk =
q
a(u; u);

and equip the space V with the inner product a(u; v). The direct method of Section

2 now becomes the following iterative algorithm:
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Algorithm 2. For an approximate solution um of (2.1), form the subproblems

find wi 2 Vi : a(wi; vi) = f(vi) � a(um; vi); 8vi 2 Vi;(4.1)

and �nd approximate solutions �wi 2 Vi such that

k �wi � wik � "kwik;(4.2)

where " < 1 is a constant. Then set

um+1 = um +
nX
i=1

�wi:(4.3)

Note that step (4.2) can be realized by solving (4.1) by an iterative method with

convergence factor at worst " in the energy norm, starting from an initial guess of

zero. If more than one iterative method is used, then " is the maximum of the

convergence factors. If the subproblems are solved exactly, we get a method related

to the well-known Schwarz alternating method (see [15]).

The following theorem gives the convergence factor of Algorithm 2 in terms of

the (maximum) convergence factor of the iterative method (or methods) used to solve

the subproblems and a measure of orthogonality of the subspaces Vi:

Theorem 1. Let PVi be the orthogonal projection onto Vi, and �max and �min

be the maximal and the minimal eigenvalues, respectively, of
Pn

i=1 PVi,

�max = max�
� nX
i=1

PVi

�
; �min = max�

� nX
i=1

PVi

�
:(4.4)

Then the iterates produced by Algorithm 2 satisfy the error bound

kum+1 � uk �
�
maxf�max � 1; 1 � �ming+ "�max

�
kum � uk:(4.5)

Proof. Consider the space V1 � � � � � Vn with the inner product

�
(u1; . . . ; un); (v1; . . . ; vn)

�
V1�����Vn

=
nX
i=1

a(ui; vi)

and the corresponding norm k(u1; . . . ; un)k =
�
(u1; . . . ; un); (u1; . . . ; un)

�1=2
. De�ne

the linear operator

A : V ! V1 � V2 � . . .� Vn; A : v! (P1v; . . . ; Pnv);

which has the adjoint

A� : V1 � V2 � . . .� Vn; A� : (v1; v2; . . . ; vn) 7!
nX
i=1

vi:

Then A�A =
Pn

i=1 Pi and so

kAk = kA�k = �1=2max;(4.6)
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where the norm is de�ned in the usual operator sense. Now note that from (4.1) it

follows that wi = Pi(u� um), and compute

um+1 � u = um � u+
nX
i=1

�wi = um � u +
nX
i=1

wi +
nX
i=1

( �wi � wi)

=
�
I �

nX
i=1

Pi
�
(um � u) + A�( �w1 � w1; . . . ; �wn � wn):

Consequently,

kum+1 � uk � kI �
nX
i=1

Pik ku
m � uk + kA�k k( �w1 � w1; . . . ; �wn � wn)k

where by (4.2),

k( �w1 � w1; . . . ; �wn � wn)k � "k(P1(u
m � u); . . . ; Pn(u

m � u))k = "kA(um � u)k

� "kAk kum � uk;

which concludes the proof using (4.6).

Note that we always have both �max � 1 and 0 < �min � 1.

Corollary 2. Using the same assumptions as in Theorem 1, if, in addition,

Vi ? Vj , for all i; j, then �max = �min = 1 and (4.5) reduces to

kum+1 � uk � "kum � uk:

If the method converges with exact solvers (that is, for " = 0), then �max � 2. In the

case of two subspaces (n = 2), we know (see [14]) that

�min = 1 � cos(V1; V2) and �max = 1 + cos(V1; V2);

where the cosine of the two subspaces is de�ned in the inner product a(u; v). In the

general case (n > 2), we may well have �max > 2, and then Algorithm 2 diverges.

Therefore, it is natural to consider one iteration of Algorithm 2 with a starting value

of zero as an approximate solver for use as a preconditioner in the conjugate gradient

method. The resulting linear operator should be linear and self-adjoint. So, we

assume that for all i = 1; . . . ; n, the approximate solvers are realized by linear iterative

methods with starting initial guesses of zero and

�wi � wi =Miwi; Mi : Vi ! Vi; M�

i =Mi:(4.7)

Here, the adjoint is taken in the inner product a(u; v) restricted to Vi. Choosing a basis

in V , and identifying the elements of V and linear operators with their representations

in that basis, we may write the result of such approximate solver in terms of matrices

as

~u = u1 = C�1f

and the original problem as Au = f . To apply conjugate gradients, we need that the

matrix C is symmetric, positive de�nite, or, equivalently, that the mapping C�1A be
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self-adjoint and positive de�nite relative to a(u; v). Then (see [1, 12]) the convergence

rate of the conjugate gradient method can be bounded in terms of the condition

number

� =
max�(C�1A)

min�(C�1A)
:(4.8)

Theorem 3. Let (4.7) hold. Then the mapping C�1A is self-adjoint in the inner

product a(u; v) . In addition, if �max and �min are given by (4.4) and all eigenvalues

� of the operators Mi satisfy

�1 < �min � � � �max < 1;

then C�1A is positive de�nite and it holds for the condition number � de�ned by (4.8)

that

� �
(1 + �max)�max

(1 + �min)�min

:

In particular, if kMik � " < 1, then

� �
(1 + ")�max

(1� ")�min

:

Proof. Using (4.7), we get for the approximate solution ~u = u1 obtained by one

iteration of Algorithm 2 with u0 = 0 that

~u =
nX
i=1

�wi =
nX
i=

wi +
nX
i=1

�wi �wi

=
nX
i=1

Piu +
nX
i=1

MiPiu =
nX
i=1

Pi(I +Mi)Piu;

so

C�1A =
nX
i=1

Pi(I +Mi)Pi;

which is a self-adjoint operator relative to a(u; v). The proof is concluded by

considering the Rayleigh quotient

a(
Pn

i=1 Pi(I +Mi)Piu; u)

a(u; u)

and noting that the extreme eigenvalues of
Pn

i=1 Pi are obtained from the case when

Mi = 0 for all i.

We note that trivially, we always have �max � n. A lower bound on �min follows

from the following result (see [13, p. 7] or [16, Lemma 4]): if there is a constant c1 > 0

such that for all u 2 V , u =
Pn

i=1 ui, ui 2 Vi, it holds that c1
Pn

i=1 kuik
2 � kuk2, so

�min � c1. Similarly, if c2
Pn

i=1 kuik
2 � kuk2 for all u, then �max � c2 (cf., [2]).
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