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ABSTRACT

We consider the model of population protocols intro-
duced by Angluin et al. [2], in which anonymous nite-state
agents stably compute a predicate of their inputs via two-
way interactions in the all-pairs family of communication
networks. We prove that all predicates stably computable
in this model (and certain generalizations of it) are semili n-
ear, answering a central open question about the power of
the model.
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1. INTRODUCTION

In 2004, Angluin et al. [2] proposed a new model of dis-
tributed computation by very limited agents called a popu-
lation protocol . In this model, nite-state agents interact
in pairs chosen by an adversary, with both agents updat-
ing their state according to a joint transition function. Fo r
each such transition function, the resulting population pr o-
tocol is said to stably compute  a predicate on the initial
states of the agents if, after su ciently many interactions ,
all agents converge to having the correct value of the predi-
cate. Angluin et al. showed that many common predicates
such as parity of the number of agents, whether there were
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more agents in some particular initial state a than in an-
other initial state b, and so forth, could be stably computed
by simple population protocols. They further showed that
population protocols could in fact compute any semilinear
predicate, which are precisely those predicates de nable in
rst-order Presburger arithmetic [9]. But it was not known
whether there were other, stronger predicates that could al so
be computed by a population protocol, at least in the sim-
plest case where any agent was allowed to interact with any
other.

We show that this is not the case: that the semilinear
predicates are precisely the predicates that can be computed
by a population protocol if there is no restriction on which
agents can interact with each other. This gives an exact
characterization of the predicates stably computable by po p-
ulation protocols, answering the major open question of [2]
as well as giving an exact characterization of the power of
several variants of the model, resolving open problems in [1,
3].

Semilinearity is strongly tied to the notion of stable com-
putation, where a correct and stable output state must al-
ways be reachable at any step of the computation. Mere
reachability of a desired nal state is not enough: the reach -
ability sets of population protocols are not in general semi -
linear. An example of this phenomenon may be derived
from the construction given by Hopcroft and Pansiot of a
non-semilinear reachability set for a six-dimensional vector
addition system [5].

1.1 Population protocols and related models

There are now several variants in the literature of the orig-
inal population protocol model, which itself can be viewed a s
a special case of previous models of nite-state distributed
systems. The central feature of all of these models is that in-
teractions occur between nite-state agents asynchronously
under the control of an adversary, and the goal in each case
is to reach a global con guration in which every agent cor-
rectly proclaims the desired output of the protocol. To keep
the adversary from blocking progress by partitioning the
agent population or by allowing interactions only at incon-
venient times, a strong global fairness condition is generaly
assumed, which requires that any global con guration that
is continuously reachable is eventually reached.

In each of these models, there is astate space Q for in-
dividual agents, an input function  that maps some input
alphabet to Q, and an output function  that maps Q to
someoutput alphabet  (typically just fO0; 1g when comput-
ing predicates). A con guration  of the protocol describes
the states of all the individual agents.



There may also be an interaction graph that limits
which agents can interact with each other. Paradoxically,
restricting the interaction graph usually increases the po wer
of the model, since the main diculty in a dense graph is
that the nite-state agents can't distinguish between dif-
ferent neighbors that happen to be in the same state. In
the present work the interaction graph is always a complete
graph, which (as shown in [2]) gives the weakest model.

A protocol stably computes a predicate if it converges to
an output-stable  con guration, in which all agents agree
on the correct output and from which any further transitions
do not change the mapped output values (though they may
change the underlying states).

The di erences between the various population protocol
models depend on how communication is structured and
when the input is provided:

In the original model of [2], communication is simul-
taneous and bidirectional: there is joint transition
function :Q Q! Q Q such that the re-
sult of an interaction between two agents in states
(o1; ) is to replace them with a pair of agents in states
(;00) = (qu; ). We give a complete characteriza-
tion of the predicates stably computable in this model,
answering the open question from [2].

In the stabilizing inputs variant [1], the input is
not provided in the initial con guration; instead, each
agent in the population has an input eld that can
change over time, and convergence to a stable com-
mon output value is only required after the inputs stop
changing. In [1], it was shown that all semilinear pred-
icates can be computed with stabilizing inputs, but
left open whether there existed some (necessarily non-
semilinear) predicates that could be computed only
with xed inputs. Our results show that the semilin-
ear predicates are all that can be computed in either
model, implying that any population protocol for xed
inputs can be adapted to work with stabilizing inputs.

In the one-way variants of [3], the bidirectional tran-
sition function of the original model is replaced by
some form of one-way communication, in which only
one of the two agents involved in an interaction learns
anything about the state of the other. The sim-
plest form of this model is the immediate trans-
mission model, where the joint transition function

is required to update the state of only one of the
agents. The more complex delayed transmission
and queued transmission  models incorporate ex-
plicit asynchronous message-passing, and allow for the
possibility of increasing the power of the model by us-
ing an unboundedly large bu er of undelivered mes-
sages as extra storage. Our results rule out this possi-
bility: the strongest model (queued transmission) can
compute exactly the semilinear predicates, while the
others can compute precisely the semilinear predicates
with a regular k-core as de ned in [3].

In each case, we can represent con gurations of the origi-
nal model as nhonempty multisets of states (or, equivalently,
as nonzero non-negative vectors indexes by states). The
only requirement that a model must satisfy for our results
to apply is that its reachability relation x !y, which is

true if there is some sequence of transitions that transforms
X to y, must be additive : x ! y implies x+z! y+ z
for any multiset of sets z. E ectively, this says that a parti-
tioned subpopulation can still run on its own: the agents do
not have any mechanism to detect if additional agents are
present but not interacting.

Other models that have this property include vector ad-
dition systems [5], some forms of Petri nets, and 1-cell cat-
alytic P-systems. In each case our results apply. The re-
lationship between semilinear sets and catalytic P-systems,
which can be represented as population protocols in which
all state-changing interactions occur between an unmodi e d
catalyst and at most one non-catalyst agent, has previously
been considered by Ibarra et al. [6], who show that the set
accepted by a 1-cell catalytic P-system are semilinear. Our
results extend this fact to predicates stably computable in
this model, even without the catalytic restriction.

1.2 Semilinearity

p A set of vectors in N is linear if it is of the form fvo +

M, avi j a 2 Ng where vo is some non-negative base
point , the vi are non-negative period vectors, and the a; are
nonnegative integer coe cients on the v; (a more compact
version of this de nition using monoid cosets is given in
Section 2). It is possible for the set of vi to be empty, in
which case the set consists of a single point. A set of vectors
is semilinear if it is a nite union of linear sets. Thus a
linear set consists of a single base point with a cone of poins
emanating from it, while a semilinear set consists of nitel y
many such base points, each with its own (possibly trivial)
cone.

Semilinear sets are also precisely the sets de nable by rst-
order formulas in Presburger arithmetic [9], which are
formulas in arithmetic that use only <, +, 0, 1, and the
standard logical quanti ers and connectives. Here the set
consists of all satisfying assignments of the free variables; for
example, the semilinear setS = f(1;0)+ ai(1; 0)+ a2(0; 2)g[
f(0;2)+ a3(2; 0)g, depicted in Figure 1, consists precisely of
the satisfying assignments (x;y) of the formula

9z:(x=z+z+1) ™y 2) 1)
_Oz:(x=z+2)"(y=1+1)) ;
where a = b abbreviates: (a<b _b<a)and a babbre-

viates : (b <a).

A curious and useful property of Presburger formulas is
that all quanti ers (and their bound variables) can be elim-
inated by the addition of binary relations that test for
equality modulo m for any integer m [9]. For example, the
formula (1) de ning S can be rewritten without quanti ers
as

((x 2" (x y+y+1) _((x 20" (y=1+1):

This provides an easy way to show that some model can
stably compute all semilinear predicates: show that it can
stably compute both < and  for any xed m, and then
show that conjunctions (or disjunctions) and negations of
stably-computable predicates are also stably computable.
These tasks are not especially di cult in the standard pop-
ulation protocol model; for details the interested reader i s
directed to [2].

For the converse claim, that only semilinear predicates
are stably computable in population protocols and similar
models, we require substantially more machinery. Here the
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Figure 1: A semilinear set
circles) and the linear set

algebraic characterization of semilinear sets turns out to be
more useful.

2. DEFINITIONS

Here we give a formal de nition of our model, of stable
computation, and of semilinear sets.

2.1 Model

A protocol is a4-tuple (Q; ! ; ; ), with the follow-
ing components. Q is a nite set of states , which generalize
both states and messages from previous models. Acon-
guration is a nonempty multiset of states. We identify
C := N@ nf0g, the set of nonzerojQj-tuples of nonnegative
integers indexed by Q, with the set of all con gurations.
The usual inclusion ordering on C is denoted

The reachability relation I is an ordering on C.
Speci cally, we require that ! be a re exive, transitive re-
lation that respects addition in N@; thatis ¢! c°implies
ct+d! P+ dforall c;®2 C and d2 N°. Intuitively, that
I respects addition implies that interactions can take place
in the presence of other agents. Note that unlike in the stan-
dard population protocol model, a con guration may reach
con gurations with di erent cardinality.

Q is a nite set of input symbols . An input is a
nonempty multiset of input symbols. Analogously, we iden-
tify W := N nfOg with the set of all inputs. Finally, is
an output function , mapping Q to f0; 1g. We extend to
map C to nonempty subsets of f 0; 1g in the obvious manner
by de ning

(=1 210,19j992 Q: (g =] andclq 1g:

2.2 Stable computation

We now de ne what it means for a protocol to stably
compute a predicate. For j =0;1 we de ne

S =fc2Cjifc! Cthen ()= fjgg

Then S := So [ S is the set of output stable  con gura-
tions. Let be a predicate on W, that is, a mapping from
W to f0; 1g. The support of is 1(1), thatis, the set of
inputs that maps to 1. The given protocol stably com-
putes if forall x 2 W and forall c2 C, if x! cthere
existsc’2 S (x) suchthat ¢! ¢ Thatis, if input x reaches

S, equal to the union of the linear set of all points
f(0;2) + az(2;0)g (shaded circles).

f(1;0) + a1(1;0) + a2(0;2)g (dark

any con guration c, then there is a con guration c° reach-
able from c that is output stable and has output  (x). This
incorporates the notion of a fair computation[2]. A predi-
cate is stably computable if there exists a protocol that
stably computes

2.3 Monoids, groups, and semilinearity

A subsetM of Z% isamonoid if it contains the zero and is
closed under addition; if it is also closed under subtraction,
M is agroup . Amonoid M  Z%is nitely generated if
there exists a nite subset A M such that every element
of M is a sum of elements fromA. It is a classic result in
abstract algebra that every subgroup of Z% is nitely gener-
ated [7], but submonoids are not always nitely generated.
For example, the following monoid is not nitely generated.

MP5 = f(i;j) 2 N°:i pijg:

A subset H of Z% is a group coset (resp., monoid coset )
if there exists an elementv 2 Z% such that H = v+ G and
G is a group (resp., monoid).

A subset L of Z% is linear if it is a coset of a nitely
generated monoid in Z9 and is semilinear if it is a nite
union of linear sets. It follows immediately from the corre-
spondence between semilinear sets and Presburger formulas
that the semilinear sets are closed under complement, nite
intersection and nite union. A predicate on W is semi-
linear if and only if (1) is semilinear; by closure under
complement, this is equivalent to 1(0) being semilinear.

3. MAIN RESULT

Theorem 1. Every stably computable predicate is semi-
linear.

The proof is by combining Lemma 15, which states that sta-
bly computable predicates admit nite coset coverings (can
be pumped), and Theorem 18, which states that predicates
that admit nite coset coverings are semilinear. Corollar-
ies give exact characterizations settling some open problans
related to population protocols.

Corollary 2. The predicates stably computable by pop-
ulation protocols are exactly the semilinear predicates.



Proof. The de nition of stable computation of a pred-
icate by a population protocol is an instance of the more
general de nition above. In [2] it was shown that every
semilinear predicate is stably computable by a population
protocol. [

Corollary 3. The predicates stably computable by pop-
ulation protocols with stabilizing inputs are exactly the semi-
linear predicates.

Proof. In[1] it was shown that the semilinear predicates
are stably computable with stabilizing inputs by populatio n
protocols. [

Considering the models of 1-way population protocols in-
troduced in [3], we have the following results. (Please refer
to that paper for de nitions of the models.)

Corollary 4. Queued transmission protocols stably
compute exactly the semilinear predicates, and are therefae
equal in power to population protocols in the standard 2-way
model.

Proof. The de nition of stable computation of a predi-
cate in the queued model is an instance of the more general
de nition above. (In fact, this was one of the motivations
for its generality.) The queued model was shown to be at
least as powerful as the standard 2-way model. [

Corollary 5. Predicates stably computable by immedi-
ate or by delayed transmission protocols are exactly the sent
linear predicates that have a regular k-core.

Proof. In [3] it was shown that predicates stably com-
putable by immediate or delayed transmission protocols
have a regular k-core, and are stably computable in the
gueued transmission model. It was also shown that semilin-
ear predicates with a regular k-core are stably computable
in the immediate [resp., delayed] transmission model. [

Further corollaries for reversible computation, Petri net s
and vector addition systems will appear in the full paper.

4. OVERVIEW OF THE PROOF

To prove the main result, we must show that the support
of any stably-computable predicate is a semilinear set: in
particular, that there is a nite set of base points each at-
tached to a nitely-generated cone such that the support is
precisely the elements of these cones. The rst step, which
is requires the development of the machinery of Section 5
and is completed in Section 6, is to show that the support
can be decomposed into a nite collection of monoid cosets
that are not necessarily nitely generated. We then proceed,
in Sections 7 and 8, to show that any such decomposition
can be further decomposed into a nite covering by cosets
of nitely generated monoids, which gives us the full result .

5. GROUNDWORK

We assume is a predicate stably computed by a protocol
(Q; ' ; ; )and establish some basic results. These will
lead up to the Pumping Lemma of Section 6.

5.1 Higman's Lemma

We will make extensive use of some corollaries to Higman's
Lemma [4], a fundamental tool in well-quasi-order theory.

Lemma 6. Every subset of N under the inclusion order-
ing  has nitely many minimal elements.

Lemma 7. Every in nite subset of NY contains an in nite
chain (i.e., an in nite totally ordered sequence).

These both follow from the fact that Higman's Lemma
implies that NY is a well-quasi-order , a set in which any
in nite sequence ai;ay;::: contains elementsa;; a with i<
janda &.

5.2 Truncation maps and their properties
For eachk 1, we dene amap « from C to C by
k(O)[d] := min( k;c[q]) for all g2 Q:

This map truncates each component of its input to be at
most k; clearly «(c) cforall c2 C. Two useful properties
of , are that it respects both inclusion and addition.

Lemma 8. For all c;d 2 C and k 1, if ¢ d then
k(€ «(d).

Proof. For each q 2 Q, we have c[q] d[q], so
min(k;c[g]) min(k;d[q]). Thus «(c) k(d). O

Lemma 9. For all c;c%d 2 C and k 1, if
k(c), then (c+ d)= (c°+ d).

Proof. For each q2 Q, either c[g] = c’q] or both are at
least k. In either case, min(k;c[q] + d[q]) = min( k; c%q] +
digl), so k(c+ d)y= (®+d). O

k(c) =

5.3 Truncation and stability

Truncation is important because membership of a con gu-
ration cin S can be determined from a truncate of xed size.
Let U := CnS, the set of output unstable  con gurations.

Lemma 10. For all ¢ c% if ¢2 U, then c°2 U (U is
closed upward under inclusion).

Proof. Supposec 2 U. Then either (c) = f0;1g or

(c) = fjg for somej 2 f0;1g and there exists c® 2 C such
that ¢! Cand (I )2 (. Inthe rst case, for all
d c we have (d) = f0;1g and d 2 U. In the second
case, foralld cwe haved! d c¢c+ candj 2 (d)and
T )2 (d c+chsod2U. O

Lemma 11. There exists k 1 such that ¢ 2 U if and
only if «(c) 2 U.

Proof. By Higman's lemma, only nitely many elements

g2 Q. Then «(ui)= u; for eachi.

Supposec 2 U. Then u; ¢ for somei, sou; = (uj)
k(c) by Lemma 8, and thus «(c) 2 U. Conversely, if
k(c) 2 U, then u; k(c) cforsomei,andc2 U. O

Lemma 12. There exists k 1 such that for all c 2 C
andj 2f0;1g, we havec2 S if and only if «(c)2 S;.

Proof. By Lemma 11, there exists k 1 such that for
all c2 C,we havec?2 U ifand only if (c) 2 U. Taking the
contrapositive, we have c2 S if and only if (c) 2 S. Since
truncation does not a ect output, the conclusion follows. [



5.4 Extensions
We de ne a map X from C to subsets of N as follows.

X(():=1fx2N jod dand (c)= «(d)g;

where k is the constant from the conclusion of Lemma 12.
If ¢c2 S, then X (c) is the set of inputs by which c can be
pumped. We call such inputs the extensions of c. We rst

prove that pumping does not a ect stable output.

c:c+x!

Lemma 13. If x 2 W andc2 S and x !
constant on x + X (c).

Proof. If y 2 X (c), then there exists d 2 C such that
c+y! dand g(c)= «(d). Sincec2 S, by Lemma 12 we
haved?2 S,and (c¢)= (d). Thus (x)= (x+vy). O

c, then is

We now prove that pumping operations can be composed,
i.e. that X (¢) is a monoid.

Lemma 14. X (c) is a monoid for all c2 C.

Proof. We have 02 X (c), with d = c as a witness. If

X1;X2 2 X (c), then there exist di;d> such that ¢ d; and
¢ dr and «(c) = «(di) = «k(d2)and c+ x1 ! d; and
c+ X! do. Thus

C+ X1+ Xo! d1+X2=(d1 C)+ c+ Xo ! (d1 C)+ d,:

Taking d:= di1+ d> ¢, wehavec dandc+ x1+ x2!
dand «(c) = «(d2) = «(c+ d2 c¢) and by Lemma 9,
k(ctdx ¢ = k(di+dz c¢)= «(d),since ¢(c)= «(d1).
We conclude that x; + x2 2 X (c). O

6. APUMPING LEMMA

Given a set of inputs Y W, a monoid-coset covering
of Y with respect to is a set f(xi;Mi)gizs of pairs
of inputs and submonoids of N such that Y i) (Xi +
Mi) and for all i 2 1, we have (xi + Mj) = f (xj)g. We
write  admits nite coset coverings if for all Y there
exists a nite monoid-coset covering of Y with respect to
The following lemma states that every stably computable
predicate admits a nite monoid-coset covering. We show
later (Theorem 18) that any predicate that admits nite
coset coverings is semilinear.

Lemma 15. The (stably computable) predicate  admits

nite coset coverings.

Proof. To avoid trivial cases, assumeY W is in nite.
Let y1;y2;::: be any enumeration of Y such that vy; Yi
impliesi j. (For example, we might choose some ordering
of and enumerate Y in lexicographic order.) We de ne a
family of sets Bi W  C inductively as follows:

Bo = ;.

If there exists (x;c) 2 B; 1 such that yi 2 x + X (c),
then B; := Bi 1.

Otherwise,
Bi =B 1

[F (vi; ()9

[f (yi; (c+yi X)j(xc)2Bi 1andx yig;
where (d) 2 S is any stable con guration reachable
from d.

The existence of each (c) is guaranteed by the requirements
of stably computing a predicate. Clearly, each B is nite.
We now show that B := ; ;B is also nite. By Lem-
mas 13 and 14, it follows that f(x;X (¢)) j (x;c) 2 Bgis a
nite monoid-covering of Y with respect to

Assuming to the contrary that B is in nite, in nitely
many di erent elements of Y appear as rst components
of elements of B. By Higman's lemma, there exists an in -
nite chain z; <z, <::: of such elements. Our construction
guarantees the existence of associated con gurationsfdigi 1
suchthat(z;di) 2 Banddi+(z+ z)! d+ foralli 1.

By Higman's lemma again, there exists an increasing func-
tion f such that the sequences ¢ ()i 1 and (d())i 1 are
nondecreasing. Thus the sequence i (d; (i)) reaches a max-
imum and becomes constant at some indexi = j. Conse-
quently, we have z: .1y  Z () 2 X (df)), which contra-
dicts the membership of (z; (j+1) ;0 (j+y ) in B. O

Applying this lemma with Y = 1(1) (the support of )
we obtain a nite family of monoid cosets x; + M; such that

N [
1)= (xi+ M)
I

This does not prove semilinearity by itself, since some M;
might not be nitely generated. However, every submonoid
of Z! is nitely generated, so in the special case of a unary
alphabet, we have already that is semilinear, and therefore
regular.

Corollary 16. Every stably computable predicate over a
unary alphabet is semilinear. Thus, over a unary alphabet,
the stably computable predicates are exactly the semilinea
(in fact, regular) predicates.

For example, the unary predicate that is true if the num-
ber of input symbols is a power of 2 (or a prime, or any
other non-regular predicate) is not stably computable. An-
other easy corollary su ces to show certain other predicate s
over non-unary alphabets are not stably computable.

Corollary 17. Suppose is a stably computable predi-
cate such thatL = 1(1) is innite. Then L contains an
in nite linear subset.

Proof. By Lemma 15 there is a nite monoid-coset cov-
ering of L. If L is in nite, some (x+ M) L in the covering
must be innite. [

As an application, consider the set of inputs over the al-
phabet f a; bg such that the number b's is the square of the
number of a's. This is an in nite set with no in nite linear
subset, and is therefore not stably computable. Using clo-
sure results for stably computable predicates we can then
show that the set of all inputs over alphabet fa;b;a such
that the number of c's is the product of the number of a's
and the number of b's is not stably computable. The exis-
tence of a pumping lemma and the negative results for these
particular predicates were conjectured in [2].

7. PROOF OF THE MAIN RESULT:
OUTLINE

We are now in a position to describe how we go from the
pumping lemma (Lemma 15) of Section 6 to the main result.



Recall the following set of points in N2,
MPo = f(isj):i pijg:

This is a monoid but is not stably computable. To see this,
suppose the contrary. By the Pumping Lemma, there exist
pairs (xi;¢) forl i m such that

MPE:

1 i m

(xi + X{(ci)):

Let v = ( 1;p§); then x v> Oforal x2 MP5. Let =
min;fx; vg. Choose somey 2 MP 5 suchthat0 <y v<
Then for somei, y 2 xi + X(¢),and (y X;) v< 0. Thus
for a suciently large m 2 N, (xi + m(y xi)) v < 0,
which contradicts the fact that x; + X (¢) is a subset of
MP 5. The issue here is that the line dividing the positive
and negative inputs cannot have an irrational slope if the
predicate is stably computable. One ingredient of our proof
is a generalization of this idea to separating hyperplanes.
However, to be able to use separating hyperplanes, we
rst must deal with separating \intermixed" positive and
negative inputs using their images in a nite group. For
example, consider the following set of points in N2.

L=f(;j):i<j; (i+])is oddg:

By rst separating the points in  N? by their images (i mod
2;j mod 2) in the group Z» Z,, we get four subproblems
in which lines su ce to separate the positive and negative
points.

A further issue is that in the most general case, the sep-
arating hyperplanes (which we can think of as cosets of
nitely-generated groups) may themselves include points
that require further handling. This is dealt with by induc-
tion on the dimension of the hyperplane, but requires careful
handling of the relationship between monoids X (c) and their
cosetsx + X (c). We shall prove the following theorem by
induction on the dimension of the group G; it clearly holds
when G has dimension 0, i.e., whenG is the trivial group.

Theorem 18. If admits nite coset coverings then for
any group cosetH = xo+ G Z ,we have I(1)\ H is
semilinear.

Note that together with Lemma 15 this implies Theo-
rem 1, as we can takeH = Z .

The details of the proof are quite involved and are given
in Section 8. To summarize briey, the overall strategy is:

1. By dividing the space into residue classes with respect
to appropriately chosen moduli, we can arrange for the
vectors from the monoids associated with the cover
to appear in all-positive and all-negative regions sep-
arated by hyperplanes. In this part of the proof we
extend N to Z to make use of the fact that all sub-
groups of Z are nitely generated. (Section 8.1.)

2. We then further map the problem from Z to R , and
use techniques from convex geometry to show that ap-
propriate hyperplanes separating the monoids indeed
exist. (Section 8.2.) We obtain a (looser) separation
by slabs (the space between two parallel hyperplanes)
on the inputs by observing that each input is displaced
a uniformly bounded amount from its corresponding
extension vector.

3. Moving to R allows for the possibility of separating
hyperplanes with irrational coe cients. Applying the
Pumping Lemma as described above, we show that
the resulting separating hyperplanes are normal to a
vector with rational coordinates and thus correspond
to cosets of subgroups ofZ . (Section 8.3.)

4. At this stage, we have shown that the positive inputs
to the predicate consist of (a) those inputs in the inte-
rior of the separated regions, which can by identi ed
rst by computing the residue classes of their coordi-
nates and then by identifying which of a nite num-
ber of polytopes (given by intersections of half-spaces
with rational coordinates) they appear within, and (b)
those inputs that lie in some slab. The rst class is
semilinear as identi cation of a residue class and iden-
ti cation of membership in a particular polytope are
both expressible in Presburger arithmetic. The second
class is then shown to be semilinear by induction on
dimension, with the base case of dimension 0 being the
trivially semilinear case of a single point. (Section 8.4.)

8. PROOF OF THE MAIN RESULT:
DETAILS

The proof of Theorem 18 is delayed to Section 8.4. First
we describe the process of separating inputs in more detail.

8.1 Separating intermixed inputs

Let W I f 0;1g be a predicate that admits -
nite coset coverings. Let G be a subgroup of Z and let
H = h+ G be a coset of G. Take f(ai;M;)gi21 and
f(by;N;j)gi2s to be nite monoid-coset covers of  (0)\ H
and (1) \ H respectively. Assume without loss of gen-
erality that Mi;N; G by intersecting with G if necessary.
Dene K(i;j) := Z(Mi\ Nj), the group generated by the
intersection of M; and N; .

Lemma 19. For all i 2 1 andj 2 J, no coset of K (i;] )
intersects both a; + Mj and b + N;.

Proof. If we suppose to the contrary, there exist x 2
ai+M; andx°2 b+ Nj suchthat (x x% 2 K (i;j ). Because
Mi\ N; is a monoid, we can rewrite x x° as a di erence
y? ywherey®2 Mj andy 2 N;j. Thus x+y = x% y° The
former is in & + M;, whereas the latter is in b + N;. This
contradicts the fact that a + M; and ij + N; are disjoint
(they have di erent predicate values). [

De ne
\

K := K(i;j):
K (i;j ) has nitely many cosets in G
In addition to having nitely many cosets in G, the group
K inherits the relevant properties of the groups K (i;j ) in-
cluded in its de ning intersection.

Lemma 20. For all i 2 | andj 2 J such that K (i;j)
has nitely many cosets in G, no coset of K intersects both
a + M;and by + N;j.

Proof.  SinceK (i;j )
of cosets of K. [

K, each coset ofK (i;] ) is a union

Since all group cosets are semilinear, we can use member-
ship in the cosets of K to separate those pairs of monoid
cosets that are intermixed. For the others, we have to take
another approach.



8.2 Separating with hyperplanes

(@+Mi)\VH-6;gandJ =fj2Jj(+N;)\H 6 ;0.
Lemma 20 guarantees that K (i;j ) does not have nitely
many cosets inG forall i 2 1- andj 2 J-.

At this point we turn to the methods of geometry. We pass
from groups to vector spaces by working in the vector space
closure RG of G in R . Instead of monoids, we consider the
convex cones they generate: the set of nonnegative linear
combinations of monoid elements. We connect the geometry
to the algebra by observing that K (i;j ) has nitely many
cosets inG if and only if RK (i;j ), the vector space closure
of K (i;j ), is all of RG. Thus if two monoid cosets are not
intermixed, their intersection of their associated monoid s
has strictly smaller dimension than G. This allows us to
separate these monoids with a hyperplane.

Formally, given sets of vectors U and U a set of nonzero
vectors V distinguishes U and U°if for all u 2 U and
u®2 U° there exists v 2 V such that (u v)(u®v) 0; thatis,
either one dot product is zerqor one is negative an(gthe other
is positive. Dene M- = ~ ., M; and @ := 7, N;.
The goal of this subsection is to show the existence of a
nite set of vectors V that distinguishes ®1- from N-. The
main tool we use is the Separating Hyperplane Theorem
from convex geometry. Note that int U denotes the interior
of U.

Theorem 21. (Separating Hyperplane Theorem [8]) If U
and U° are convex subsets ofRY with nonempty interiors
such thatint U\ int U°= :, then there exists v 2 RY such
thatu v Oforallu2 U andu® v 0 forall u®2 U°

Unfortunately, M; and N; are not convex. Thus we are
forced to consider the convex cones that they generate. We
need Caratteodory's theorem, another result from convex
geometry, to verify the seemingly trivial fact that the in-
tersection of these cones lies in a proper vector subspace of
RG.

Theorem 22. (Caratteodory's Theorem [8]) For any set
of vectors Y RY, if x 2 R, Y, then there exists a linearly
independent subsetY® Y such thatx 2 R Y°

Lemma 23. Foralli 2 1-andj 2 J-,thesetZ = Ry M;\
R+ N; is contained in a proper vector subspace ofRG.

Proof. Suppose to the contrary. Then the vector sub-

Z. Since

By Theorem 22, for each s, there is a linearly independent
setYs M; such that zs 2 R+ Ys. When we write each zs
as its unique linear combination of elements in Ys, we see
by linear algebra over QG that each coe cient is rational.
Repeating this argument with N; yields that zs 2 Q+ M; \
Q+N;. We clear denominators to nd numbers ms such
that mszs 2 Mi \ N;. The set f mszsg, however, is a basis
for RG, which contradicts the fact that RK (i;j ) is not all
of RG. O

Lemma 24. For all i 2 |- and j 2 J-, there exists a
nonzero vector v such that f vg distinguishes |- and J-.

Proof. If either M; or Nj is contained in a proper vector
subspace ofRG, then take v to be normal to that subspace.

Otherwise, consider the setsU := R Mj and U%:= R. N;.
The intersection of their interiors is both open and contain ed
in a proper vector subspace of RG. Thus U and U° have no
interior point in common. Therefore, by Theorem 21 there
exists v 2 RG such that for all u 2 U, we haveu v O;
and for all u®2 U° we haveu® v 0. It follows that fvg
distinguishes M; and N;. O

To obtain a set of vectors that distinguish ¥ and N, we
put together all of the individual distinguishing vectors.

Lemma 25. For all 1 n, there exists a nite set of
vectors V that distinguishes K- and - .

Proof. The setV := fv(i;j)ji 21 -andj 2 J-g dis-
tinguishes §1- and N, where fv(i;j )g is the vector from
Lemma 24 such that fv(i;j )g distinguishes M; and N;. [

Combining results in this section and the previous one, we
have some powerful criteria for determining the predicate
value of an input.

Lemma 26. Let V be a set of vectors that distinguishes
M- and N-. Supposex 2 K- and y 2 H- are such that for
allj2J andv2V, wehave(x Vv)(y b) v)> 0. Then

(y)=0.

Proof. Suppose to the contrary that (y) = 1. Then
there exists j 2 J- such that (y B) 2 Nj. The setV,
however, fails to distinguish x andy Iy, which is a contra-
diction. O

Clearly, this lemma has an analogous counterpart that
establishes su cient conditions for  (y) = 1.

8.3 Achieving rationality

The chief obstacle yet to be overcome is that a dis-
tinguishing set of vectors might include vectors with ir-
rational coordinﬁtgs. In order to rule out predicates like

(r;s):=[r< ( 2)s], we need to show that we can always
distinguish - and Np- by vectors with integral coordinates.
We must use for a second time the fact that admits nite
coset covers.

Lemma 27. For all * there exists a nite set of vectors
V  Z that distinguishes §1- and N- .

Proof. By clearing denominators, it is enough to nd
V  Q . By Lemma 25 there exists a nite set of vectors
V that distinguishes €1- and N-. Assume that V n Q has
minimum cardinality, that is, as few vectors in V have irra-
tional components as possible. To avoid a special case later
we assume without loss of generality that V contains the
standard basis of R .

Suppose to the contrary that there exists v2 V nQ . By
assumption, the set V° := V nfvg cannot distinguish -
and N . Thus there exist i 2 |- andj 2 J- and x 2 M; and
y 2 N; such that for all v°2 V°we have x v9(y v® > 0.

We consider two cases. In the rst case, for all choices of
x and y we have (x v)(y v)=0. Then at least one vector in
each problem pair is normal to v. By linear algebra over Q
there exists a vector v 2 Q such that if w 2 G is normal
to v, then w is normal to v% Thus V°[f v% distinguishes
M- and N, which is a contradiction, since (V°[f v°%) nQ
has fewer elements thanV nQ .



In the second case, we havex and y such that (x vO(y
v® > 0forall v02 V%and (x v)(y v) < 0. Assume without
loss of generality that x v< 0<y v bytaking v instead
of v if necessary. Let := fw2 RGjv® w> 0 forall v°2
V andw[q] > Oforall g2 g. Clearly is an open set.
Also, y 2 , since by the assumption that V we have
y[q] > O for all g2 . Given that is a nonempty open set,

that ws 2 forall s 2. By perturbing each ws slightly
to have rational coordinates and clearing denominators, we
assume without loss of generality that ws 2\ K. There
exists s such that (ws v)=(w1 V) is irrational, since otherwise
some scalar multiple of v belongs to Q .

In consequenceN(x Vv)+ N(ws V) is dense inR, so we
can nd sequences of positive integersm; and m? such that

mi(x V) + mi(ws V)

is a negative monotone increasing sequence of real numbers
approaching 0 ast approaches in nity. For all v°2 V, the
points (mix + mdws); 1 lie on the same side of the hyper-
plane normal to v, and as a sequence they approach the
hyperplane normal to v arbitrarily closely. By another ap-
plication of Higman's lemma, there is an increasing functio n
f such that (m; (t);mP(t)) is an increasing sequence.

Let z2 (a + M;)\ H-. There exists some constantc 0
such that for each r, the points (( z+( ¢+ my ()) X+ m?(t)ws)
b )¢ 1 all lie on the same side of each hyperplane as. It is
easily veri ed that each of these points belongs to H-. Thus
by Lemma 26, (z+(c+ msu))x+ m?(t)ws) is constantly
0. Apply the pumping lemma (Lemma 15) again to these
inputs to obtain a nite cover. Then there exist t; <t such
that (my, mg,)X +(m?2 m?l)wS 2 P, where the monoid
coset (z+ m¢, X+ my,ws)+ P belongs to the cover. Pumping
Z+(Cc+ my )X + m?lwS by a su ciently large multiple of
(M, my)x+(m¢, m)ws yields an element z° such
that (2% = 0, but for each r, we have that z° a is on
the same side of each hyperplane aswvs, which contradicts
Lemma 26. [

8.4 Proof of Theorem 18

We can now prove Theorem 18 by induction on the dimen-
sion of G (the cardinality of the largest linearly independent
subset of G.)

Proof. If the dimension of G is zero, then H is a single
point and the result holds. If the dimension of G is greater
than zero, then by Lemmas 20 and 27, there exist a group
K and nite distinguishers V- Z for all cosets H- of K
in H.

For each distinguishing vector v 2 V-, consider the set
of points x 2 H- such that it is not that the case that the
following numbers are either all negative or all positive: ( x
a) vfori 21 -and (x k) vforj 2 J.. This set has
nite width in the direction of v. Thus it can be written
as the union of nitely many cosets of a group of smaller
dimension. The key to the induction is that any point not
in the union of these sets over the dierent x satis es the
hypotheses of one of the variants of Lemma 26.

De ne the sets

[ 9 M- -
- 2N ((x B) v)(y v)>0
B: . X2 Hj forall j 2J andv2 V
[ 6928 :(x a
0._ o ((x &) vy vy>0
B X2 H forall i21 - andv2 V
By Lemma 26 we have B 1) BO Itis not dicult

to verify that B and B° are semilinear. Moreover, B°nB is
a union of nitely many group cosets of dimension less than
G. It follows by inductive hypothesis that Y1)\ (B°nB)
is semilinear, and thus that itself is semilinear. [
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