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Abstract. We study the power of reliable anonymous distributed sys-
tems, where processes do not fail, do not have identi ers, and run iden-
tical programmes. We are interested specically in the rela tive pow-
ers of systems with dierent communication mechanisms: anonymous
broadcast, read-write registers, or registers supplemented with additional

shared-memory objects. We show that a system with anonymous broad-
cast can simulate a system of shared-memory objects if and ory if the
objects satisfy a property we call idemdicence; this result holds regardless
of whether either system is synchronous or asynchronous. Cawersely, the
key to simulating anonymous broadcast in anonymous shared memory
is the ability to count: broadcast can be simulated by an asyn chronous
shared-memory system that uses only counters, but registers by them-
selves are not enough. We further examine the relative power of di erent

types and sizes of bounded counters and conclude with a non-pbustness
result.

1 Introduction

Consider a minimal reliable distributed system, perhaps a ollection of particu-
larly cheap wireless sensor nodes. The processes execute game code, because
it is too costly to program them individually. They lack iden tities, because iden-
tities require customization beyond the capabilities of mas production. And
they communicate only by broadcast, because broadcast prepposes no infras-
tructure. Where fancier systems provide specialized rolesandomization, point-
to-point routing, or sophisticated synchronization primi tives, this system is just
a big bag of deterministic clones shouting at one another. Tk processes' only
saving grace is that their uniformity makes them absolutely reliablejno mis-
placed sense of individuality will tempt any of them to Byzantine behaviour,
no obscure undebugged path through their common code will azse a crash,
and no glitch in their nonexistent network will lose any messges. The processes
may also have distinct inputs, which saves them from complet solipsism, even
though processes with the same input cannot tell themselveapart. What can
such a system do?



Although anonymous systems have been studied before (see cden 1.1),
much of the work has focused on systems where processes conmicate with
one another by passing point-to-point messages or by accesg shared read-
write registers. In this paper, we start with simple broadcast systems, where
processes transmit messages to all of the processes (indlgl themselves), which
are delivered serially but with no return addresses. We chaacterize the power
of such systems by showing what classes of shared-memory ebis they can
simulate. In Section 3, we show that such a system can simulata shared object
if and only if the object can always return the same response henever it is
accessed twice in a row by identical operations, a property @ call idemdicence
examples of such idemdicent objects include read-write ragters, counters (with
separate increment and read operations), and any object fowhich any operation
that modi es the state returns only ack

This characterization does not depend on whether either theunderlying
broadcast system or the simulated shared-memory system isyachronous or
asynchronous. The equivalence of synchrony and asynchrong partially the re-
sult of the lack of failures, because in an asynchronous sysin we can just wait
until every process has taken a step before moving on to the xé simulated syn-
chonous round, but it also depends on the model's primitivegroviding enough
power that detecting this condition is possible.

Characterizing the power of broadcast systems in terms of wat shared-
memory objects they can simulate leads us to consider the céely related ques-
tion of what power is provided by di erent kinds of shared-memory objects. We
show in Section 4 that counters of su cient size relative to the number of pro-
cessesn, are enough to simulate an anonymous broadcast model, evehrio other
objects are available, which in turn means that they can simdiate any reliable
anonymous shared-memory system with idemdicent objects.n contrast, read-
write registers by themselves cannot simulate broadcast, écause they cannot
distinguish between di erent numbers of processes with thesame input value,
while broadcasts can.

This leads us to consider further the relative power of di erent sizes of coun-
ters in an anonymous system. We show in Section 5 that moda counters are
inherently limited if the number of processes,n, exceedsm by more than two,
although they become more powerful whem = m + 1 if read-write registers are
also available. Although these results hint at a hierarchy d increasingly pow-
erful anonymous shared-memory objects, any such hierarchis not robust [11,
12]; we show in Section 6 that modm counters with di erent values of m can
simulate more objects together than they can alone. Previos non-robustness
results typically use rather unusual object types, designd speci cally for the
non-robustness proofs (see [8] for a survey). The result gdn here is the rst to
use natural objects.

1.1 Related Work

Some early impossibility results in message-passing systes assumed that pro-
cesses were anonymous [1]. This assumption makes symmetrgsed arguments



possible: all processes behave identically, so they canneblve problems that re-
quire symmetry to be broken. A wide range of these results arsurveyed in [8].
Typically, they assume that the underlying communication network is symmetric
(often a ring or regular graph); our broadcast model is a comfete graph. Some
work has been done on characterizing the problems that are $eble in anony-
mous message-passing systems, depending on the initial kmtedge of processes
(see, for example, [4,5, 15]).

With randomization, processes can choose identities at rashom from a large
range, which solves thenaming problem with high probability. Unfortunately,
Buhrman et al. [6] show that no protocol allows processes tdetect whether they
have solved this problem in an asynchronous shared-memory odel providing
only read-write registers. Surprisingly, they show that wait-free consensus can
nonetheless be solved in this model. The upper bound for coeasus has since
been extended to an anonymous model with in nitely many proesses by Aspnes,
Shah, and Shah [2].

Attiya, Gorbach and Moran [3] give a systematic study of the power of asyn-
chronous, failure-free anonymous shared-memory systembat are equipped with
read-write registers only. They characterize the agreementasks that can be
solved in this model if the number of processes is unknown. ik has shown
the characterization is the same if the number of processes known [7]. In par-
ticular, consensus is solvable, assuming the shared regiss can be initialized.
If they cannot, consensus is unsolvable [13]. Attiyaet al. also give complexity
lower bounds for solving consensus in their model.

The robustness question has been extensively studied in neanonymous sys-
tems. It was rst addressed by Jayanti [11, 12]. See [8] for aidcussion of previous
work on robustness.

2 Models

We consideranonymousmodels of distributed systems, where each process exe-
cutes the same algorithm. Processes do not have identi erdyut they may begin
with input values (depending on the problem being solved). V& assume algo-
rithms are deterministic and that systems are reliable (i.e failures do not occur).
Let n 2 denote the number of processes in the system.

We assume throughout that the value ofn is known to all processes. This
assumption can be relaxed in some models even if new processan join the sys-
tem. In a shared-memory model with unbounded counters, it issasy to maintain
the number of processes by having a process increment a sizeuniter when it rst
joins the system. In a broadcast model, a new process can staby broadcast-
ing an arrival message. Processes keep track of the number afrival messages
they have received and respond to each one by broadcasting ihhnumber. Pro-
cesses use the largest number they have received as their cemt value for size.
Algorithms will work correctly when started after this numb er has stabilized.

In the asynchronous broadcast model, each process may execute a
broadcas{msg) command at any time. This command sends a copy of the mes-
sagemsgto each process in the system. The message is eventually dadred to



all processes (including the process that sent it), but the e@livery time may be
di erent for di erent recipients and can be arbitrarily lar ge. Thus, broadcasted
messages are not globally ordered: they may arrive in di erat orders at di erent
recipients.

A synchronous broadcast modeis similar, but assumes that every process
broadcasts one message per round, and that this message isceéeved by all
processes before the next round begins.

We also consider an anonymous shared-memory model, whereqmesses can
communicate with one another by accessing shared data strtigres, called ob-
jects. A process may invoke an operation on an object, and at some ter time
it will receive a response from the object. We assume that olgcts are lineariz-
able [10], so that each operation performed on an object appes to take place
instantaneously at some time between the operation's invoation and response
(even though the object may in fact be accessed concurrentlpy several pro-
cesses). Thetype of an object speci es what operations may be performed on
it. Each object type has a set of possible states. We assume &h a programmer
may initialize a shared object to any state. An operation may change the state
of the object and then return a result to the invoking processthat may depend
on the old state of the object. A stepof an execution speci es an operation, the
process that performs this operation, the object on which itis performed, and
the result returned by the operation.

A read-write register is an example of an object. It has aread operation that
returns the state of the object without changing the state. It also supports write
operations that return ack and set the state of the object to a speci ed value.

Another example of an object is an(unbounded) counter It has state set
N and supports two operations:read, which returns the current state without
changing it, and increment, which adds 1 to the current state and returnsack

There are many ways to de ne a bounded counter, i.e., one that uses a
bounded amount of space. For any positive integemrm, a mod-m counter has
state setf0;1;2;:::;m 1g and an increment changes the state fromx to

ment adds 1 to the current state provided it is less thanm and otherwise leaves
it unchanged. A read of a modm or threshold-m counter returns the current

and increment behaves the same as for a threshola counter. However, the be-
haviour of the read operation becomes unpredictable afterm increments: in
state m, a read operation may nondeterministically return any of the values

and threshold-(m 1) counters are implementations ofm-valued counters. Also,
for m®>m , an m%valued counter is an implementation of anm-valued counter.
In an asynchronousshared-memory system, processes run at arbitrarily vary-
ing speeds, and each operation on an object is completed in anite but un-
bounded time. The scheduler is required to be fair in that it dlocates an oppor-
tunity for each process to take a step in nitely often. In a synchronousshared-
memory system, processes run at the same speed; the compuitat proceeds in
rounds. During each round, each process can perform one aasto shared mem-



ory. Several processes may access the same object during amd, but the order
in which those accesses are linearized is determined by an\atsarial scheduler.

An example of a synchronous shared-memory system is the angmous AR-
BITRARY PRAM. This is a CRCW PRAM model where all processes run the
same code and the adversary chooses which of any set of sinaieous writes
succeeds. It is equivalent to a synchronous shared-memory adel in which all
writes in a given round are linearized before all reads. PRAMmodels have been
studied extensively for non-anonymous systems (e.g. [14])

3 When Broadcast Can Simulate Shared Memory

In this section, we characterize the types of shared-memorgystems that can
be simulated by the broadcast model in the setting of failurefree, anonymous
systems. We also consider the functions that can be computeih this model.

De nition 1.  An operation on a shared object is calleddemdicent® if, for every

starting state, two consecutive invocations of the operatin on an object (with the
same arguments) can return identical answers to the process that invoked the
operations.

It follows by induction that any number of repetitions of the same idemdicent
operation on an object can all return the same resultidempotent operations are
idemdicent operations that leave the object in the same sta¢ whether they
are applied once or many times consecutively. Reads and wes are idempotent
operations. Increment operations for the various countergle ned in Section 2 are
idemdicent, but are not idempotent. In fact, any operation that always returns
ack is idemdicent.

An object is called idemdicent if every operation that can beperformed on the
object is idemdicent. Similarly, an object is called idempdaent if every operation
that can be performed on the object is idempotent. Examples bidempotent
objects include registers, sticky bits, snapshots and reseble consensus objects.

Theorem 2. A n-process asynchronous broadcast system can simulate an
process synchronous shared-memory system that uses onleiddicent objects.

Proof. Each process simulates a di erent process and maintains a @l copy of
the state of each simulated shared object. We now describe loa processP
simulates the execution of therth round of the shared-memory computation.
SupposeP wants to perform an operation op on object X . It broadcasts the
message It X;op). (If a process does not wish to perform a shared-memory
operation during the round, it can broadcast the messager(nil; nil ) instead.)
Then, P waits until it has received n messages of the formr{ ; ), including the
message it broadcast.

ProcessP orders all of the messages in lexicographic order and usesishas
the order in which the round's shared-memory operations ardinearized. Process

4 From Latin idem same + dicens -entis present participle of dicere say, by analogy
with idempotent.



P simulates this sequence of operations on its local copies thfe shared objects to
update the states of the objects and to determine the result bits own operation
during that round. All identical operations on an object are grouped together in
the lexicographic ordering, so they all return the same resl, since the objects
are idemdicent. This is the property that allows P to determine the result of
its own operation if several processes perform the same opion during the

round. u

Since a synchronous execution is possible in an asynchror®wsystem, an
asynchronous shared-memory system with only idemdicent glects can be sim-
ulated by a synchronous system with the same set of objects ah hence, by
the asynchronous broadcast model. However, even an asyn@mous system with
one non-idemdicent object cannot be simulated by a synchroous broadcast sys-
tem nor, hence, by an asynchronous broadcast system. The diculty is that a
non-idemdicent object can be used to break symmetry.

Theorem 3. A synchronous broadcast system cannot simulate an asynchrous
shared-memory system if any of the shared objects are nonechdicent.

Proof. Let X be an object that is not idemdicent. Consider thek-election prob-
lem, where processes receive no input, and exactlg processes must output 1
while the remaining processes output 0. We shall show that itis possible to
solvek-election for somek, where 0< k < n , using X, but that there is no such
election algorithm using broadcasts. The claim follows fron these two facts.

Initialize object X to a state qwhere the next two invocations of some opera-
tion op will return di erent results r and r% The election algorithm requires each
process to performop on X . Those processes that receive the result output 1,
and all others output 0. Let k be the number of operations that return r if op
is performedn times on X, starting from state q. Clearly, this algorithm solves
k-election. Furthermore, k > 0 since the rst operation will return r, and k <n
since the second operation will returnr®6 r.

In a synchronous broadcast system, where processes receine input, all
processes will execute the same sequence of steps and be ieniical states
at the end of each round. Thus, k-election is impossible in such a system if
O<k<n. u

A function of n inputs is called symmetric if the function value does not
change when then inputs are permuted. We say an anonymous systentom-
putes a symmetric function of n inputs if each process begins with one input
and eventually outputs the value of the function evaluated & those inputs. (It
does not make sense to talk about computing non-symmetric foctions in an
anonymous system, since there is no ordering of the processg

Proposition 4.  Every symmetric function can be computed in the asynchronau
broadcast model.

Proof. Any symmetric function can be computed as follows. Each proess broad-
casts its input value. When a process has received messages, it orders then
input values arbitrarily and computes the function at those values. u



4 When Counters Can Simulate Broadcast

In this section, we consider conditions under which unboundd and various types
of bounded counters can be used to simulate broadcast. In thiallowing section,
we consider when di erent types of bounded counters can be sl to simulate
one another, which will show that some cannot be used to simalte broadcast.
We begin by proving that an asynchronous shared-memory systm with mod-
n counters can be used to simulate a synchronous broadcast sgm. Unbounded
counters can simulate modn counters (and hence synchronous broadcast). More-
over, since counters are idemdicent, an asynchronous shatenemory system
with counters can be simulated by an asynchronous broadcassystem. Hence,
shared-memory systems with moda counters, shared-memory systems with un-
bounded counters, and atomic broadcast systems are equivatt in power.

Theorem 5. An n-process asynchronous shared-memory system with mad-
counters or unbounded counters can simulate th@-process synchronous broad-
cast system.

Proof. The idea is to have each of then asynchronous processes simulate a dif-
ferent synchronous process and have a mon-counter for each possible message
that can be sent in a given round. Each process that wants to sad a mes-
sage that round increments the corresponding counter. Andter mod-n counter,
WriteCounter , is used to keep track of how many processes have nished this
rst phase. After all processes have nished the rst phase, they all read the
message counters to nd out which messages were sent that rod. One addi-
tional mod-n counter, ReadCounter, is used to keep track of how many processes
have nished the second phase. Simulation of the next round &n begin when all
processes have nished the second phase.

Let d denote the number of di erent possible messages that can besst. The
shared counter M [i] corresponds to thei-th possible message (say, in lexico-

are initialized to 0 at the beginning of the simulation. WriteCounter and
ReadCounter are also initialized to 0.

The simulation of each round is carried out in two phases. In pase 1, a
process that wants to broadcast thei-th possible message incrementM [i] and
then increments WriteCounter . A process that does not want to broadcast in
this round just increments W riteCounter . In either case, each process repeatedly
readsW riteCounter until it has value 0, at which point it begins phase 2. Note
that WriteCounter will have value 0 whenever a new round begins, because
each of then processes will increment it exactly once each round.

the number of occurrences of each possible message that wstgposed to be sent
during that round. Speci cally, the number of occurrences d the i-th possible



message iXri X1 ri mod n, except when this is the message that the process
sentandX; = X1 ri . In this one exceptional case, the number of occurrences of
the i-th possible message is rather than 0. Once the process knows the set of
messages that were sent that round, it can simulate the restfthe round by doing
any necessary local computation. Finally, the process in@ments ReadCounter
and then repeatedly reads it until it has value 0. At this point, the process can
begin simulation of the next phase.

Since an unbounded counter can be used to directly simulate enod-n counter
by taking the result of every read modulo n, the simulation will also work for
unbounded counters. However, the values in the counters caget increasing large
as the simulation of the execution proceeds.

The number of counters used by this algorithm is (d). If d is very large
(or unbounded), the space complexity of this algorithm is par. The number of
counters can be improved to (n) by simulating the construction of a trie data
structure [9] over the messages transmitted by the processeup to 4n counters
are used to transmit the trie level by level, with each group d 4 used to count
the number of O children and 1 children of each node construetd so far.

In terms of messages, processes broadcast their messages bit per round
and wait until all other messages are nished before proceddg to their next
message. However, it does not su ce to count the number of 0'sand 1's sent
during each of the rounds. For example, it is necessary to diswguish between
when messages 00 and 11 are sent and when messages 01 and 1@eme

Each process uses the basic algorithm described above to ladcast the rst
bit of its message. Once processes know the rdt bits of all messages that arek
or more bits in length, they determine the next bit of each mesage or whether
the message is complete. Four countersM [0], M [1], WriteCounter, and Read-
Counter) are allocated for each distinct k-bit pre x that has been seen. Since
all processes have seen the sankebit pre xes, they can agree on this alloca-
tion without any communication with one another. If a process has a message
s1S2:::s, where ™ > k, it participates in an execution of the basic algorithm
described above to broadcassk+1 , using the four counters assigned to the pre x
S182:::Sk. Each process also participates in executions of the basidgorithms
for the other k-bit pre xes that have been seen, but does not send messages i
them. This procedure to broadcast one more bit of the input ofa message is
continued until no process has thesek bits as a proper pre x of its message.
Because counters are reused for di erent bits of the messagethe number of
counters needed is at most 4. u

A similar algorithm can be used to simulate then-process synchronous broad-
cast system using thresholda or (n + 1)-valued counters, provided the counters
support a decrement operation or a reset operation. Decrenm changes the state
of such a counter fromx 2 f 1;:::;ngto x 1. Decrement leaves a threshold:
counter in state 0 unchanged. In an ¢ + 1)-valued counter, when decrement is
performed in state 0 orn + 1, the new state is n + 1. Reset changes the state
of a counter to 0. The only exception is that an (h + 1)-valued counter in state
n + 1 does not change state. Both decrement and reset always ratn ack



Theorem 6. An n-process asynchronous shared-memory system with threstel
n or (n+1)-valued counters that also support a decrement or reset opgion can
simulate the n-process synchronous broadcast system.

Proof. In this simulation, there is an additional counter, ResetCounter, and
each round has a third phase ReadCounter and ResetCounterare initialized to
n. All other counters are initialized to O.

In phase 1 of a round, a process that wants to broadcast thé-th possible
message incrementd [i], then decrements or resetiReadCounter, and, nally
increments WriteCounter . A process that does not want to broadcast in this
round does not incrementM [i] for any i. In either case, each process then repeat-
edly readsWriteCounter until it has value n. Note that when WriteCounter
rst has value n, ReadCounter will have value 0.

In phase 2, each process rst decrements or resefResetCounter. Next, it

each possible message that were supposed to be sent duringatiround. Then
it can simulate any necessary local computation. Finally, he process incre-
ments ReadCounter and then repeatedly reads it until it has value n. When
ReadCounter rst has value n, ResetCounter has value 0.

In phase 3, each process rst decrements or reseM/ riteCounter . If it in-
crementedM [i] during phase 1, then it now decrements or resets it. Finallythe
process incrementfResetCounter and then repeatedly reads it until it has value
n. When ResetCounter rst has value n, WriteCounter has value 0.

The space complexity of this algorithm can be changed from (d) to (n)
as described in the proof of Theorem 5. u

5 When Counters Can Simulate Other Counters

We now consider the relationship between di erent types of lbunded counters. A
consequence of these results is that the asynchronous brogakt model isstrictly
stronger than some shared-memory models.

De nition 7. Let m be a positive integer. An object is calledn-idempotent if it
is idemdicent and, for any initial state and for any operation op, the object state
that results from applying op m+ 1 times is identical to the state that results
from applying op once.

If an object is m-idempotent, then, by induction, it is km-idempotent for
any positive integer k. Any idempotent object (e.g. a read-write register) is 1-
idempotent. A mod-m counter is m-idempotent. An m-idempotent object has
the property that the actions of m+1 clones (i.e. processes behaving identically)
are indistinguishable from the actions of one process.

Lemma 8 (Cloning Lemma). Consider an algorithm for n > m processes
that uses onlym-idempotent objects. Let be an execution of the algorithm in
which processesP;;:::; Py, take no steps. LetP 2fPy;:::;Png. Let ©be the
execution that is constructed from by inserting, after each step byP, a sequence



distinguish  from ©.

Proof. (Sketch) The state of the object that results from performing one oper-
ation is the same as the one that results from performing thatoperation m + 1
times. Also, the response to each of thosm + 1 repetitions of the operation will
be the same, since the object is idemdicent. Notice thaP; has the same input
asP, and P; is performing the same sequence of steps il as P and receiving
the same sequence of responses. Since the system is anonymdhis is a correct
execution of P;'s code. u

The n-ary threshold-2 function is a binary function of n inputs whose value
is 1 if and only if at least two of its inputs are 1.

Proposition 9. Let m be a positive integer and letm n 2. The n-ary
threshold-2 function cannot be computed in ann-process synchronous shared-
memory system if all shared objects aren-idempotent.

Proof. Suppose there is an algorithm that computes then-ary threshold-2 func-

0. Let be an execution of the algorithm where processeB;;:::; Py take no
steps and all other processes run normally. (This is not a le@ execution in a
failure-free synchronous model, but we can still imagine raning the algorithm
in this way.)

Consider the execution obtained by inserting into  steps of Py;:::;Pp
right after each step of Py .1, as described in Lemma 8. This results in a legal
execution of the algorithm where all processes must output 0

obtained from by inserting steps by processe®;;:::;Pn after each step of
P., as described in Lemma 8. This results in a legal execution awell, but all
processes must output 1.

Processes outside the setP;;:::; Pmg cannot distinguish between and
or between and , so those processes must output the same result in both
and , a contradiction. w

Since the n-ary threshold-2 function is symmetric, it is computable in the
asynchronous broadcast model, by Proposition 4. However, b Proposition 9,
forn 2 m 1, it cannot be computed in a synchronous (or asynchronous)
shared-memory system, all of whose shared objects ame-idempotent. This im-
plies that the n-process asynchronous broadcast model is strictly strongehan
these shared-memory systems. In particular, it is strongethan the anonymous
ARBITRARY PRAM and shared-memory systems with only read-wr ite registers
and mod-m counters form n 2.

Corollary 10. For 1 m n 2andt 2, a thresholdt counter cannot
be simulated using registers and moda counters in an n-process synchronous
shared-memory system.



Proof. The n-ary threshold-2 function can be computed using a thresholée ob-
ject in an n-process synchronous system. The thresholt-object is initialized to
0. In the rst round, each process with input 1 increments the threshold-t object.
In the second round, all processes read the thresholtdobject. They output O if
their result is 0 or 1 and output 1 otherwise.

Since registers and modn counters arem-idempotent, it follows from Propo-
sition 9 that the n-ary threshold-2 function cannot be computed in ann-process
shared-memory system. u

A similar result is true for simulating m-valued counters.

Proposition 11. If 1 n m 1, than an m-valued counter cannot be simu-
lated in an shared-memory system ofi or more processes using only mogn 1)
counters and read-write registers.

Proof. Suppose there was such a simulation. LeE be an execution of this sim-
ulation where the m%valued counter is initialized to the value 0, and process
P performs an increment on the m-valued counter and then performs a read
operation. The simulated read operation must return the value 1.

Since (@ 1)-counters and read-write registers areif 1)-idempotent, Lemma
8, the Cloning Lemma, implies that there is a legal executiorE ° using n-processes
which cannot be distinguished fromE by P. Thus, P's read must return the
value 1 in E® However, there aren increments that have completed beforeP's
read begins, siP's read should output n in EC Notice that no non-deterministic
behaviour can occur in them-valued counter sincen m 1. u

Since ann-process broadcast system can simulate am-valued counter, for
any m, it follows that an n-process shared-memory system with modr( 1)
counters and read-write registers cannot simulate am-process broadcast system.

The requirement in Proposition 11 that n  m 1 is necessary: In amn-
process shared-memory system, it is possible to simulate an-valued counter
using only mod-(n 1) counters and read-write registers.

Proposition 12. It is possible to simulate an(m + 1) -valued counter in an
n-process shared-memory system with one maar counter and one read-write
register.

Proof. Consider the following implementation of an (m + 1)-valued counter from
a mod-m counter C and a registerR. Assume C and R are both initialized to
0. The variablesx and y are local variables.

Read
Increment y R
increment C x C
write 1 to R if y =0 then return O
end Increment elsif x = 0 then return m

else returnx
end Read



Linearize all Increment operations whose accesses 16 occur before the
rst write to R in the execution at the rst write to R (in an arbitrary order).
Linearize all remaining Increment operations when they acces€.

Linearize any Read that reads O in R at the moment it reads R. Since
no Increments are linearized before this, theRead is correct to return O.
Linearize each otherRead when it reads counterC. If at most m Increments
are linearized before theRead, the result returned is clearly correct. If more
than m Increments are linearized before theRead, the Read is allowed to
return any result whatsoever. u

The following result shows that the read-write register is essential for the
simulation in Proposition 12.

Proposition 13. It is impossible to simulate an n-valued counter in an n-
process shared-memory system using only mdar 1) counters.

Proof. Suppose there was such a simulation. Consider an executionhgren 1
clones each perform anincrement operation, using a round-robin schedule.
After each complete round ofn 1 steps, all shared mod40 1) counters will
be in the same state as they were initially. So if the one remaing processP
performs aRead after all the Increments are complete, it will not be able to
distinguish this execution from the one whereP runs by itself from the initial
state. In the constructed execution,P mustreturn n 1, but in the solo execution,
it must return 0. This is a contradiction. u

6 Counter Examples Demonstrating Non-robustness

This section proves that the reliable anonymous shared-mewry model is not
robust. Speci cally, we show how to implement a 6-valued couater from mod-2
counters and mod-3 counters. Then we apply Proposition 11, Wich says that a
6-valued counter cannot be implemented from either only moe2 counters and
read-write registers or only mod-3 counters and read-writeregisters.

make use of the following theorem, which is proved in introdictory number
theory textbooks (see, for example, Theorem 5.4.2 in [16]).

Theorem 14 (Generalized Chinese Remainder Theorem). The system
of equationsx I (mod m;) for 1 j r has a solution for x if and only if
b b (mod gcd(m;;my)) for all j & k. If a solution exists, it is unique modulo



Proof. Let q=2m=m; + 1. The implementation uses a shared arrayA[1::q;1::r]
of base objects. The base objecAl[i;j ] is a modim; counter, initialized to O.
The array B[1::q;1::r] is a private variable used to store the results of reading
A. (We assume them-valued counter is initialized to 0. To implement a counter
initialized to the value v, one could simply initialize A[i;j] to v mod m;, and
the proof of correctness would be identical.)

The implementation is given in pseudocode below. A proceskicrements
the m-valued counter by incrementing each counter inA. A process Reads
the m-valued counter by repeatedly reading the entire arrayA (in the opposite
order) until the array appears consistent (i.e. the array looks as it would if
no Increments were in progress). We shall linearize each operation when it
accesses an element in the middle row &%, and show that eachRead operation
reliably computes (and outputs) the number of times that element has been
incremented. Note that the second part of the loop's exit comlition guarantees
that the result to be returned by the last line of the Read operation exists and
is unique, by Theorem 14.

Read
loop
fori  1:q
Increment for | Lor
fori  qdownto 1 Bli;j] Alijl
for j r downto 1 end for
increment Ali;j ] end for
end for exit when B[i;j] BI[1;j] (mod m;) 8i;j and
end for B[1;j] B[1 k] (mod gcd(m;;my)) 8j 6 k
end Increment end loop
return the value x 2 0;:::;m 1g that satis es
x  BI[1;j] (mod m;) for all j
end Read

Consider any execution of this implementation where there & at mostm 1
Increments . After su ciently many steps, all Increments on the m-valued
counter will be complete (due to the fairness of the schedul®. Let vsiny be the
number of increment operations on them-valued counter that have occurred at
that time. The collection of reads performed by any iteration of the main loop of
the Read algorithm that begins afterwards will get the responsevying mod m;
from each modm; counter, and this will be a consistent collection of reads. Tus,
every operation must eventually terminate. If more than m 1 Increments
occur in the execution, Reads need not terminate.

Let s = m=m; + 1. Ordinarily, we linearize each operation when it last
accesse#\[s; 1]. However, if there is a timeT when A[q; r] is incremented for the
mth time, then all Increments in progress atT that have not been linearized
before T are linearized at T (with the Increments preceding the Reads).
Each operation that starts after T can be linearized at any moment during its
execution. Note that m Increments are linearized at or beforeT, so anyRead
that is linearized at or after T is allowed to return an arbitrary response.



Consider any Read operation R that is linearized before T. Let x be the
value R returns. We shall show that this return value is consistent with the

mented beforeR read it for the last time. Then a;;  x(modm;) for all i andj.
Becauselncrements and Reads access the base objects in the opposite order,
aj;j aij +1 and ayy ai+1:1. From the exit condition of the main loop in the
Read algorithm, we also know that a;;  a;; (mod m;). We shall show that
X = as.1, thereby proving that the result of R is consistent with the linearization.

We rst prove by cases that, fori  1,aj+.1  min(x;aj 1+ my).

Case | @+1:1 = a&:1): Sinceay1 a2 Qi ai+1:1 = &1, we have
Q1= @2 = = @y = &+1:1. Thus, for all j, aj+1;1 = & a;; (mod m;j).
By the uniqueness claim of Theorem 14g;41.1 = X  min(x;a;. 1 + mMy).

Case Il (@+1:1 > ai1): Since aj+1 1 a1 (mod my), it must be the case
that @411 a:1+ my  min(x; a1 + mq).

It follows by induction that a.1 min(x;a1.1 + (i 1)mi). Thus, as1 X,
sinces was chosen so that¢ 1)m; = m>x.

We now give a symmetric proof to establish thatas.;  x. We can prove by
cases that, fori<q, a.1  max(X;ai+1.1 mMy).

Case | @1 = a+1;1): Sincea;1 a2 air  @+1.1 = &1, we have
a1 = &2 = = aj . Thus, for all j, a;1 = & a;; (mod m;). By the
uniqueness claim of Theorem 14g;.; = X  max(X;aj+1.1  My).

Case Il (a1 < aj+1:1): Sincea;1  &+1.1 (Mmod my), it must be the case
that a;1  a+1;1 My max(x;aj+1;1 M).

It follows by induction that a;; max(x;ag: (g i)mai). Thus we have
as;1 X, sinces was chosen so that§q s)m; = mandag: (g S)mg =
a1 m< 0 x.So we have shown thatx = as:1, and this completes the proof
of correctness for the implementation of them-valued counter. u

Theorem 16. The reliable, anonymous model of shared memory ison-robust.
That is, there exist three object typesA, B, and C such that an object of typeA
cannot be implemented from only read-write registers and gécts of typeB and
an object of type A cannot be implemented from only read-write registers and
objects of typeC, but an object of type A can be implemented from objects of
typesB and C.

Proof. Let A be a 6-valued counter,B be a mod-3 counter andC be a mod-2
counter. In a 4-process shared-memory system, an object ofjpe A cannot be
implemented from read-write registers and objects of typeB, by Proposition 11.
Similarly an object of type A cannot be implemented from read-write registers
and objects of type C. However, by Proposition 15, an object of typeA can be
implemented using objects of typeB and C. u
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