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Abstract

We study the following load balancing game: initially there is only one bin, which contains
all the load; and at each time, either one of the bins is split into two bins, or two bins are joined
into one bin. The join operation is defined as joining two uniformly random bins. Two types of
split operations are considered: a weighted split, where the bin to split is sampled according to
the probability distribution proportional to the weights of bins; and a non-weighted split, where
the bin to split is uniformly sampled from all bins. We analyze the load factor of the bins, which
is the ratio between the maximum load and the average load. We show that for weighted splits
with uniform joins, the expected load factor of n bins is always ©(logn), which is independent
of the sequence of joins and splits. For non-weighted splits, we show that the expected load
factor after applying n non-weighted splits to one initial bin is between Q(n%?) and O(n%7?!).
We study the performance of the mixing of joins and non-weighted splits, and show that the

expected load factor approaches O(nl/ Vv %logZ") after alternatively applying sufficiently many
joins and non-weighted splits to an arbitrary initial load assignment of n bins.
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1 Introduction

Consider the following load balancing scenario: a certain amount of work load is distributed among
a set of machines, while machines are joining and leaving the system. Upon an arrival of a new
machine, one of the existing machines gives some of its load to the new machine; and upon a
departure of a machine, it gives all its load away to one of the existing machines in the system.

This is a typical situation for many load balancing tasks, especially in distributed systems,
where typically the availability of machines changes over time. The above scheme has the desirable
property that with each arrival or departure of a machine, only one additional machine is bothered.

Such kind of load balancing schemes can be modeled as a simple game of joining and splitting
of weighted bins. Each bin corresponds to a machine in the system, and the weight of the bin
represents the amount of load assigned to the machine. The arrival of a new machine corresponds
to a split of a bin; and the departure of an existing machine is represented by joining two bins. So
the model for the load balancing becomes: initially there is only one bin, which contains all the
load; and at each time either a join operation or a split operation is applied to the bins.

By switching the identities of the arriving or departing machine with a random machine, we
can transform any adversarial sequence of insertions and deletions of machines to a sequence of
randomized joinings and splittings of bins. For example, on the departure of machine v, we uni-
formly choose a machine u, let v and v switch load with each other, and let v give away its load to
a uniformly random machine w. In this way, any adversarial departure of a machine is transformed
into the following operation on bins:

Join: Uniformly choose two bins and join them together.

For the arrivals of new machines, by sampling a random machine and letting it share its load
with the new machine, we can deal with the joining of a machine as a splitting of a random bin.
However, depending on the method of sampling, there are two natural splitting models:

Weighted split!: Sample a random bin according to the probability distribution propor-
tional to the weights of bins, and split the sampled bin into two bins.

Non-weighted split: Sample a uniform bin, and split the sampled bin into two bins.

It is not hard to see that weighted splits are more expensive than non-weighted splits. Directly
implementing weighted splits requires keeping track of the current loads of all machines. Distributed
hash tables (DHTS) based on consistent hashing [5-10] implement the weighted splits by assuming
that loads are uniformly distributed on a unit circle, and splits are implemented by applying uniform
cuts to the unit circle.

In systems where it is infeasible to keep track of the loads of machines and it is impossible to
make a mapping of loads to some uniform metric space, non-weighted split is the most natural way
to deal with the arrivals of machines, because it depends only on uniformly sampling bins, which
is either supported directly by most systems or can be approximated by random walks.

We measure the load balance of bins by the maximum weight. We call the ratio between the
maximum weight and the average weight as the load factor of the bins. We would like to have

1This model has been previously named as uniform split, such as in [4], because it is equivalent to applying uniform
cuts to a line interval. In this paper, we call this model as weighted split, because uniform split can also mean that
the split bin is sampled uniformly, which is the case of non-weighted split.



the load factor depend only on the current number of bins, but not on the sequence of joins and
splits applied to get these bins. We say that a model with such a property is stable.
The paper is organized as follows.

1. In Section 2, we show that the model of weighted splits and joins is stable. That is, for
any sequence of weighted splits and joins, if there are n bins after applying the sequence of
operations, the expected load factor is ©(logn).

2. In Section 3, we analyze the process of all non-weighted splits (with no joins), and show that
the expected load factor after n splits is between (n%%) and O(n%™!). The lower bound gives
us a separation between weighted and non-weighted splits. Thus we see that the additional
costs for the weighted splits are necessary.

3. In Section 4, we analyze a natural case of interspersed joins and non-weighted splits, in which
the two operations alternate. That is, starting with an arbitrary assignments of n bins, at
each time we first apply a non-weighted split and then apply a random join to the bins. This
process is motivated by the work stealing model [2,3]. We show that the expected load factor

1
for this sequence is O(exp(v2In2lnn)) = O(nl/ v 510g2n) in the limit. Therefore, the model
of joins and non-weighted splits is not stable.

4. Several open problems are discussed in the last section.

2 Weighted split

In this section, we deal with the case of weighted splits, where the bin to split is sampled with
probability proportional to its current weight.

We formalize the process of joins and splits by a continuous model. We assume that the total
weights of all bins is always 1. Let X, (t), X }t), ey Xffll € [0, 1] be random variables which represent
the weights of the n bins after ¢ operations. It holds for any ¢ that ), Xi(t) = 1. Initially, n = 1
and Xéo) = 1 with probability 1. Assuming that at time ¢, there are n bins Xét),X{t), . ,Xr(btll.
The join and split operations are formally defined as such:

Join: {r, s} is a uniformly random member of ([g}), where r < s.

x4+ x® =,
Xi(t+1) _ Xi(fr)1 if s<i<n-2,
Xi(t) fi<rorr<i<s.

Split: r € [n] follows the probability distribution that Prjr =i] = X i(t), and A is a uniformly
random value in [0, 1].

x if i <,
X-(t+1) _ )\X,gt) ifi =r,
‘ 1-0x" ifi=r+1,
x® ifr+2<i<n.



We can alternatively treat {Xi(t)}i as disjoint intervals in [0, 1], and the split operation can be
equivalently defined as uniformly sampling a point p € [0, 1] and cutting the interval X, 5 p into two
intervals at point p. This gives us the familiar process of uniformly cutting the line interval [0, 1].
We denote by Zy, Z1, ..., Z,—1 the lengths of the n intervals ended from applying (n — 1) uniform
and independent cuts to the line interval [0, 1]. The following lemma holds for this sequence.

Lemma 1 The following properties hold for the sequence Zy, Z1, ..., Zp_1.

1. Letr be a uniformly random element of [n—1|. The distribution of the sequence Zy, Z1, . .., Zy+
Zipi1y .-y dn_1 1S the same as the distribution of Zo, Z1, ..., Zn_o

2. The distribution of Zy, Z1, ..., Zn_1 1§ invariant under permeation.

Proof: It is easy to see that joining two neighbor intervals is equivalent to undoing a random
cut. Since all cuts are independent, the distribution is the same as applying (n — 2) cuts. The first
property holds.

Let Cy denote the kth cut in the interval [0, 1]. It is easy to see that the probability measure of
(Zo, Z1, ..., Zn—1) is determined by the set {C1,Ca,...,Cp_1}. Permuting Z; does not change the
set {C1,Cy,...,Cp_1}, therefore the distribution of Zy, Z1, ..., Z,_1 is invariant under permeation.

With the above lemma, we can show that the distribution of the weights of bins formed by
applying weighted splits and uniformly random joins are the same as the distribution of intervals
by applying uniform and independent cuts.

Lemma 2 For any t, if after t operations there are n bins, the distribution of X(()t), Xft), e ,Xffll
is the same as the distribution of Zo, Z1, ..., Zp_1.

Proof: We prove this by induction on t.
Induction Hypothesis: Assuming that after ¢ operations, there are n bins. The distribution of

Xét), X{t), ... ,Xﬁle is the same as the distribution of Zy, Z1,..., Z,_1.

Induction Step: If the next operation is a split, it is trivial to see that the induction hypothesis
is true.

If the next operation is a join,

0 x®

t+1 t+1 t+1
x {0, x D x D

R )

can be formed by first applying a

random permutation p to X yeey X 7(21, joining a uniformly random bin to its neighbor, and

permuting the rest bins back to the original order. According to Lemma 1, it is easy to see that
the distribution of X(()t+1), X{Hl), 0 XD s the same as the distribution of 20,21, Zp_s. 1

c“tn—2

It is well known [7] that E [max;ep,) Zi| = @(loi ). Therefore the following theorem holds for
the join and split model with weighted splits.

Theorem 3 For any sequence of joins and weighted splits, if there are n bins after applying the

sequence, the expected maximum load of bins is @(105"), i.e. the expected load factor is O(logn).




3 Non-weighted split

In this section, we analyze the performance of non-weighted splits, where the bin to split is sampled
uniformly from all current bins. We first consider the split-only process. The effect of joins is studied
in the next section.

Initially there is one bin with weight 1. For the split-only process, after n operations, there are
(n+1) bins. Let {X;};c[n) be the weights of bins at time (n —1). The bins at time n is inductively
defined as such:

Uniformly choose a bin r from [n].

X; ifi <,
Xi=<1iX, ifi=rori=r+1,
X1 ifr+2<i<n.

3.1 A random tree model

The above process can be modeled as the evolution of a random binary tree. Initially there is a
root node. At time n where n = 1,2,..., there are n leaves of the tree. Each leaf corresponds to a
bin. To perform a split, we choose a uniform leaf node and add two children to that leaf node.

For each leaf node v, let d(v) be the depth of v, i.e. the distance to the root. Let B, denote the
bin corresponding to the leaf v. It is easy to see that d(v) is the number of splits applied to the
bin B,, therefore the weight of B, is 2—d(v),

Hence the expectation of the maximum weight is the expected weight of the shallowest leaf.
Unlike the height of the tree, which is the largest depths of leaves, we are looking for the smallest
depth of the leaves. A usual tool for analyzing the parameter of random trees is fringe analysis [1],
which is more suitable for the average rather than worst-case parameter of leaves. Our analysis
of the split-only process also gives a bound on the smallest depth of the leaves, which can not be
achieved by fringe analysis.

3.2 Lower bound

Note that the maximum load of bins decreases by half once the last heaviest bin is split, and that
split creates two new heaviest bins. The maximum load will not further decrease until both these
two bins have been split. This gives us a lower bound estimation of the maximum load, which is
formally stated by the following theorem.

Theorem 4 Let Xy, X1,..., X, be the weights of (n+ 1) bins after n non-weighted splits. It holds
that

1
E Xi| > —.
[o?% ] = Van

Proof: Let W™ be a random variable defined as such. Consider a game where a player keeps
collecting coupons of two types in each rounds. Initially, W) = % with probability 1. At round
n =2,3,..., with probability (1 — %), the player gets nothing, with probability % she gets coupon
1, and with probability % she gets coupon 2. Once she has collected coupons of both types, she
discards all the coupons she has and has W™ = %W(”*l), in other cases, W™ = Ww(n—1),



It is easy to see that W™ gives a lower bound of the maximum load of (n + 1) bins after n
splits. In fact, we can alternatively define W by coupling with the weight of one of the bins. The
“coupons” are marked bins. At each round there are either one or two bins marked. If a marked
bin is split then the mark on it is removed, and if the bin which is split is the only marked bin,
then the two new bins created by the split are marked. After n splits, W™ is the weight of the
current marked bin(s) (note that if there are two marked bins, they have the same weights). Since
W™ = X; for some 1, it holds that W) < max; X;.

Let w(n) =E [W(”)]. Let wy(n) be the part of w(n) contributed by the cases that there are b
marked bin(s), where b € {1,2}. Formally, let M be the set of marked bins after n splits, and
wy(n) =, v Pr[W = o A [M™| =b]. By total probability, w(n) = wi(n) +ws(n). Let r be a
uniformly random bin from [n], by definition of W), we have the following equations.

wi(n) = > v-PrW® =v A MM|=1]

v

= Zv . Pr[(W("_l) =vA |M(”_1)| =1AT¢ M(n—l))

v

VWD =y A MY =2 A7 € MPD))
- Y (1 - 1> P — A M) = 1)

n

2
Rl o) (n—1) _ M(n—l) -9
+ Ev v~ r[W VA | | = 2]

and

wa(n) = Y v PrWm =uvA|MM| =2
= D v Pr((WOY =20 A MY =1 A7 € M)

VWD — y A MY =2 A7 ¢ M)

+> v (1 — 2> Pr[w ) =y A (M| = 9]

_ %wl(n 1)+ <1 - i) wa(n —1).

Summing them up, we get w(n).



w(n) = wi(n)+wa(n)

_ <1— 21n> wi(n— 1) + waln — 1)

1
> (1 — 271) (wi(n —1) + wa(n — 1))
1
= <1—2n>w(n—1)
11 1
= - 11— —
10 -3)
k=2
> L
- Von
Therefore, E [max; X;] > w(n) > \/% |
Recall that for the random binary tree defined in Section 3.1, the least depths of the leaves
min, d(v) = —logy(max; X;). The logarithmic function is concave, thus according to Jensen’s
inequality, E [min, d(v)] = —E [log,(max; X;)] < —logy E [max; X;] < 1(logyn + 1). This gives us

an upper bound on the expected depth of the shallowest leaf in the random binary trees incurred
by inserting two children to a uniform leaf.

3.3 Upper bound

Let X be the vector of the weights of bins. Let |X|, be the £,-norm of X. The maximum weight
can be therefore represented as | X |o. It is well known that |X|. < |X|, for any p > 1. This gives
us an upper bound on the maximum weight. The following theorem is developed using this idea.

Theorem 5 Let Xy, X1,..., X, be the weights of (n+ 1) bins after n non-weighted splits. For any
a > 1, it holds that

E [max Xi] =0 (n*(H“‘“))/O‘) .

0<i<n

Proof: Let w, = E[>_""  X?]. Let Yp,Y1,...,Y,—1 be the weights of n bins after (n — 1)
non-weighted splits, and r is a random bin sampled uniformly from [n]. By definition of the non-
weighted split, we have that

Z” Y\ 3
”
=0 i#T

n—1
_ (2(1—a) _ 1)1/;1 + Z Y;a‘
=0



By total probability,

n—1 n
wy, = Prr=i]-E ZXJ‘?‘M’:i

=0 ren) !
— ]_
n—1 1 n—1

— 1-

- Y o E (2( @) 1)Yﬁ+ZYﬁ
=0 =0

n—1 n—1

And obviously wg = 1. Therefore,

Wy = ﬁ <1 - % (1 - 2<1—a))>

For a > 1, the function f(z) = 21/ is concave. According to Jensen’s inequality,

n 1/a
) < @
E[OIE% XZ} < BE (Z;X>
1=

F[5])

_ O(n—(l—Q(l_a))/a).

IN

With a standard numerical routine, we minimize the above bound. By setting o = 2.4, the
expected maximum load is O(n~%%"Y) and the corresponding expected load factor is O(n%™!).
Combining with Theorem 4, we have the following corollary.

Corollary 6 Let o be the expected load factor for the (n + 1) bins after applying n non-weighted
splits to an initial bin. It holds that

Q(n0'5) <og< O(n0'741).
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Figure 1: A comparison between the logarithms of the simulated load factor and the proved upper
and lower bounds.

Figure 1 shows the curve of the logarithm of the load factor simulated on up to 22® bins.
Comparing it with the upper and lower bounds proved above, we can see that the real bound on
load factor is closer to the upper bound.

4 Alternation of joins and non-weighted splits

It is a bit surprising so see that joins can actually optimize the load factor. In this section we study
a natural case of the mixing of joins and non-weighted splits: alternatively applying split and join
to n bins. We will see that this sequence yields an n°(!) expected load factor, which is much better
than the case of just non-weighted splits.

We assume that initially there are (n — 1) bins {XZ.(O)}ie[n,l] following some distribution. At

time ¢, where the bins are {X;t)}ie[n_”, we first apply a non-weighted split and the bins become

{Yi(tﬂ)}ie[n]; and then apply a join and the bins become {X Z-(tﬂ)}ie[n_l]. The transition is formally
defined as such:
Uniformly choose a bin u from [n — 1].

xP i<,
=1x0 dfi—wori=u+1,
XY ifu+2<i<n—1.

y (D)

(2

Uniformly choose two bins {r, s} from ([72‘}), where r < s.

AR G T

XM = Lyt ifs<i<n-—2,
Y;(tﬂ) ifi<rorr<i<s.

To prove an upper bound on the maximum load, we have the following lemma.



Lemma 7 Let x € [0,1]" be a vector such that > x; = 1. For any integers k,l such that
k>1>0, it holds that

n n n
k—1 l k—1
in . g x; < g T, .
i=1 j=1 i=1
Proof: For any x; and z;,

k=11 -1 k—1 k=1\ _ . (. k=1-1 _  k—i—1 -1 -1
<i x; +x >7<x2 xj+xi1:j )—xzx](xj x; )(ml x5 )SO.

Therefore,

IEED DU SR I) S CLN
i=1 j=1 i= 13 i+1
< Zaj —I—Z Z (flxj+xlf1)
1= l] 1+1

_ Z k-1 Z .
= xi . 'Ij
i=1 j=1
n
_ Z k—1
= q;z.
i=1

With this lemma, we can prove an upper bound on the maximum load after applying sufficiently
many alternative joins and splits. The theorem is proved with a norm-based technique which is
similar to Theorem 5.

Theorem 8 The expected load factor of bins after applying alternative joins and non-weighted
splits approaches O(exp(v2In21Inn)) in the limit. That is, for sufficiently large n, with arbitrary
distribution of X over the space that | X©)|; = 1, it holds that

lim E [maxXi(t)} =0 (exp <m> -n’1> .

t—o00 i

Proof: We write X; = XZ-(t) and Y; = Yi(t) if no ambiguity is introduced. Let k > 1 be an
integer. Define that

S
w = E[(IW )k]=E[ZYﬁ




By definition of the process, X ® is formed by joining two uniformly random bins in ¥ ®. Assuming
that the two sampled bins are {r,s} € ([g}), it holds that

-1
nZXf = (G+Y)F+ ) v
=0

ig{r,s}
n—1 k—1 L

= Zi@’wZ(l)n’”Y;. (2)
=0 =1

By total probability, we have that for the join operation, the following recursive relation hold
between w,(:) and uf_.

wy = 3 Pri{rs)]-E

S x| {r,s}]

{T,S}G([';]) i=0
= Z m ZY’“+Z< )YJ”YS’ (3)
{r,s}€ (2 =0
_ Zyk fll() Zzyk zyz
(2) r=0 s#r
(t) f—_ll (k == k l l [E= k
1 k—1 (k) n—1 n—1
= ( )U;(f)+ lzlnl B anfl_zysl
2(2) r=0 s=0
2k 1 _ (t) k 1
< ul + 2( 2o () ZYJ“ ! (4)
2
2k 1 _ 1 ) 2k71 -1 )
= 7y Wt Ty Ul 5
( @ ) CE T e ®)

where (3) is due to (2), and (4) is due to Lemma 7.
By the same argument as (1) in Theorem 5, it holds for the split operation that

1 _
u](ct) = (1 - (1 - 2(1_k)>) w](: b, (6)

Combining (5) and (6), we have the recursion that

k—1
0P < (11— H) (1 _ 1 1 — 9(1=Fk) ) wd D
2k=1 1 1 _
21 b e 0D
1 (1 ~(1-2 )) w!t]



Assuming that k = o(logn), by induction on k it is routine to show that for all sufficient large n,
as t goes to infinity, sup{w,(f)} converges to some value wyg, such that

< (11 N 2k
w —— Jwp + ————wg_1-
b= o) F n(n—1) ot

Therefore, wy, < %wk_l. It is trivial to see that w; = E [Y, X;] = 1. By induction on k, we have

that
9(k*+3k—4)/2

< — .
= (n—1)k1
According to Jensen’s inequality, it holds that

Wk

lim E [maxXi(t)] < lmE [|X<t>|k}
t—o00 [ t—o0

<t (o[(0x)])
< (wy) "

= 0 (2%12_(1_%)) .
By setting k = |1/2log, n], we have that

tlggoE [maXXi(t)} =0 (exp (\/M) -n_1> .

(2

5 Open problems

One interesting open problem is to tighten the upper and lower bounds of the load factor for the
non-weighted split only process, since this is a natural random process and is also related to an
interesting parameter of a random tree.

Another important problem is to have more general bounds for the mode of non-weighted splits
with joins, which may depend on the certain parameters of the sequence of joins and splits. It is
also important to analyze the convergence rate of the sequence of joins and splits.
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